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Summary. — In this paper an experimental device is described in order 
to measure the decay law of the diffracted light intensity remaining in 
the colloidal solutions, which show the lines permanence effect at the 
stopping of the supersonic waves. It has been possible to state that such 
an intensity decreases in time exponentially and the decay constant k 
of different substances is inversely proportional to the concentration c 
of the suspended particles. Moreover, the value K-c depends only upon 
the substances under examination and it represents a parameter giving 
roughly the measure of the electric interaction between the suspended 
particles and the liquid dipoles, to which the light permanence effect is due. 


1. — It has been shown previously that the permanence of the ultrasonic 
grating in the liquid suspensions is due essentially to the possibility of the 
suspended particles of binding with some liquid particles so that the medium 
small variation Au (about 10-*) of the refractive index. Till now (**) 
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experimental facts referred only to the duration t, of the permanence of the dif- 
fracted lines, measured from the final instant of the ultrasonic emission. But 
it is clear that another important point is the measurement of the intensity 
I, of the diffracted lines and the statement of its variation against time. 

In fact, in a previous paper (§) it was established that the effect appears 
only in the polar liquids; probably in this case the building of the phase 
grating is due to the electric interaction between the suspended particles and 
the dipoles of the dispersing liquid medium. 

Therefore one may foresee that measurements of the diffracted light in- 
tensity must be useful in the knowledge of the electric interactions which take 
place around the suspended particles, changing the optical properties (re- 
fractive index) of the liquid. 

In this paper we describe the experimental device adopted and we give 
the results obtained in the determination of the decay law of the diffracted 
light J, against time 


(1) re (bse 


The measurement method is the following: a previously (?) described op- 
tical device allows to observe the lines diffracted by the ultrasonic grating 
and the diffracted light is detected by a photocell. The corresponding photo- 
current is amplified, recorded by an oscillograph, and the light pattern on its 
screen measures the intensity Z,. 

It is to remember, however, that such a light energy flux is very small. 
In fact, the intensity of the diffracted light producing the spectrum remaining 
at the stopping of the ultrasounds, is about 1%, of the central line (zero order) 
intensity. In order to increase the sensitivity of the measurement method, 
the photocell is screened from this light, blocking up with a wire (0.4 mm 
diameter) the luminous rays proceeding from the zero order. 

Without ultrasounds, no radiation falls on the photocathodic surface of 
the cell; with ultrasounds it receives the light energy flux of the spectrum pro- 
duced by the ultrasonic grating; at the stopping of the ultrasonic waves only 
the weak light due to the permanence effect of the lines remains during its 
duration t,. It is nevertheless to observe that when no diffraction rays fall 
on the cell, after this time t,, the common background is weakly increased 
from the very small photocurrent intensity due to the light diffused by the 
suspension. 

Owing to the very small light intensity to record, the employement of a 
single photocell (initially the Philips 90CV vacuum cell (*) was employed) 


(*) We found the employement of a semiconductor selenium cell to be impossible 
as we noted experimentally that, differently from the vacuum cell, it rectifies the sur- 
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caused some experimental complications due to the amplification of very low 
intensity corresponding signals, hardly distinguishable from the background (*). 

To partially simplify these difficulties we employed the RCA 931A photo- 
multiplier, whose amplification gain of the photoelectric current is about 
10% times that of the Philips 90CV, for the same luminous signal flux. In such 
a way, notwithstanding the small intensity of the light to be recorded, the 
output photocurrent increases to some microamperes. 

To establish the decay law (1) during the duration t, of the diffracted light 
which one observes from the instant the supersonic waves are stopped, the 
output photocurrent is amplified and recorded by an oscillograph whose res- 
ponse on the screen is practically instantaneous with regard to the long t, 
duration values and gives faithfully the luminous intensity effect against time. 


2. — The Fig. 1 shows in details the block diagram of the experimental 
device employed in the measurements. 


Fig. 1.- A) V.S. Oscillator; B) Photocell power supply; ©) L. F. Amplifier. 


The light source T is fed by d.c. and the luminous beam, falling on the 
slit F of the collimator Z,, is modulated in low frequency (870 Hz) by a 
plexiglass disk D, revolving around an axis which is parallel to the optical 
axys of the system. The disk annulus, facing the slit F, is divided in trans- 


rounding radio-frequency field, produced by the oseillator feeding the piezoelectric 
quartz. Such a signal produces a photocurrent much larger than that corresponding 
to the light radiation to be measured. 

(*) In fact, the luminous intensity of the image of the collimator slit in the optical 
device produces a current of about 10-10 A (directly measured by the mierogalvano- 
meter Lange) and therefore the luminous flux due to the measuring effect produces 
a photocurrent certainly not bigger than about 1013 A. 
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parent and opaque surfaces, with such à shape that the revolution of the disk 
produces approximately sinusoidal light pulses. 

At this point it is to note that the employement of this luminous source 
modulated in low frequency does not deform the photomultiplier response. 

The output current is therefore modulated faithfully with the falling lu- 
minous flux and, consequently, its amplification and recording on the oscillo- 
graph screen is easier. 

Coming out from the collimator, the parallel light beam crosses the trough 
containing the medium subjected to the ultrasounds and the image of the 
F, slit appears on the P, focal plane of the converging lens L,. In this plane 
the blocking wire is situated, parallel to the slit F-and to the ultrasonic 
wavefront, and its trace in the Fig. 1 plane is indicated with 0. In this way, 
only the diffracted light producing the spectrum higher orders, except the zero 
order line, falls on the photomultiplier cathodic surface. 

The employement of a small plane mirror S at 45° with the principal optical 
axis of the system and situated a little before the plane P,, allows the obser- 
vation of the diffraction spectrum produced on the plane P, by a simple mag- 
nifying glass and simplifies very much the preliminary experimental arran- 
gements necessary to obtain the stationary ultrasonic waves, by the trans- 
lation and the suitable orientation of the reflecting plate R, with respect to 
the emitting surface of the piezoelectric crystal . 

Particularly we took care in designing the photomultiplier supply to 
obtain the best stability conditions of the photocurrent. After the step-up 
transformer output which conveniently increases the 150 a.c. main voltage, 
the full-wave type 5R4-GY vacuum rectifier tube supplies the maximum 
requested anode voltage (900 V) and a potential partitor gives the due voltage 
to the multiplier’s ten dinodes. Two suitable chokes establish the best filtering 
conditions, so that no modulation coming from the mains (50 Hz) affects the 
photomultiplier output signal; after that it goes in the measuring apparatus. 

Bvidently to measure the photocurrent one can use a microammeter, but 
only to know its order of magnitude. In fact, itis clear, owing to the large inertia 
of the common galvanometer and microammeter, whose oscillation periods 
are compared with the duration time of the effect, the proceeding in time of 
the output photocurrent readings on these apparatus does not give us faith- 
fully the decay law of the corresponding light flux fallen on the photocell. 

To be successfull in our aim we thought to employ an oscillograph (Philips 
GM 5659). First, the photocurrent is suitably amplified, with a proper (°) 
amplifier in order to detect the modulated photocurrent and GARE it 
is put in the oscillograph’s vertical deflecting plates. 

The height À of the luminous pattern appearing on the scope screen, if the 


(9) J. STRONG: Proceeding of Experimental Physics (1948). 
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diffracted light during the emission of the ultrasounds falls on the photocell, 
is directly proportional to the corresponding luminous flux and the decay pattern 
of h, after the stopping of the ultrasounds, gives us the decay law of the dif- 
iracted light remaining in the medium against time. 

It was very advantageous to magnify the pattern appearing on the scope 
screen, by the LZ, converging optical system magnifying this pattern on the 
P' plane about three times. 


3. — First of all, we show the different pattern in time of the diffracted 
light produced in water and in an aqueous suspension giving the effect. 

Fig. 2 refers to the water and shows the pattern of the diffracted light flux 
from the ¢ = 0 initial emission of the ultrasounds, during its duration (7 s) 
and immediately afterwards. We record on the ordinates the relative values 
of the height À of the luminous pattern observed on the P’ plane, which, as we 
said before, we can consider to be proportional to the diffracted light flux 
(except the zero order) detected from the photomultiplier. The abscissae give 
the time instant at which h readings take place. 

We see in Fig. 2 the graph of the diffracted light flux in water: from the 
initial instant of the ultrasonic emission (ft = 0) the diffracted light quantity 


100 


htmm) al 


Fig. 2. Fig. 3. 


reaches instantaneously the maximal value, remaining steady till the ultra- 
sonics stop (t=7s). At this instant the diffracted lines instantaneously 
disappear and À decreases to zero. Obviously, we conclude that in water the 
diffracted light appears only if the diffracting ultrasonic grating is in the 
liquid and during the emission the diffracted light quantity remains steady. 

Fig. 3 shows the graph of the diffracted light flux in a suspension of starch 
in water, during and after a 7 s ultrasonie emission (*). 


(*) This ultrasonic duration is so chosen that it is long enough to produce a remark- 
able permanence effect, but not too long to cause heat convection currents in the liquid, 
destroying the standing wave condition. 
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One observes that the light flux diffracted during the ultrasounds does not 
reach its maximal value immediately after the =0 starting instant of 
the ultrasonic waves, but after a At delay of some seconds (in the case under 
examination At = (2.5 +1)s). Moreover, the diffracted light flux does not 
decrease to zero instantaneously as soon as the ultrasonics stop (f= 7s), but 
it persists during a certain time ¢, corresponding to the duration of the dif- 


fracted lines permanence (in the case under examination ¢, = (13+1.5) s). 

The AI intensity increase (see Fig. 3), at the starting of the ultrasonic waves, 
is due to the light flux increase, as some new diffracted lines appear during 
the ultrasonics, as we noted (*) before (inverted permanence effect). 

Evidently, during the At interval, necessary in order to reach a practically 
steady value of the light intensity distribution, the suspended particles are 
gathered by the ultrasonic standing waves in uniformly spaced parallel planes 
at the distance from each other of 2/2, producing the phase grating which 
remains after the stopping of the ultrasounds. In the range of the experimental 
error, this AJ increase, due to the diffracted light from this second phase grating, 
which is to be added to the supersonic one, equalizes the /,, value measur- 
ing the maximal light flux of the even order diffracted lines remaining im- 
mediately after the stopping of the supersonic waves. 

This /,, light quantity decreases in time and becomes zero after a duration 
t, measured from the instant at which the supersonics stop. According to the 
slowness with which it decreases 
in time, it is possible with the 
described experimental arrange- 
ment to establish experimentally 
the decay law (1), from the direct 
h readings on the scope screen as 
the time is progressing. 

Fig. 4 shows a few measure- 
ment sets of the hoc J,(t) readings 
in the case of a starch in water 
suspension of e = 0.100 g/l (a cur- 
ve); € = 0.075 g/l (b curve) and 
c = 0.050 g/l (e curve) concentration. 

Respectively the duration ¢, of the 
permanence effect is (18.5+ 1.5) s; 
(10 Se41)i sand (6.5) s=0)sx 

Fig. 5 shows the graphs of 
ho I,(t) in the suspensions of BaSO, 
in H,O (d curve) and Fe,O, in H,O (¢ curve) with the same c = 0.50 g/l con- 
centration: the duration ¢, of the whose permanence effect is (14 + 1) s and 
(9.5 + 1)8 respectively. 
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In order to state the analytic 
equation (1) following which 7, 
decays in time, the graphs of Fig. 6 
facilitate the solution. They show 
the log h values against time, re- 
latively to all the curves of Fig. 4 
and 5. Taking into account the 
experimental error, the patterns 
of these logarithmical curves are 
straight lines and therefore we can 
deduce that the diffracted light 
intensity, remaining at the stop- 
ping of the ultrasounds, decays 
against time with an exponen- 
tial law 


(2) I, = I, exp [— kt]. 


OF THE 
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The slope rate of the straight lines Fig. 6 is the value of the k decay coefficient. 
In the Table I the precent k values of the different substances under exami- 
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nation are shown, compared with the maximal one of the substance producing 
the least effect (ce = 0.050 g/l starch in water). 


TABLE 1. 

ar e g/l | Ko, | 
| Starch in H,0 0.050 100 | 

ty Starch in HO 0.075 ; 58.5 +6 
a Starch 2 H,0 0.100 44.0 +7 -| 

| = = 

BaSO, in H,O 0.50 61.055.277) 

| Fe,0, in H,O 0.50 79.5 + 4 


At this point it is suitable to note that, at the stopping of the supersonic 
waves, we experimentally observe, in the conditions described before, to remain 
a few diffracted lines only (the 3th or 4th order ones) and therefore we can 
suppose to be in the range of very small » parameter values, which is cha- 
racteristic of the diffracting phase grating and is directly proportional to the 
maximal variation of the Au refractive index (*). 

In these conditions » is certainly smaller than 2 and the diffracted orders 
intensity (and of course the diffracted total light quantity J,) can be considered 
directly proportional to » and consequently to Au (1). 

That assumed, we can moreover state that the maximal refractive index 
decays with time according to the law 


(3) Au = Au, exp [— kt], 


referring Au, to the maximal value of Au at the instant ¢ = 0, when the 
ultrasonics stop and a maximal density of the particles’ number is reached in 
the parallel planes at the same 4/2 distance, by means of the standing super- 
sonic waves. 


(*) For instance, it is well known that in the phase grating produced by the ultra- 
sounds, assuming the refractive index changing sinusoidally across the grating, is 
22-Ap-L 
D —— , 
2 
being Z the size of the grating and 4 the light wavelength. 
(9) L. BERGMANN: Der Ultraschall, (1949), p. 194 and 199. 
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Finally, we still note that the 7 =1/k À 
values of the starch in water suspensions 
are directly proportional to the e con- ;L 
centration of the dispersed substance, as 3 
the curve a of Fig. 7 shows. In the same Y a 
figure the curve b refers to BaSO, in H,0 
and the curve ce to Fe,O, in H,0. 

The most important point is that 
the corresponding straight lines are dif- 
ferently inclined and their rate, expres- 9 oo u 02 a3 0.4 0.5 
sed by t/e, does not depend upon the Fie. 7. 
concentration but is a parameter depen- | 
ding only upon the material constituents of the medium under examination. 
Table II shows the r/c values computed in this way. 


TABLE II. 


| tc 
EWE lags | 
Starch in H,0 | DURE 
ao alone se 
(MOC NÉ TETE 


These values can represent a measurable variable of the electric interaction 
supposed existing (5) between the colloidal particles and the dipoles of the 
dispersing liquid, to which is due the variation Ju of the refractive index pro- 
ducing the phase grating which remains at the stopping of the supersonie 
standing waves. 

1 cK CK 

We are much indebted to Prof. CARRELLI for his able guidance and pre- 

cious discussions during the present work. 


.RIASSUNTO 


In questo lavoro viene descritto un dispositivo sperimentale realizzato per misu- 
rare la legge di diminuzione dell’intensitä della luce diffratta che rimane al cessare degli 
ultrasuoni nelle soluzioni colloidali che presentano, l’efietto. Viene sperimentalmente 
stabilito che tale intensitä diminuisce nel tempo con legge esponenziale e la costante A 
di deeadimento per le varie sostanze risulta inversamente proporzionale alla concen- 
trazione ¢ della sostanza dispersa. I] valore del prodotto Ke dipende solo dalle sostanze 
in esame e rappresenta un parametro che dä una misura dell’interazione elettrostatica. 
tra le particelle in sospensione ed i dipoli del liquido, a cui & dovuto l’effetto di per- 
sistenza della luce. 
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Multiple Small Angle Scattering of Waves 
by an Inhomogeneous Medium. 
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Institut za Elektrozveze - Ljubljana, Yugoslavia 


(ricevuto il 21 Maggio 1956) 


Summary. — Proceeding from the scalar wave equation the problem of 
the multiple small angle scattering by an inhomogeneous medium with 
very small fluctuations of the refractive index is solved. The theory 
involves an extension of the work of Debye and Bueche on the scattering 
of light by an amorphous solid for the case, where the Rayleigh-Gans- 
Born approximation is no more valid. A generalized autocorrelation 
function y(r, s) considers the phase shift of the plane light wave passing 
through the particular fluctuation of the refractive index. It is a function 
of the correlation distance vector r and of the unit wave normal s. The 
theory is applicable to dense systems, where «corpuscular » theories fail 
to be admissible. 


1. — Introduction. 


In this paper we shall treat the multiple scattering of light waves in passing 
a parallel beam of light through a thick sheet of inhomogeneous medium. 
We assume that the medium is non-absorbing and that the differences of the 
refractive indices between differents parts of the medium are very small. 
Further the extensions of single domains of the fluctuations of the refractive 
index are great in comparison. with the wave length. 

The example for such an inhomogeneous medium are the Christansen filter, 
chromatic emulsions, a turbulent atmosphere, inhomogeneous solids, etc. 

If we know the dielectric constant for each point of the medium, the 
problem of the multiple scattering reduces to solve the wave equation with 
appropriate boundary conditions. Actually the solution is too difficult. In 
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practice we also don’t know the exact values of the dielectric constant for all 
points of the medium. We can have only statistical data for the fluctuations 
of the dielectric constant. 

The multiple scattering by inhomogeneous medium is usually treated in 
another way. The medium is divided in domains of the fluctuations of the 
refractive index. Single domains represent scattering centres or scatterers of 
light. The division of the medium is not always possible. This depends from 
the nature of the inhomogeneous medium. Construction is actually only then 
possible, if the fluctuations of the refractive index from average value are 
concentrated about certain one from another separated points. If the dis- 
tances between particular scattering centers are great enough, the interference 
effects between the light waves scattered by the different centers can be 
neglected. In this case the multiple scattering problem is solved by the mul- 
tiple convolution of the angular distribution of the intensity of light scattered 
by single isolated centers. To evaluate the angular distribution of the light 
scattered by the inhomogeneous medium we must first solve the scattering 
problem for single centers surrounded with the infinite homogeneous medium. 

On this base are founded the theories of Wentzel ('), Bothe (2), Williams (*), 
Rossi-Greisen (*), Molière (57), Dexter-Beeman (5), Snyder-Scott (*), etc. These 
theories of the multiple scattering are called « corpuscular » because they are 
derived from the idea of the geometrical paths of the particles and neglect 
their wave nature. The above theories deal with the multiple scattering of 
electrons passing through a thin metal sheet, further with the multiple small 
angle scattering of X-rays, with the scattering of cosmic rays, ete. 

If a system of scattering centers is dense, i.e. the distances between the 
neighbouring scatterers are very small, the mutual influence of scatterers 
cannot be neglected. 

We shall treat the problem of a dense system in the case of very small 
fluctuations of the refractive index and, if the dimensions of the scattering 
centers are great in comparison with the wave length. A similar case of the 
propagation of scalar waves through an inhomogeneous medium, consisting 
of randomly distributed isotropically scattering point scatterers, was discussed 


(1) G. WENTZEL: Ann. Phys. (4), Lpz., 69, 335 (1922). 

(2) W. W. BotHeE: Zeits. f. Phys., 54, 161 (1929). 

(®) E. J. Wrczrams: Proc. Roy. Soc., À 169, 531 (1939). 

(4) B. Rossı and K. GREISEN: Rev. Mod. Phys., 13, 240 (1941). 

(5) G. Mortère: Zeits. f. Naturf., 2a, 133 (1947). 

(6) G. MoLIERE: Zeits. f. Naturf. 3u. 78 (1948). 

(7) G. MoLIERE: Zeits. f. Naturf., 10a, 177 (1955). 

(8) D. L. Dexter and W. W. Beeman: Phys: Rev., 76, 1783 (1949). 
(9) S. SNYDER and W. T. Scott: Phys. Rev., 76, 220 (1949). 
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by FoLDY (#). Recently LAx (1:12) extended and completed the Foldy’s theory 
for the case of different types of scattering centers and theirs distribution in 
space. EKSTEIN’s work (#) on the solution of the Schrödinger wave equation 
for the system of scattering centers is also relative to our problem. In our 
attack of the multiple scattering problem we used some ideas of FOLDY, Lax 
and EKSTEIN, as it will be seen. 


2. — Theory. 


A plane light wave, which propagates in an optically homogeneous infinite 
medium in the direction of the axis ¢ of the space co-ordinate system, falls 
upon a planparallel sheet of the inhomogeneous medium. The boundary planes 
of this medium are parallel to the co-ordinate plane (x, y) and cut the axis 2 
at 2 — 0 and z=d. The area of the sheet is S,. 

We can assume due to the small fluctuations of the refractive index in the 
inhomogeneons medium that the light wave in the sheet satisfies the scalar 
wave equation instead of the vector wave equation 


(1) Ay(r) + k(r)y(r) = 0. 


Function y(r) represents the light wave. Wave number k(r) = 2zn(r)/À 
[n(r) = refractive index, 2 = wave length] is a function of the position vector r. 

The boundary condition for the solution of this differential equation is 
as follows: At great distances from the sheet, that is from the center of the 
co-ordinate system, the function y(r) must represent the plane incident wave 
and the divergent scattered wave, the amplitude of which varies with the 
angle of scattering 9. For such a point R = (X, Y, Z) this boundary con- 
dition can be written in a mathematical form 


w(R) © exp [ik)Z] + fi) Bee | 


= 
bo 
— 


(9) is the amplitude function of the scattered wave, where the scattering 
angle U is the angle between the directions of the position vector R and the 
axis 2. The constant ky = 22n,/A is a wave number of the homogeneous 
medium surrounding the sheet. The value of the refractive index m=V& 


(7°) L. Forpy: Phys. Rev., 67, 107°(1945). 
(11) M. Lax: Phys. Rev., 85, 621 (1952). 

(2). M. Lax: Rev. Mod. Phys., 23, 287 (1951). 
(13) H. EKSTEIN: Phys. Rev., 83, 721 (1951). 
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will be later chosen in such a manner to facilitate our calculations. The choice 
of the refractive index n, of the homogeneous medium is not essential for the 
solution of the problem. We shall see that it is advisable to take the dielectric 
constant &, to be complex. Thus we put 


(3) Eg = KE) FAX); 


where <e> is the average value of the dielectric constant e(r) of the inhomo- 
geneous medium and x is some small positive real constant. Further we write 


(4) RE ee ES 


where k'— 27V/<e)/1 and u —?2nx/ÀV{e). The homogeneous medium sur- 
rounding the sheet absorbs the light waves. The absorption coefficient is wu. 
Postulating that y(r) and its first derivatives are continuous in all points 


of the space, the integral form of the equation (1) is 


ou 


( 26 | exp [ikor | [Re k’(r,)]y(r,) de 


= exp [ik 
v(r,) exp [i 02] In. 


F 


DE 


[Mort (1)]. 7, is the distance between the points r, and r, and drt, is a 
volume element around the point r,. The integral extends only throughout 
the volume of the inhomogeneous medium J’, because the integrand is in the 
outer space equal to zero. 

Only the values of y(r) at great distances À from the inhomogeneous me- 
dium are of the interest to us. In this case the equation (5) can be simplified. 
If s is the unit vector of the direction of the observation point R, we have in 
the first approximation 


(6) y(R) + exp [ik,Z|— | exp [— ik,s-r,] [kj — K?(r,)]y(r;) dr, . 
Hence. 

of : a 
Gi) HO = we exp |[— ikys-r.|[kj — k? (rz) ]y(r2) dts - 


LA 


The expression in the square bracket of the integral (7) can be written as 


(8) Br.) = (=) Le —e(ra)] =— (F) dein) 


(4) N. F. Morr and H, S. W. Massey: The Theory of Atomic Collisions (London, 
1949), p. 116. 
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where Je(r,) means the difference between the dielectric constant in the 
point r, and the dielectric constant &, of the surrounding medium. The dif- 
ferential cross-section of the inhomogeneous medium of thickness d for the 
scattering of light into the direction s is thus 


(9) o(s,d) = o(6, d) = f(A)f*(0) = 


Er 
ir exp 


VV 


Ds: (Tr, 2) exp [— ik’s-(r, — r,)] As(r,) Ae* (re) y(r;) w*(r,) dr, dr, . 


To this point the derivation is exact and the differential cross-section can 
be accurately evaluated, if we know the internal field y(r) in the sheet. This 
is unknown. We make use of the idea of the average field introduced by 
Forpy and Lax. We distinguish a macrostructure and microstructure of the 
internal field y(r). In the macrostructural description of y(r) we don’t take 
into account the small local variations of y(r) due to the single fluctuations 
of the refractive index. Thus from the macrostructural point of view we can 
consider the field in the vicinity of some chosen point r, to be composed of 
plane waves, i.e. 


(10) [v(r) nse. = | a(s, &) exp [ik’s-r] dQ 


2 


The integration extends over the whole space angle © = 47. The amplitude 
and the phase of the plane waves are given by a(s, 2). This is a function of 
the unit wave normal s and of the position vector r. It follows from the 
symmetry considerations that a(s, 2) is a function only of the co-ordinate 2 
of the vector r,. The wave number of the macrostructural plane waves is 
chosen to be equal to the average value of k(r) in the inhomogeneous medium, 
i.e. to k'. The above expression for [y(r)],.... is reasonable only, if the function 
a(s, 2%) changes very slowly with the position vector r,. This is in our case 
true and we can assume a(s, 2) to be nearly constant in a space, the dimen- 
sions of which are great in comparison with the dimensions of the scattering 
centres and their distances from neighboring centers. 

The microstructural description of the field y(r) considers the small de- 
viations of y(r) from the plane waves due to the fluctuations of the refractive 
index. We take into account the microstructural changes of y(r) with a factor 
g(r, s), which is a function of the position vector r and of the unit wave 
normal s of the single macrostructural wave. The factor g(r, s) is determined 

», that the real internal field can be described as | 


(11) v(r) = [as 2) g(r, s) exp[tk's:r] dQ. 


a 
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It is very difficult to determine the exact valnes of g(r, s). The essential 
part of our calculation is to obtain an appropriate approximation for g(r, s). 
We assume that the inhomogeneous medium can he divided in isolated scat- 
tering centers and that the average value of the refractive index for single 
scatterers is equal to the average value of the refractive index for the whole 
medium. Factor g(r, s) measures the modification of the plane wave passing 
through the single scatterer in the direction s. It is evident, that g(r, s) is 
a function only of the relative position of the point r to the scattering center, 
to which the point r belongs. g(r, s) does not depend from the absolute position 
of the scattering center. As the fluctuations of the refractive index are small 
and the dimensions of the scattering centers great, the amplitude of the wave 
passing through the scattering center varies very little. But the changes of 
the phase are important and can be determined in the first approximation 
by the optical path of the ray passing through the scattering center, along the 
line of the direction s, to the point r. Thus, the phase shift g(r, s) for the 
point r and the direction s of the incident wave is given by 


2.7. 
(12) Cn .s) — a. [ins — ‘ny | ds . 


8 


This integral extends over the parameter s, which measures the distance along 
the line passing through the point r in the direction s, from the point, where 
this line enters the scattering center, to the point r. In the integrand n(s) 
means the refractive index of a given point s of the line and <n> = ee) 

Neglecting the changes of the amplitude in the scattering center the cor- 
rection factor g(r, s) is equal to 


(13) g(r, s) = explig(r, s)]. 


Considering the expression (11) for the internal field y(r) we obtain from (9) 
the following expression for the differential cross-section o(s, d) 


2 
(14). o(s, d) = 5 [aa far) Jens 
2 


oa 
v 


-exp [ik’s,-r,] exp [— ik's,'r,] Ae(r,)g(rı, 8;)- 


- A&*(r,)g*(r,, s,)a(sı, 2) 4*(S2, 22) At, de, - 


Here we put a(s, z,) from the equation (11) equal to a(s,z), what is adınis- 
sible, as a(s, 2,) changes slowly with the position vector. 

To an easier evaluation of this integral we choose the dieleetrie constant 
of the medium surrounding the planparallel sheet so, that the average value 
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of the Ae(r)g(r, s), taken over the whole inhomogeneous medium, is equal 
to zero. This is possible only if ¢ is complex. Taking for &, the expression (3) 
the constant ~ is now determined from the equation 

(15) <Ae(r) g(r, s)> = “[e(r) — <e>] exp [ig(r, s)]> — ixexp[ip(r, s)) = 0. 


Hence, 


_ <Ce(r)— <e>] exp [ip(r, s)]> 
LE “TR 


Now we shall show, that <[e(r) — <e>| exp[ig(r, s)]> is imaginary and 
exp [ig(r, s)]> is real. This is necessary since x must be real. 
It follows from the definition of the average value, that 


UD Cele) — “el expLiptr, 21) =4|fe(r)— <1 explig(r, s)} ar, 


where the integrai extends only throughout the volume occupied by the scat- 
tering centers. Taking into account, that e(r)— (e) is nearly equal to 2<n>- 
-[n(r)— <n>], and considering the equation (12), we see, that the integration 
can be performed over one space coordinate of the direction s. The above 
integral for a single scattering center gives 


(18) |lew) — “e>] exp[ig(r, s)]dt = 2 [exp [ip(p)]—1} a8. 


Ss 


Here the integration extends over the co-ordinate plane S, perpendicular to 
the direction s. The function (ep) in the integrand represents the total phase 
shift of the ray emerging from the scattering center and passing through the 
point of the plane S given by the position vector p. 

The integral (17) has a real value, as positive and negative values of (p) 
are equally probable. Thus we proved, that <[e(r)— <e>] exp [ip(r, s)]> is 
imaginary. Similarly <exp[ip(r, s)]> is real, as positive and negative values 
of g(r, s) are equally probable. 

The integrand of the integral expression (14) for o(s, d) contains rapidly 
oscillating terms. At great distances |r;—r,| no correlation exists between 
the value Ae(r,)g(ri, s,) and Ae(r,)g(r:, s.). Thus for the evaluation of the 
integral only the average value of the product Ae(r)g(r. s) is important, if 
|r; — r,| is great. As this average value is zero, we may, for the calculation 
of o(s, d), consider only the distances |r -—r,|, which are of the order of mag- 
nitude of the dimensions of the scattering centers. 

Similarly only those values of the integrand, which belong to the small 
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© 
au 


values of |s, — s, , contribute mostly to the result of the integration. Thus 
we may exchange in all non-oscillating and slowly variable terms of the in- 
tegrand s, with s,. 

Taking into account the above considerations and introducing new variables 
io nandr=r, Fou In. (14) we obtain 
9) G(s; A) 

Tr? f g , 
= 7 Jia) ao) dr,a(sı, )a4*(s,, 2) exp{us-r,]exp[— ik'(s — s,)-r2]- 


Le] 2 y 


“| Ae(re + r)g(r.+ r,s,) Ae*(r,)g*(r;, sı) exp [— ik (s— s,)-rjdr. 

The first volume integral extends throughout the volume V of the inhomo- 
geneous medium and the second throughout the volume, defined by all pos- 
sible differences rn, —r,;. 

If we restrict only to small angle scatterings, which largely predominate 
in an inhomogeneous medium of our type, we can put s-r, to be equal to 3. 
Further we see, that the vector ss — s, is nearly exactly perpendicular to the 
axis 2. As in an inhomogeneous medium with great scattering centers in com- 
parison with the wave length no correlation exists between the value of the 
highly oscillating term exp [— ik’(s,— s,)'r,| and the value of Je(r,+r)- 
-g(r,+r,s,)Ae*(r,)g*(r,, s,) for different r,, we can substitute in the second 
volume integral of (19) Ae(r.tr)g(r.+r, s,) Ae*(r,)g*(r,, s,) with the average 
value (Ae(r,+r)g(r,+r, s,) Ae*(r,)g*(r,, s,)> taken over the whole inhomoge- 
neous medium. 

Thus, introducing cylindrical co-ordinates 7, = 7 cos q, y: = 4 Sing, 2 =? 
in (19), we obtain 


(20) os, d) = 
= = [ao] <Ae8(r;+r)g(r;+r,s,) A&*(r,)g*(r,, s,)> exp [— ik’ (s— s,)-r]dr- 


; [a2.[ası. 2)a*(s,, 2) exp [ue] exp [— ik'ün cos (P — go) ]n dy dg de . 
2 r 
The angle y, is the azimuth of the vector s,— s, and # is the angle between 
the directions s, and s, or s,—s,|~%#%. The cross-section of the inhomo- 
geneous medium being a circle of radius b, ie. b?7 = S,, the last integral 
after the integration over p and 7 gives 


d 


Dab. J. (Ie! 
(21) | ae 2)a*(s,, 2) exp [ue] de . 


0 


45 - Il Nuovo Cimento. 
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We now substitute the integration over the whole space angle © = 4a with 
the integration over the tangential plane, as the term J,(k'9b)/ÿ rapidly di- 
minishes with the angle 3. So we have 


Lee] 


J,(k'0b) en Geet 

(22) | 5 a, = ZE Ad ===. 
2 0 

Hence, 

(23) o(s,d) = ee JA] <Ae(r,+r)g(r,+r, sı) Ae*(r:)g*(r>, S1)) * 
2 


a 
-exp [— ik’ (s— s,)-r] arlatı. 2)a*(sı,2) exp [pe] de - 
0 
The final result is independent from the choice of the shape of the cross-section 
of the inhomogeneous medium. 
For the further calculation of o(s, d) it is reasonable to introduce the auto- 
correlation function y(r, s) for the quantity Ae(r)g(r, s) defined by 


Di oe a <Aetr)g(ri, s) Ae*rn + r)g*n-+r, s) 
es 3 rel Ae(r,) Ae*(r,)> 


JAstr)gir, s) Ae*n +r) g*(r + r, s)dr, 


y 


‚JAeir) de*r)dr 


The integration extends throughout the whole volume of the Inhomogeneous. 
medium. 

This autocorrelation function is an extension of the autocorrelation function 
y(r) for e(r)— <e>, which DEBYE and BUECHE (%) used in the calculation of 
the scattering of hght by amorphous solids. The Debye and Bueche auto- 
correlation function is applicable only in the limits of the validity of the 
Rayleigh-Gans-Born approximation. 

From the expression (24) it follows, that y(r, s) is a function only of the 
absolute value r =|r| and of the angle 6 between r and s. We can write 
y(r, s) =y(r, cos B). Further »*(r, cosß) = y(r, — cos B) and y(0, 0) = 1. If r 
increases beyond the average dimension of the scattering centers, the auto- 
correlation function y(r, s) falls rapidly to zero. 

In the evaluation of o(s, d) we shall use the following transformation of 


(25) E(s, sı) = [exp ik (s— 8,)-r] y(r, s,) dr. 


(5) P. DEBYE and A. M. BUECHE: Journ. Appl: Phys., 20, 518 (1949). 
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The integration extends over all space. As we deal only with small angle scat- 
terings, we put |s— s,| = Ÿ, where # is as above the angle between s and s,. 
Then we introduce the polar coordinate system with the axis 2’ in the direc- 


tion s,. Taking into account, that the vector s— s, lies nearly in the plane 
(x', y') of the new coordinate system, we obtain 


on 22 


(26) Eis, sı) = EV) =|] fe [—ik'dr sin 6 cos gly(r, cos B)r? sin B dr dp dg= 
0 0 0 © 


ve 


= 2x] Jr sin P)y(r, cos B)r? sin B dr df . 
0 0 


E(d) is real. This follows from the relation y(r, — cos ß) = y*(r, cos B). 
Using the autocorrelation function y(r, s) the eauation (23) now reads. 

à Ê 

Jean. [ats z)a*(s,, 2) exp[pz] de . 


Lo 0 


<Ae(r) Ae*(r)) 


NEE) 


(27) o(s,d) = 


This equation for the scattering cross-section postulates the knowledge of the 
properties of the inhomogeneous medium given by <e>, <Ae(r) Ae*(r)> and by 
the autocorrelation function y(r, s); besides we must know the amplitudes of 
the macrostructural plane waves in the medium. 

Taking some new approximations we proceed in the following way: We 
assume, that the amplitudes of the macrostructural plane waves are inde- 
pendent of the thickness d of the inhomogeneous medium. This assumption 
is admissible, as we deal with small angle scatterings. The light waves scat- 
tered at points with 2> 2, have very little influence on the field y(r) at points 
with z2=2,. With this assumption we obtain, by differentiation of the equa- 
tion (27) with respect to d, the result 


è 2(Ae(r) Ae*(r)> | 
(28) ae) ae Ber), ae exp [wd] a(s, d)a*(s,, d)E(s, s,)dQ, . 
Q 


cd À2<e) 


Now we can get by use of the Kirchhoff-Huygens principle the correlation 
between the amplitude of the waves emerging from the inhomogeneous medium 
a(s, d)a*(s, d) and the scattering cross-section. The field at the point of 
observation R can be derived from the field in the plane z = d by the equation 


k xp [ kore ‘ 
(29) y(R) = [= 2 vie] COS (n, 712) y(r,) AS 
ad 12 


[SOMMERFELD (%)]. 


(1%) A. SOMMERFELD: Optik (Wiesbaden, 1948), p. 204. 
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The integration extends over the whole plane z=d. Here r,, denotes the 
distance between the point R and some point r in the integration plane. (n, 74.) 
is the angle between the normal on the plane S and the direction of the di- 
stance vector r,. As the observation point is very distant, we put r, = R—s,-r,. 
Further we take, due to small angle scattering, cos (n, 7.) = 1. Considering 
only the scattered waves and neglecting the diffraction of the incident plane 
wave on the edge of the inhomogeneous medium we have 


ku exp [ik] 
I R 


(30) y(R) = exp [— ikus'r,]y(r;)dS. 


£ 
Now the integration extends only over the area S, of the surface of the inhomo- 


geneous medium. We assume for y(r) the field of plane waves emerging from 
the inhomogeneous medium in the point r of the surface S. Thus, 


(31) v(r;) fais. d) exp[ik's-r,JdQ. 
fo) 
Hence, 
ky exp [ik a 
(32)  y(R) = = ÊXE = A] dQ, a(s,, alex» E s:r,| exp [— ik (s— s,)-r.] dS. 


The exponential term exp[(u/2)s-r,] in (32) is nearly equal to exp[(u/2)d]. 
Considering this and the fact, that the vector s— s, lies approximately in 
the plane (x, y), we obtain by the integration over S the following expression 
for y(R) 


(33) HR) eee E al (us. d) he) 
; 


R tk’ 


where Ÿ is the angle between s and s,. We see, that only values of a(s,, d) 
with s, near to s contribute mostly to the integral in (33). As a(s, d) varies 
little with s, this integral can be performed so, that we put a(s,, d) before the 
integral sign. Thus we get 


é À u _|explikR] 
34 R) = = 1) exp |= d|] ———_. . 
(34) vR) = 37 als, d) exp E à . 
Here we approximate k, with k'. 
Hence, 
12 
(35) o(s,d) = —.als, d)a*(s, d)exp[ud]. 


GE) 
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Combining (28) with (35) we obtain the following equation for o(s, d) 


ea(s, d) ‘2*<Ae(r) Ae*(r)> [ 


(36) SA 7 o(s,, d) E(s, s,)dQ, . 


Q 


This is a sort of transport equation and can be solved by the use of the Bessel- 
Fourier transformation. The solution of this equation is 


ao 


(37) od, d) = = [es» [dH (x)]J,(0x)x dx , 


0 


where H(x) is the Bessel-Fourier transformation of the function 


n° Ae(r) Ae*(r) 


(38) SOM) = rT E(Ÿ) , 
i.e. : 
(39) H(a) = 2a Mild dd. 


0 
The integration constant 1/27 in the expression (37) is chosen so, that 3 
(40) IK 02704 = 1. 
2 er 
At the distance R from the sheet of the inhomogeneous medium the light 
flux per unit of space angle in the direction s is equal to 


(41) Id A) a exp [— nef exp [dH(x)|J,(0x)x dx , 


9 


where /, is the flux of the incident light. The term exp[— wR] measures the 
extinction of light waves in the inhomogeneous medium and the absorption 
in the surrounding medium and must here be taken into account, as the dif- 2 
ferential cross-section (37) is calculated for the reference point R = 0. 

We surrounded the inhomogeneous medium with the special light absorbing A 
medium only to facilitate our calculations. If we now put x = 0, we obtain & 
with nearly the same approximation | 


(42) L(G, a) = = exp [— ud] [exp [AH (a) Jo(da)a dx . ae 


0 


700 P. GOSAR 


In this case the light is nowhere absorbed. Because of this H(0) must be equal 
to u. This can be shown to be true. Thus the final formula for the angular 
distribution of the scattered light reads 


© 


(43) IK) a = ze exp [d(H (x) — H(0))]J,(0x&)x do . 
0 


3. — Comparison with « Corpuscular » Theories. 


In the case of great distances between scattering centers our theory is in 
agreement with the « corpuscular » theories. 

To prove this, we put in (25) for y(r, s) the integral expression (23) and 
then we change the order of the integration. Thus we obtain for the function 
h(9) the following expression 


ro 


(44) hi) = on ï fan det) gtr. sn | Aetirs + r)g*(r, +r, s,)° 


-exp [— ik’ (s— sı)'r|dr. 


The extinetion coeflicient is here very small. We may in the equation (44) 
neglect the coefficient x. Hence, the first integration in (44), taken over the 
whole volume V of the inhomogeneous medium, may be taken only over the 
volume of the scattering centres. But the second volume integral is performed 
in the first approximation only over the distances of the order of the dimen- 
sions of single scattering centers. Putting the new variable r, = r,+r in (44) 
we obtain 


(45) hd) = +. 5 At Jae r,)g(r,, S1) exp [ik (s— s,)-r,] an! : 


m 


N 


AU + Te. la Set + 
I»)? &*(r,)g*r,, S1) exp [— ik (s— s)rldar 7 = TA 2 s, Si) v*(s, Si). 


The index m at the brackets signalizes, that the integration is taken over the 
volume of the m-th scatterer in the inhomogeneous medium. The summation 
runs over all N scatterers. Here we introduced a new function 


(46) Um(S, $1) = =; | Ae(r)g(r, sı) explik'(s — s,)-r]dr. 


F 


The vector s— s, is nearly perpendicular to s,. Thus we may perform the 
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integration first over one space co-ordinate in the direction s, similiarly, as 
we made this in the equation (18). We obtain 


N) 


(47) HS = ‚eo [ip(e)] — 1} exp [ik (s— s;):p]dS, 


Ss 


where S, e, g(e) have already known meaning. 

The formula (47) is nothing else but the expression for the Fraunhofer 
diffraction on the plane phase screen with the phase shift given by g(p). See 
MOLIERE (5)! Thus the expression (47) is a solution of the scattering problem 
for a single isolated scattering center. This solution is based on the idea, that 
the light wave is shifted in the phase by g(p) in passing through the scattering 
center. So, the ditferential scattering cross section o,,(s, s,) for the m-th scatte- 
ring center is om(S, 1) = Um(S, $,)0%(s, s,). Hence 


Le Il N 
(48) h(d) = V > Om(S, Si) . 
: m1 


Using this expression in (43) the resultant formula is identical with the for- 
mula given by the « corpuscular » theories. 


4. — Conclusions. 


Proceeding from the scalar wave equation the problem of the multiple 
small angle scattering in an inhomogeneous medium is solved. The solution 
postulates the knowledge of some properties of the inhomogeneous medium 
given by statistical data, i.e. <e>, <Ae(r) Ae*(r)) and y(r, s). The autocorre- 
lation function y(r, s) is an extension of the Debye and Bueche autocorre- 
lation function y(r) for the case, where the Rayleigh-Gans-Born approximation 
is no more admissible. The principal assumptions of the theory are as follows: 


1) The inhomogeneous medium is non-absorbing and the differences of 
the refractive indices between different parts of the medium are very small. 


2) The medium can be divided in domains of the fluctuations of the 
refractive index. The dimensions of domains are great in comparison with 
the wave length. 


3) The average value of the refractive index in single domains is equal 
to the average value of the whole inhomogeneous medium. 


4) The amplitudes of the macrostructural waves are independent from 
the thickness of the sheet of the inhomogeneous medium. 


5) Only small angle scatterings are considered. 
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The assumptions 2) and 3) can be partially dropped. But then the difficulty 
arises in the appropriate determination of the lower limit of the integral (12) 
defining the phase g(r, s). 

The advantage of the theory is its applicability to dense systems. The 
theory can be used for the propagation of light through the Christiansen filter 
or cromatic emulsions, for the propagation of radio waves through the tur- 
bulent atmosphere, for the multiple scattering of electrons passing through 
a thin metal sheet, etc. 


RIASSUNTO (*) 


Partendo dall’equazione scalare delle onde si risolve il problema dello scattering 
multiplo sotto piccolo angolo da parte di un mezzo non omogeneo con piccolissime 
fluttuazioni dell’indice di rifrazione. La teoria comprende un’estensione del lavoro di 
DEBYE e BUECHE sullo scattering della luce da parte di un solido amorfo per il caso 
in cui l’approssimazione di Rayleigh-Gans-Born non è più valida. Una funzione di auto- 
correlazione y(r, s) tien conto dello spostamento di fase dell’onda luminosa piana pas- 
sante per una data fluttuazione dell’indice di rifrazione. Si tratta di una funzione del 
vettore della distanza di correlazione r e della normale unitaria s all’onda. La teoria 
è applicabile a sistemi densi in eni le teorie « corpuscolari » cessano di essere ammissibili. 
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Analysis of an Electron Shower 
Associated with a Very Energetic He Nucleus. 


N. SEEMAN and R. G. GLASSER 


Nucleonics Division Naval Research Laboratory - Washington D.C. 


(ricevuto il 26 Maggio 1956) 


Summary. — An event has been observed which is interpreted as the direct 
production of an electron pair by a helium nucleus of the cosmic radiation. 
The primary helium nucleus has a measured energy of (1.7 + 0.5)-105 GeV. 
The pair has an energy of 20 + 4 GeV and initiates an electron shower. 


1. — Introduction. 


An unusual event has been observed in an emulsion stack exposed in a 
ballon flight (~ 95000 feet) near the geomagnetic equator (10° N) which can 
be interpreted as the direct production of an electron pair by a heavy charged 
particle. An extremely energetic particle whose grain density (four times the 
minimum) and delta ray density imply a charge of two enters the stack at 
a zenith angle of 56°. After 62mm, two «shower» tracks (lightly ionizing 
tracks) are seen to diverge slowly from the primary track. The opening angle 
of approximately 0.001 radian can be attributed mainly to multiple Coulomb 
scattering. The point of origin of the pair cannot be spatially resolved from 
the parent track. It can be approximately located by the observed increase 
in ionization from four to six times minimum. The pair subsequently (after 
several millimeters) gives rise to an electron shower which develops and proceeds 
through the stack together with the primary heavy particle. 75 mm after the 
formation of the original pair (total path length in emulsion of 13.7 cm), the 
He nucleus collides with an emulsion nucleus forming a star (643%) (7) con- 


(1) Bristol notation. See article by CAMERINI. Lock, and PERKINS in J. G. WILSON: 
Progress in Cosmic Ray Physics. 1 (New York, 1952). 
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taining a very highly collimated «jet» of shower particles. The energy of 
the primary particle, estimated from the angular distribution of the shower, 
as described below, is 1.7:10° GeV. 

Fig. 1 is a schematic projection drawing of the first nine events (pairs and 
tridents) of the cascade shower. The secondary electrons have not been con- 
tinued in the drawing so as to avoid the confusion of the many crossing and 
scattering tracks. As can be seen from the figure, the multiplicative processes 
are not observed until the initial pair of electrons has traveled more than seven 
millimeters and diverged appreciably from the primary particle. The next 
eight events then occur on or very close to the electron tracks rather than 
that of the He-particle. Event « H » is the last apparent trident (trident or 
pseudo-trident) (?) found. The rapid spread and degradation of the shower 
after this has not been shown in the diagram. 

The geometry (lateral distance of point of origin of secondary events from 
the tracks of the initial pair, e, and e,) and the energy measurements both are 

consistent with the conclusion that 


the electron shower was initiated by 
the first pair, and there is no firm 
evidence for any further electromag- 
netic processes related to the primary 


track. 

It is of interest to note that three 
successive events, #, G, and H occur- 
ring along the track of the higher energy 


electron e,, are all apparent tridents. 
This may not be anomalous in view 
of the pseudo-trident correction (2) (of 
at least 30 per cent) to be applied, and 
the poor statistics involved. 


£ Fig. 1. — Projection drawing showing only 

AS the first nine events of the electron shower. 

etc ieee pe Re The lateral scale has been greatly magni- 

+10 +15 420 fied (1000 ) in an effort to show the posi- 

tion of the origin of the secondary electron 

events relative to the initial pair e, and e, 

and the incoming He particle (the center line). The degradation of the shower after 
event H (last apparent trident) is not shown. 


(?) M. M. Brock and D. T. Kine: Phys. Rev., 95, 171 (1954). 
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2. — Energy Measurements on the Electron Tracks. 


Since the emulsion in which these measurements were carried out has a 
distortion of the order of 300 covans, direct scattering measurements on all 
but the very slowest electrons gave no information. However, the tracks are 
quite parallel to one another and to the primary particle so that it was pos- 
sible to carry out relative scattering measurements which eliminate the effects 
of distortion. 

As described in the appendix, when relative scattering measurements are 
‘arried out on two tracks one of which is appreciably more energetic than the 
other, the result is a measurement of the multiple scattering of the less ener- 
getic track. Since the particles in this event all have energies large compared 
to their rest masses, the measurement of the multiple scattering gives directly 
an estimate of the energy of the particle. If three tracks of nearly the same 
energy are measured, the method permits one to obtain the energies of all 
three. Since the He nucleus is much more energetic than the other tracks in 
this event, it was measured as a reference track whenever this was convenient. 
Some intermediate energy tracks were inconveniently far from the path of 
the primary and closer to one of the tracks of the first electron pair. The 
latter was then employed as a reference track provided that the track being 
measured belonged to an electron of appreciably lower energy. 

The «noise» value used was determined by a relative scattering measu- 
rement using 50 um cells, between the He-particle and the first two electron 
tracks. The value obtained was 


D = 010 0:02) um. 


noise 


This value was checked by eliminating noise between basic cells and higher 
cells (the Bristol method) on several tracks, and found to be in agreement 
within statistical error. It is noteworthy that this value of the noise is lower 
than that obtained by the same observer for ordinary multiple scattering 
measurements on tracks of similar grain density in undistorted emulsion. One 
would expect that the noise value for relative scattering measurements would 
be 42 times as large as for ordinary scattering if the noise were due to inde- 
pendent displacements of the measured track from the trajectory of the part- 
icle. The fact that the noise is lower in relative scattering has been noted 
previously (*) although the reasons for it are not understood. It may be due 
to the elimination of small scale distortions such as those which cause the 
correlated deflections observed by BISWAS et al. (*). 


(3) M. SCHEIN, Haskin and Lorp:-private communication. 
(4) N. N. Biswas, B. Peters and Rama: Proc. Ind. Acad. Sci., 41, 159 (1953). 
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Table I gives the energy measurements on the first nine events of the shower. 
The value resulting from direct measurement of track e, (one of the members 
of the initial pair) is shown in parentheses since this value is lower than the 
measured energy in events which appear to be secondaries originating from 
this track. The apparent trident Æ is formed along this track (see Fig. 1). 
Another apparent trident, event G, is formed along the highest energy track 
of #. The total energy of @ plus the energy of the two lower energy members 
of event E add up to (30 + 7) GeV. This discrepancy could possibly be due 
to a bremsstrahlung loss of energy by particle e, in the length of track used 
for the measurement or before, that is, e, could have radiated a y-ray which 
subsequently converts to a pair as event # or @. (This would imply that # 
or @ is actually a pseudo-trident). However, track e, scatters appreciably 
between this section and the formation of event E (see Fig. 1). Since # and @ 


TABLE I. 
| 
| Longi- | Pad Energv (GeV) 
J | tudinal | — : er x A Total Energy 
Event | istance | distance = en (GeV) 
(mm) | (ue) 1 2 | 3 
01» 6 0 0 (11+4) 3.8 +0.9 — (15 +4) 
| A Teil 0.3 O.011+ .004 | 0.0008 + .0003 _ 0.012+ .004 
IB 8.1 0.8 | 0.33 + .10 0.064 + .032 — .39 + .ll 
(8 la | 222 0.11 + .03 0.008 + .002 —— .12 + .03 
DE 24.8 0.2 0.11 +0.03 0.11 + .03 = 22 + .04 
E* 25.2 0 Is siete DU N ee 
F 27.8 > 2 2222.06 0.14 ==) 206 = 2.2 +0.6 
G* 31.9. 0 18 +7 6.3 +1.8 2.0+0.4 26 +7 
He 37.9 0 a 0.006 =- .001 = — 

Pair €; e, is the initial pair, the other events are pairs or tridents in the order of their 
formation. Track 1 in each event is the highest energy member of the event, track 2 the next 
highest and track 3 the lowest. The radial distance is the distance of the point of origin of the 
pair to the nearest track. Events with an asterisk are apparent tridents, others are pairs. See 
text for explanation of parenteses around some of the energy values above. 


occur (to within about 0.3 um) on track e,, it is unlikely that either could 
have been due to a y-ray radiated as far back as the section of track used for 
the measurement of track e,. The most likely explanation is that we are dealing 
with a statistical fluctuation. The probability of getting a discrepancy as 
large as this by chance is about 2 per cent. In this case the true energy of e, 
can be best estimated from a combination of the direct measurement with 
that of the measurements on the secondary events. This gives (16 + 4) GeV 
as the estimate of the energy of e,. The energy estimate for the initial pair 
is then (20 -- 4) GeV. 
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3. — Energy of He-Particle. 


The collision of the He-particle with a nucleus of the emiulsion occurs only 
about 2.7 mm from the point at which the He-particle would have left the 
edge of the stack. It is difficult therefore to be sure that all the tracks in the 
dense central core have been resolved. 
From the apparent grain density of 
the tracks it appeared that they were 
all near minimum ionization, and hence 
that the 43 lightly ionizing tracks re- 
present all of the fast charged particles 
produced in the event. It is possible, 
however, that one or two have been 
missed. The median angle of these 
shower tracks is .009 radians. 

The apparent velocity of the center 
of mass system has been deduced by 
the method of the Rome group (°), in 
what they call the spectrum independent 


approximation, which is based on mea- 
surements of the angles of emission of 


Fig. 2. — Projection drawing of the star 
6 à 3 2 containing a jet produced by the He 
sists in averaging the logarithm of the nucleus interacting with an emulsion 


cotangent of the angles in the laboratory nucleus. 

system. This is used as an estimate 

of the logarithm of y, where y = (1 — B?) ? and ß is the velocity of the center 
of mass. The energy was also estimated by the method of DILWORTH ef al. (°) 
which uses the angle 9, of the cone containing a fraction, f, of the partieles 
and one measures y by 


the charged particles. The method con- 


y? = cot 6, cot Or, . 


These two methods are not independent. 
Applying the method of the Rome group, one gets y = 152 with an error 
of approximately 14 per cent. Using the method of DILWORTH et al. for various 


(5) C. CASTAGNOLI, G. Cortini, C. FRANZINETTI, A. MANFREDINI and D. MORENO: 
Nuovo Oimento, 10, 1539 (1953). 

(6) €. ©. Drcworra, $. J, GoLDsack, T. F. Hoane and L, Scarsr: Nuovo Cimento, 
11, 424 (1954). 
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values of f we have: 


CRISE EN 
1 109 
1 114 
1 156 
all 154 


where the last value is an r.m.s. average of y for all values of f in steps of one 
particle. One might expect that the last value given is the best of those by 
the Dilworth method. The value of y will be taken to be 150 + 20. 

If the event were « nucleon-nucleon collision then the energy of the inci- 
dent particle could be calculated as 


(1) — = dy —1. 


However, the collision is more complex, as the incident particle is a He nucleus, 
and since gray tracks are present, the target nucleus must have had an atomic 
weight of at least 12 and possibly as high as 135. The part of the collision in 
which the shower is produced may be in fact essentially à superposition of 
primary nucleon-nucleon collisions with no significant secondary interactions 
in which case Eq. (1) again applies. If, on the other hand, an intra-nuclear 
cascade develops the use of (1) will tend to underestimate the true energy, 
and the same is true if there is appreciable scattering of the shower tracks 
inside the nucleus. Thus the estimated energy of the He nucleus obtained 
from (1) is > (1.7 + 0.5)-105 GeV. 


4. — Discussion. 


This event could be due to the direct production of an electron pair by 
the He nucleus in the field of an emulsion nucleus. (This is analogous to the 
trident process for electrons). To compute the probability for the event on 
this hypothesis we have used the formulas given by Rossi (?) which are based 
on the theory of Bhabha (*). We find that the mean free path for an x-par- 
ticle of the observed energy (1.7:10°) GeV to produce a pair of electrons 
with energy from 20 GeV to the maximum possible is ~ 290 cm. 

Consider now the latest data in regard to the primary alpha flux and energy 


(7) B. Rossı: High Energy Particles (New York, 1952), p. 86. 
(8) H. J. BHABHA: Proc. Roy. Soc., A 152, 559 (1935). 
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spectrum near the geomagnetic equator (SINGER (*)) quotes a primary alpha 
flux of 20 particles/m?/ster/s and spectrum I = I,E-11%. From this we 
conclude that approximately one «-particle of energy > 10° GeV would be 
expected to penetrate our emulsion stack (46 pellicles, 600 um thick, 
6" <5" each) during our flight. Therefore, considering the observed path length 
and the computed mean free path, we estimate a probability of 0.02 that we 
should observed direct pair production due to an x-particle of energy greater 
than or equal to that of this event. 

If we had considered the production of a pair at any energy, the mean 
free path would have been five centimeters. This is due to the fact that pro- 
duction of low energy pairs contributes the greatest part to the integral cross- 
section. 

Another possible explanation of this event is that of bremsstrahlung emitted 
by the primary «-particle (and subsequent conversion to the initial pair). 
However, present electromagnetic theory, which gives essentially correct results 
for electrons up to fairly high energies, indicates an inverse square dependence 
of the cross-section for bremsstrahlung with mass. This is a very severe 
restriction of the process for «-particles since (m,/m,)?~ 2:10. The energy 
dependence is slow and does not help much even at the very high energy of 
this &-particle. A calculation for the cross-section has been carried out, based 
upon CHRISTY and KUSAKA’s computation (1:11) and utilizing the measured 
energy of the primary. Integration of the photon energy distribution (over 
all energies from that estimated for the photon producing the observed shower 
to the maximum possible) gives a cross section 

D, = 41-10? em? in emulsion . 
This corresponds to a mean free path in emulsion of approximately 3000 m. 
Using the same assumptions concerning «-particle flux as above we compute 
the probability on the bremsstrahlung hypothesis to be — 4:10. 
We have considered in addition, the following possible explanations: 


a) The creation of a *He nucleus in an isomeric state, or Coulomb exci- 
tation to this state and the subsequent decay by y-emission. (*He and ‘He 
have no known isomeric states). The probability on the basis of this hypo- 
thesis is less than 105. 


(?) Information presented at the TUPAP International Cosmic Ray Conference, 
Guanajuato. Mexico, August, 1955. 

(2) R. F. Cxrisry and S. Kusaka: Phys. Rev, 59, 405, 414 (1941). They 
compute the differential radiation probabilities for particles of arbitrary mass and 
spin 0, + and 1 (normal magnetic moment). 

(1) B. Rossi: High Energy Particles (New York), p. 61. 
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b) The collision of a primary nucleus above the stack producing à 7° 
whose decay y-ray converts in almost exact coincidence with the x-partiele 
(the «-particle being a result of the fragmentation of the heavy primary). The 
probability, under this assumption is less than 1077. 


c) A helium hyperfragment produced in the fragmentation of a heavier 
primary somewhere above and outside the stack. The decay of the A’ hyperon 
into a neutron and x° has been postulated. Corresponding to this decay mode, 
a hyperfragment might, for example, disintegrate according to the scheme, 


(2) 4He* — ‘He + 7° +0. 


The subsequent decay of the rn’ (x? > 27) could then be the origin of the 
y-ray which initiates the observed electron shower. The probability here is 
less than 10. 


d) A chance coincidence of the paths of a y-ray and an «-particle of 
these energies. This probability is less than 10715. 


5. — Conclusions. 


The explanation of this event by the mechanism of direct pair production 
has been shown to be reasonable. Several other hypotheses have been con- 
sidered and have been found to be unlikely. It is interesting to note that in 
the theory as developed by BHABHA the cross-section for direct pair production 
by heavy charged particles is essentially independent of the mass of the heavy 
particle. This is to be contrasted with the bremsstrahlung process which con- 
tains an inverse square dependence on the mass and therefore, for x-particles, 
leads to a smaller cross-section than for direct pair production. (For electrons, 
the cross-section of bremsstrahlung is larger than for trident production.) 
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APPENDIX 


The theory of ordinary multiple Coulomb scattering has been worked out 
by many authors. We have used the Gaussian approximation to derive rela- 
tionships between quantities treated in these theories and the second difte- 
rences of relative scattering measurements. The principal advantage of the 
relative scattering measurement is that it cancels out most of the contribution 
of distortion to the measurements, and also any stage noise which might be 
present. 

Denote by P,; the expected value of the average of the absolute values of 
the second differences in a series of measurements of the relative projected 
distance of tracks i and j. Denote by D, the same function of the measure- 
ments of the position of track i. N, is the expected value of the random noise 
in the measurament of second differences along a single track. ( is the cor- 
related noise which occurs in both tracks being measured and hence cancels 
out in the difference (C can include the effect of distortion and stage noise). 
S, is the expected value of the true second difference of points on the trajectory 
of track 4. ; 

Then we have: 


(A.1) Dea he 0 +8, 
(A.2) Ds NES, +8, 


We would expect that 8, would have the ordinary 3 power dependence on cell 
length, that N would be independent of cell length and that C would be very 
irregular in its cell length dependence. If measurements are made on three 
nearly parallel tracks, then from equation (A.2) we obtain: 


(A.3) Menden aN 


and similar expressions for 8, and S;,. So in principle we can get information 
on the energies of all three tracks from such a measurement. However, if 
track 1, say, is much stiffer than tracks 2 and 3, then De and D, will contain 
a negligible contribution from S, and when Ci is computed from (A.3), it will 
be small compared with its error. However, the measurements of S, and S, 
will be quite good and will amount to measuring tracks 2 and 3 with respect 
to track 1 as a baseline. In this case DE (or D) is already a measure of S, 
(or KA) with noise to be subtracted. . 

The standard deviation of measurement by this procedure can be com- 
puted by the standard methods for combination of errors. 


46 - Il Nuovo Cimento. 
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RIASSUNTO (*) 


Si è osservato un evento che si interpreta come la produzione diretta di una coppia. 
di elettroni da parte di un nucleo di elio della radiazione cosmica. Il nucleo d’elio pri- 
mario ha un’energia misurata di (1.7 + 0.5)-10° GeV. La coppia ha un’energia di 
20 + 4 GeV e da inizio a uno sciame elettronico. 


(*) Traduzione a cura della Redazione. 


Ar 


1 


= IL NUOVO CIMENTO Vou. IV, N. 4 19 Ottobre 1956 


On the Collective Description of Nuclear Surface Oscillation. 


T. TAMURA (*) 


Institute for Theoretical Physics - University of Copenhagen. Copenhagen, Denmark 


(ricevuto il 29 Maggio 1956) 


Summary. - A general method for a collective description of a many 
particle system, which was introduced by Mıyazına and the present 
author and applied to the case of weak coupling surface oscillation of 
the atomic nuclei. is extended here to the case of strong coupling, and 
our results are compared with those of other authors. 


1. — Introduction. 


In recent years, a number of papers have been published (1-21) with a view 
to unifying the individual particle and the collective particle aspects of atomic 
nuclei; the authors succeeded in deriving a Hamiltonian, parts of which de- 


(*) On leave of absence from the Tokyo University of Education, Tokyo, Japan. 

() D. L. Hin and J. A. WHEELER: Phys. Rev., 89, 1102 (1953). 

(*) A. BOHR: Rotational States of Atomic Nuclei (Copenhagen, 1954); Especially 
Appendix. 

(5) G. SUSSMANN: Zeits. f. Phys., 139, 543 (1954). 

(4) D. R. IncLis: Phys. Rev., 96, 1059 (1954); 97, 701 (1955). 

(5) T. MARUMORI, J. Yukawa and R. Tanaka: Prog. Theor. Phys., 13, 442 (1955); 
T. MarumorI and E. Yamapa: Prog. Theor. Phys., 13, 557 (1955); T. MARUMORI: 
Prog. Theor. Phys.. 14. 608 (1955). : 

(5) H. A. TOLHOEK: Physica, 21, 1 (1955). 

(7) F. COESTER: Phys. Rev., 99, 170 (1955). 

(5) S. TomonaGa: Prog. Theor. Phys., 13, 467, 482 (1955). 

(°) R. NATAF: Compt. Rend., 240, 2510 (1955); 241, 31 (1955). 

(°) H. J. Lipkin, A. px Sxarir and I. Tarmı: Nuovo Cimento, 11, 773 (1955). 

(1) F. VILLARS: Mimeographed note sent to Dr. A. BOHR. 
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scribe individual particle motions while other parts describe the surface oscil- 
lation (12) together with the coupling term between these two. 

The work of Mryazima and the present author (1?) was carried out along 
similar lines, however, a new technique was introduced, using some new re- 
dundant co-ordinates, together with an appropriate number of subsidiary 
conditions, in order to cancel the added degrees of freedom. After performing 
several canonical transformations a Hamiltonian is obtained, part of which 
just reproduces Bohr’s Hamiltonian (1?) in the weak coupling approximation. 
Among the above mentioned papers, those by NATAF (?), Lipkin et al. (1), 
and Villars (11), which came to our attention after our former paper had been 
submitted for publication, were based on ideas essentially similar to ours, 
and were applied to the strong coupling case. 

Since our method, however, seems to be quite general in its scope and, 
in some cases, much simpler than others, it might be worthwhile to exemplify 
its application to the case of strong coupling. The present paper is devoted 
to this purpose. 

Our results are compared, in Sect. 2 and Sect. 3, with those of the above 
mentioned authors. NATAF (?) and LIPKIN et al. (°) have confined their de- 
velopment to rotational motions, while VILLARS (11) included also vibrational 
and dilatational motions; in his theory these motions have been considered 
only in two dimensions, and therefore we have extended our application also 
to the three-dimensional case including all these types of collective motions. 
The results are summarized in Sect. 4, while Sect. 5 contains a discussion of 
the problem. 

The basic idea of our method is explained in detail in our former paper (1°). 
However, as the center of mass motion is the simplest example of collective 
motions, it might be instructive here to illustrate the application of our method 
to the separation of the center of mass motion from individual particle motions. 

For the sake of simplicity, we take the one-dimensional motion and start 
with the Schrédinger equation for a many particle system 


(1) ; Hypo = Ey , 


(2) H, = — R2j2u 2, V2 + Ve). (*), 


(12) A. BoHr: Dan. Mat. Fys. Medd., 26, no. 14 (1952); A. Bonr and B. MoTTEL- 
son: Dan. Mat. Fys. Medd., 27, no. 16 (1953). 

(2) T. Mıyazıma and T. Tamura: Prog. Theor. Phys., 15, 255 (1956). 

(*) Here and in the following, potential energy of a particle system is abbreviated 
as V (x), or V(x, y) or V(«,y,2) in one, two and three dimensional cases, respectively, 
but we consider it to be a symmetric function of particle coordinates and to depend 
only on relative distances of the latter. 
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Qt 


introdueing a new redundant co-ordinate X, together with a momentum BR 
which is canonically conjugate to X. As the Hamiltonian (2) is a function 
only of the particle co-ordinates and momenta, while the operators X and P 
are assumed to be independent of particle variables, the introduction of the 
latter causes no change of our original system. 

This fact, however, means at the same time that our system is highly 
degenerate in so far as the motions described by X and P are concerned. In 
order to remove this degeneracy we introduce the subsidiary condition 


(3) Xo = (05 


which will soon be proved to be most appropriate for our present purpose. 
It is also clear that the introduction of this subsidiary condition causes no 
change in our original system, because the operator in (3) is independent of 
particle variables. 

Next, defining the symmetrical function of particle co-ordinates 


Hee Oy IN 
we perform a canonical transformation 
(4) Vo > Yr = U; U, = exp[(t/h) Px]. 
Then, (3) changes into 
(5) (X— a)yı = 0 
and H, changes into 
(6) H, = U, HU, =— [2p 2 ( Vit (ih) PIN} + V(x). 
If we introduce à new operator 


a = (h/t) > VP 
which satisfies 
Er, 2) = hj, 
and perform the second canonical transformation 


(7) Yi > Yo = Urry 3 U, = exp [— (i/h) xX], 


then (5) changes into 


(8) ay, = 0, 
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and H, changes into 


1 


—— P?. 
2uN 


1 
(9) RUN, = (a — ee =F 
2uN 


The first term in (9), together with the subsidiary condition (8), describes 
the internal motion in the center of mass co-ordinate system, while the second 
term describes the center of mass motion, and thus separation of these two 
kinds of motion is completely performed. 

It should be noted that this simple discussion is sufficient to replace the 
somewhat lengthy arguments given in Sect. 2 and Sect. 3 of the paper by 
LIPKIN et al. (1%) and Sect. 2 of VILLAR’s paper (11). 


2. — Strong Coupling Surface Motion in a Two-Dimensional Nucleus, 


We first define three quantities as in VILLAR’s paper, given by 


Dar A) 
(10) (*) | Bewerte. beiden yxy), f= > 70) 
| y= te" /é,. 


Then, if we introduce the three operators 


| 1 = eS (VRR + (MOVE), 


= h u (n) (n) (n (rn) 
(11) are) DU DIV WEIN, 


h 
| To = = > ENV, 
we can easily show that they satisfy the canonical commutation relations 
(12) [r, , 7] = [n,, ß] = [x,, y] =hji, 
while all other commutators vanish. 


Now we write the original Hamiltonian, its eigenfunction, and eigenvalue 


(*) Throughout this paper, indices occurring doubly should be interpreted to mean 
Summation indices. 
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1 


as H,, y, and H, respectively; then 


(13) H5Y = Ey ’ 
where 
(14) H, =— (h2/2)u > (VO? + VO) + Via, y): 


n 


Following the procedure described in the preceding section we impose on y 
the subsidiary conditions 


(15) ty, = by, = Oy = 0, 
and perform a canonical transformation 
(16) Yo > Yr = Ur "Yo ; U, = exp [(i/h)(Pyy + PB + Pir)], 


where P,, P, and P, are momentum operators, canonically conjugate re- 
spectively, with 6, b and t, and assumed to commute. Then (13) becomes 


(17) Ay, — Ey, ’ 
where 


(18) Ik Une Hy lei = (i/h){( Ho, EIP, + (Ho, GIP, + (Ao, TP} + 

+ GR) {CA pl, PIS + ([Ho, Bl, PIP; + (TH, th Pi + 

+ ATH, PhB]P Pr + ALHo, Bl, CPP: + AT Ho; 1], oP P,} = 

= Hy + (1/2u){S[V, pees + SCV, BPP? + DIV, TP} + 

+ (LEE, PILVS, BIP Pst DLV, BV, APPA DOV”, TLV PP Pos — 
— (th/2p) LY AMOP, + Z AMBP, + X ATP. 

— (lu) {ZX VP, PVP, + IV, BVP, + ELM, VO}, 


and in this representation the subsidiary condition is 
(19) (0 —q)y, = (b— By = (t— T)yı = 0. 
If we now perform the second canonical transformation 


yo = Ur"; U, = exp [— (i/h)x,9], 
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H, changes into H, = U;'H,U,, and the subsidiary condition changes into 
(20) (b— Phys = (t— Ty = pY2 = 0. 

Here, H, has the same form as H,, except that P, which appeared in the latter 


should be replaced by (P,— x,) in the former. Thus, using the following re- 
lation which can easily be derived (*) 


LUV de, DEV PoP = se eg VOR i pao 
DAT = AND AB ATEN) Ir D Ae = 0, 


n 


(21) 
» [M T] Ve: b] a > IVe p] [Vie ¢) = > EVE | Ms T] =0 ? 


we finally obtain the explicit form of H,: 


(22) A, PE H, He He H;; coup) ? 
where 
I» SEL — 1 )? 
(2 a) rot Be | 6 Te 2 
41—P?) „ Ai 1 5 
22 JE = - (1— Nf?)P,, 
(22b) ee Sa pL NEY 
AG as IHN] 
(22c) Ha = Sr > ts 
2u 2u 
ih 
(224) He ge > IV, GV (Ps = Ny) i 
u 
ih ih 


— =F [V, BVP, —— > [V, JvmPp,. 
u vol v U v LA 


If, in equations (22a), (22b), and (22c), we replace P, and P, by (i/h)(0/ob) 
and (i/h)(o/et), and also 6 and + by b and t, by virtue of (20), then these equa- 
tions can be rewritten as 


1 


ae 9 


rot 


(*) This relation has also been obtained by VILLARS. 
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4h? Cpe PO 
(226!) ee (1 2) — + — ( Nb2)— |, 
: 2ut OUEN) cb 


Afi2t| 62 No! 
t öl 


The Hamiltonians (22a'), (22b'), and (22c’) are the same as those obtained 
by VILLARS (1). Our derivation, however, appears to be simpler and our 
subsidiary conditions (20) are also easier to manage. To explain this fact we 
consider, for the sake of simplicity, only the vibrational motion and use the 
adiabatic assumption that the frequency of internal motions is much higher 
than that of the vibrational motion. Then we can consider temporarily b 
in (20) to be constant, in taking the average of, e.g., H, over internal motions. 
If we write the eigenfunction of H,, when the subsidiary condition is not taken 
into account, as ®, this average value has the form 


(23) CHS = oma b)® de | 


the insertion of the 6-function embodying the subsidiary condition (20) (*). 
Equation (23) can, however, be rewritten by using the general relation 


4 | ll ee er) | N 
f(B)6(B — b) = (1) lb 00) ae 4(b — Bo) ap: | | 6(B — Bo); 
| (B is a constant) 


and also the fact that 


of(B) = hir, f(B)], etc., 


x, being defined in (11), as follows, 
(24) (H,) = fers B)ddr + 
+ (i) [OC LINE — BD nb — à) + 
= aan | O* ap, [ass Hol} 06 — Bo) ® da(b — Bo)? + … : 


This expression means that, after performance of the integrations which 


(*) This technique was suggested in the lecture of Professor TOMONAGA at the 
Institute for Fundamental Physies, Kyoto, in May, 1955. 
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appear in (24), <H,» can be interpreted to have a form of a power series expan- 
sion in powers of (b— /,) with constant coeffcients, and thus can be used as 
a potential energy term for the collective vibrational motion. 

We finally note that the last condition gy, = 0 in (20) has the same 
meaning as (> TnYn)ÿ2 =, as is easily seen from the definition of g in (10). 
This fact indicates that we are considering a co-ordinate system relative to 
the principal axis of an ellipse. 


3. — Three-Dimensional Case with Rotational Motion. 


In this section we consider only rotational motions; the inclusion of vibra- 
tional motions will be treated in the following section. 

A simple extension of the method outlined in the preceding section suggests 
the introduction of 


MA 
— 
SS 
iv 
2 
So 
wm 
© 
| 
wm 
M 


[&=4 —#), &=F > Gi, 
] 
| N > Ynèns N = > Enln 3 M3 = > Lins 


and the definition 


(25) 


(26) gi = tte (m/e), Po = ES (alé), Gs =} te * (m/s), 
together with 
| Li <= (Ai) > (ya VE — AM L, = (ki) > (CAE Fe NY 


(27) 
La = (Ali) I (0, — ya Ve) : 


— 


However, the angles g,; defined in (26) can never be integrals of the equations 
of motion for a rotor, and some deeper insight into the geometrical meaning 
of our canonical transformation is necessary. 

The geometrical meaning of the calculation performed in the preceding 
section may be interpreted as follows. Consider a system of particles which 
are distributed with a constant density over an ellipse, the principal axis of 
which makes an angle y with the space fixed X coordinate (Fig. 14). Now we 
consider at the same time an imaginary rotor with the same moment of inertia 
as the above defined ellipse, and the angle between the principal axis of the 
rotor and the space fixed X co-ordinate will be denoted by 9. Then the subsi- 
diary condition (15) means that, in the representation y,, the principal axis 
of the rotor coincides with the X co-ordinate (Fig. 1a; dotted line). Next, in 
the representation y,, where 0 = q, this imaginary rotor changes its orientation 
so that it is just superposed on the ellipse (Fig. 1b), and finally in the repre- 


Me - " CAS 
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bo 
[M 


sentation y», the co-ordinate system itself is rotated so as to confine the in- 
ternal motion to the principal co-ordinate system, and the rotational motion 
is represented by the motion of the imaginary rotor (Fig. 1c). 


\ ea | 
€ RN 


a) b) ec) 


Fig. la, b,e. — Explanation of the geometrical meaning of the various representations. 


The angle m of (10) was indeed found from this geometrical picture, We 
consider an orthogonal coordinate transformation given by 


! 


En = En COSP + Yh Sing , Y = — F4 Sing + Y, COS. 


Then, the condition that 


(28) Day, = 0 


just gives the solution (10) for +. 

From these considerations it is now clear that, in three-dimensional case, 
some Eulerian angles 9, should be introduced instead of 9; in (26). These #,’s 
should be defined as solutions of the equations 


(29) In =X ya = Ze, = 0, 


or equivalently of the equations (*) 


Vi, = DOSY, = 0; i, = > DAT, 0, 

(30) 
| Ya 34, —2 => (De DE; 
where Dee is Wigner’s D-function (11), viz. the representation of the three- 
dimensional rotation group of order two, and is a function of the 3,8. This 


(*) Here and in the following, the notation Y,,, means > TE m(On5 Pn}s while Y 7 
u 


means the corresponding quantity in the primed co-ordinate system. 
(4) E. P. WiGner: Gruppentheorie (Braunschweig, 1931). 
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fact explains that the #,°s should be obtained as functions of the particle 
co-ordinates, but (30) is much too complicated and it would be difficult to 
solve it for the #,’s. It is very gratifying, however, to note that in our cal- 
culation we do not actually need the explicit form of Ÿ,, but their differentiation 
coefficients with respect to particle coordinates, namely 09,/0x”. 

To obtain the explicit form for these quantities, we first differentiate both 


sides of (30) with respect to 1%. Then, for example, the first equation of (30) 


gives 


and similarly for the other two equations. Then, this system of equations is 
a set of coupled linear equations for three unknowns 09,/6x)”, and indeed it 
is possible to solve it by using the convenient formula (?) 


(31) OD? On) = — 3 > ¢,,D%, (M,) 


Lu um mp ? 


where q,, is defined by CASIMIR (5), and the result is given in the fairly simple 
form 


(32) 00,/00” = S GA4,,D® 0Y, Jon" = > fae 


13 iv 9 


which is the defining equation for @%) and where i takes the values 1, 2 and 3 
(which means x, y and 2), while j takes the values 1, — 1, 2, and — 2, and A 
is given Dy 


(32a) A= AT BY oY NG 


20 


while the «,,’s are given by 


| Gun = ni 4iYy, (T3 — v3 Ya) ty = ds = 0, 
(32b) | — Un = My = 4 BES WE + v3 =a ; Ag = Az» = 0, 
| ET 05. ae oe ay 22%) 


Finally, g? is defined by CASIMIR (15). 
Next, we introduce the three angular momenta defined by 


(33) u = D Paul, 


where the coefficients p,, are again defined by CASIMIR and the Z,’s are given 
in (27). As we have already obtained the explicit form of 09,/¢a# in (32), it 
is now possible to calculate the commutation relation between 7, and #,, and 


(5) H. B. G. Casimir: Rotation of a Rigid Body in Quantum Mechanics, Diss. (Gro- 
ningen, 1931). The definition of the Eulerian angles used in our paper is the same as 
that used in this book. 
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by means of some calculation we can actually show that the result is given by 
(34) [rs 0,1] = (hi) à, 


i.e. the z,’s are just the operators which are canonically conjugate to the #,'s. 
If we note that the p,,’s are functions of the 9,'s, then it is possible to caleu- 
late commutation relations between the z,’s, using (34) and the well-known 
commutation relations among the Z,’s, and in fact we find that they commute: 


(35) DR 0. 


After these preparations, we now proceed to extend the procedure devel- 
oped in the preceding section to the three dimensional case. As before we 
start with the equation of motion 


(36) Hy, = Ey ; H, =— (#/2u) > VO*V™ + V (a, y, 2) , 
together with the subsidiary conditions 


(37) 6,y = 0. 


Next we introduce operators PS; which are canonically conjugate to 6,’s, 
namely which satisfy 


(38) [P,,9,] = (hd, - 


The P,’s can be interpreted to be equal to (4/i) ¢/c6,, and so they clearly com- 
mute: 


(39) ; Kerle 05 
because of this relation, the canonical transformation defined by 


(40) Vo > Wi = Us m; U, = exp{(i/h) > P,0,] 


can have a well defined meaning. By this canonical transformation the sub- 
sidiary condition (37) changes. into 


(41) (6,—0,)y. = 0, 


while the equation of motion (36) changes into 


[ Hy, = Ey,, 


H, = U;'H,U, = H,+(jk) > [Hos O,1P, + (@/2h) I [LHo, 9,1, Op PAP, - 
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Next, we perform the second canonical transformation 
(43) Pig Po Uy yr ; U, = exp [— (ij#) > 7,9; | 


and note that this canonical transformation can again have a well defined 
meaning by virtue of the commutativity of z,’s among themselves, as shown 
in (35). Then using (34), we immediately see that the subsidiary condition 
becomes 


(44) Iw. = 0. 


On the other hand, the transformation of the Hamiltonian is not so easy 
to perform, because in this case the operators z, do not commute with .the 
kinetic energy part of H,, due to the fact that their expansion coefficients p,, 
are functions of the Eulerian angles and, in turn, functions of the particle 
coordinates. Therefore we discuss the calculation of the transformation for 
each term of H, separately. 

Firstly, the third term of H, changes into 


(45) (22/20?) SAT, 9,1 Wig Oa a PP PAU 
It is easily seen, by using (35) and (38), that the second factor in equation (45) 


is simply equal to (P,—x,)(P, —x,), while for the evaluation of the first 
factor we note that the following relation holds: 


. Gun h? CO), OO, 
(46) [[Ho, 9], Fx | = ie > Aye Da * 


Then, we can evaluate the right-hand side of this formula by using the explicit 
form of 09,/0x“ given in (32), and the result is simply given by 


(47) [IH 9], 9.) =— (Ju) > Gigi? 5 


where 


~ 
> 
I 


= Taran, 
and explicitly they are 
Ga = Le FAIZ eB)?» 
(G, and G,, are obtained By cyclically changing os Ys and AR 


(48) G0 s40r sed 
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It is important to note that this G,, commutes with the 71,8 because it is. 

a function of particle co-ordinates in the primed co-ordinate system, which 
should be and indeed is, invariant against any rotation of the unprimed co- 
ordinate system. On the other hand. g; do not, of course, commute with Toa y 
but as they are explicit functions of d,, the result of the canonical trans- 
formation performed is that they change into 7, where the bar means that 
9} has the same functional form as d, but its arguments are now D, F0, 
instead of being #,. Summarizing these steps we obtain for the expression (45) 


(49) Uz" (#/2h*)[[Hy, 9,], 0,)P,P, Ur? = 
= (1/24) > Gigi (P, — 2,)(Py— ay) - 


We now proceed to the calculation of the contribution of the second term 
of H, and first mention that 


ÿ Er 
(50) [Ho; 04] = —h(?/2u)|2 > mai Weert ek Dale 


Ë n 


Noting the relation 
2 AMD: = 30.6095 = (ih) À Aug Tr, di], 
we first obtain 


(51) USE Aw9,U, = (ih) I Gq (ay, 2]. 


For the caleulation of the transformation of the first term in the bracket of (50), 
we rewrite (32) in the following form: 


09,[04% = /50/3 > rare 2112) D 2. 
Then we get 


(52) Uz *(08,/ex%)U, = 50/3 > CEA a,,95(251 — N | 211n)D” 


WAGE 
—m- AN © 


Regrettably the calculation of U, VU, is not so simple; it will be shown 
in the Appendix. The result, however, is very simple and is given by 


(53) Cave U; — > DD. ve cie (i/h) > HE aa = 


Using (51), (52), and (53), we can summarize the result of the transfor- 
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mation of the second term of H, as follows: 


(54) Ur (ih) Ao, O,|P,U, = 
= (1/u) > GG — da (Pi — ma) + (1/2) & Gq: (ai, EP; — mi) — 
— (1/u) > Gina, EI Pi — m) — (ihlu) > OVE Pia): 
Finally, the calculation of U, 'H,U, is not difficult, because 


UH, =— (h?/2u) > eave U,: U-ı m Ur 


and we can use (53) for the evaluation of the right-hand side. We will show 
only the result which is given by 


(55) UÉSHQUE = ER ar (1/21) > Git ET q; À x (qh = d Ja = 
+ (2 Wlan, dm — aim, (G — 97) ker} - 
Addition of (49), (54), and (55) just gives H, = U,'H,U,, which after 
rearrangement of several terms has the very simple form 
(56) H, = H,— (ju) > GCOVPX(ÉP;— gay) + 
1/24) > u Pı — drag Pa — En) 
In (56), gq? means the same function as q?, but now its arguments are 6, 
instead of being 6,+0,. This replacement of [7% by g; is effected because of 
the subsidiary condition (44), but such a ar is allowed, of course, 
only when g operates directly on y,. In (56), this fact is already taken into 
account. 


The fact that q/ is a function only of 9,, and contains no Ÿ;, allows us to 
rewrite (56) in a more understandable form. Namely, if we write 


3 7 Pas PS 
then these P,’s satisfy the commutation relation 
(57) a, Ba ne, 
and consequently they can be interpreted as the angular momentum operators 
referred to the axis of the rotor. 


Similar terms, in (56), which contain gin, cannot be treated in the same 
way, because x; is expanded with coefficients p,,, instead of with q,,. How- 
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ever, it is very helpful to note that (i) the term > @,,g;, originally had the 
form > (—) GG ‚g’r,, that (ii) > Gq was the solution for 09,/04%, and 
that (iii) it is also possible to obtain the solution for @9,/04%° in the form 


(58) 09,00 = > Ep, 


where @,” is a much more complicated function than @, but coincides with 
the Due under the condition 9, = 0 (*). Using these fates we can now 
rewrite > G;,q/7; as 


(59) > Gigi = > (VOL, 6 Sip 5 


and here clearly 


(60) pin, = Ei; . 


As these Z,’s are those defined in (27), they satisfy the usual commutation 
relation of angular momenta, and can be interpreted as describing the internal 
angular momenta, under the subsidiary condition (44), or equivalently under 
the condition 


(61) (Os LrYn) ps = (> Ynèn) Ya =F (> End) Wr = 0 


Using (60), (59) now becomes 

(62) Y Gagan =D (YE, ELL, , 
but there G”, and @, are functions of particle co-ordinates in the primed 
as well as the unprimed co-ordinate system, and in order to rewrite them as 
functions only of the unprimed co-ordinate system, it is necessary to make 
them first operate directly on y,, and afterwards return to their original po- 
sition. This rearrangement has to be performed very carefully, because these 
functions do not commute with Z,. It is possible, however, to show that their 
commutators with Z, are equal to zero, when operated directly on y,, using (61); 
thus (62) finally becomes 


(63) > Gide D GL, ) 


(*) This coincidence is very natural, because G,, can be interpreted to have, so 
to say, the meaning of ôp;/ôr!”, where y, is the angle defined in (26), the particle 
co-ordinates used in the definition of &,; and %;, in (25), being considered to be referred 
to the primed co-ordinate system, while G is the corresponding expression in the 
unprimed co-ordinate system, and so they must coincide in the limit of #3 = 0, because 
in this limit both co-ordinate systems coincide. 
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where the tilde means that G,, is the same function as @;;, but its arguments 
are now the particle coordinates in the unprimed coordinate system. 
By applying similar reasonings to other terms of (56), we now obtain 


(64) H, = H,— (ihlu) > GOVE (RP; — L,) + (1/2u) > GP: L}, 


Yin) 


or using the explicit form of G% in (32) and of G;; in (48), we finally arrive 
at the following form of H,: 


(65) H, = H, + (1/2 


> (yn + 2) | 


— (P,— L,)? + cycl. perm..of &, y, 2 


( > (y J — 22))? | 


where u, = h{y,V! + 2,V,”). as used by LIPKIN et al. (1°), and we see that 
our result (64) just coincides with theirs, if the subsidiary condition (61) is. 
taken into account. 

It is regrettable that, in deriving these results, somewhat lengthy calcu- 
lations are needed, but, nevertheless, it is gratifying that we can employ the 


same principle as used in Sects. 1 and 2 as well as in our former paper (7%). 


4. — Three-Dimensional Case with Rotation and Vibration. 


Introduction of the vibrational motion is now only a matter of straight- 
forward extension of the content of Sects. 2 and 3, and to that purpose we 
first introduce two new quantities defined by 


| 8 = (4n/3NRY2Y2 + YF, 
(66) J 
|» = HAVENT): 
Then the starting equation of motion is 
(67) Ayy, = Ey; A, = —h?/2n > AM + V(a, y, 2), 
together with the subsidiary condition 
(68) dv = by = Cy) = 0. 


To this system we perform the first canonical transformation 


Vo > Yr = Ur; U, = exp [(t/h)(P,9, + PB + Py), 
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where P, and P, are assumed to satisfy the following commutation relations 
2 i EE GE aloe EO DONNE Tye 

Then (69) changes into 
H,yı = Ey, 5 A Uz" HU, = o + Hy + Ay”, 
where H** is equal to H, in (42) minus H,, while Urs 


(70) Hy” = (i/h){(Ho, BP, + (Ho, IP} + 


+ (#/2h){([Ho, 81, BP? + [[Ho, y} y|Pi + 2/[Ho, Bl, y|PoP.} 


and the subsidiary conditions now become 


(x — Daly, = (b— By = le yyı = 0. 


Next we perform the second canonical transformation 
y > p = Up; U, = exp[— (i/h)x:6:] , 


namely just the same transformation as performed in (43) in the preceding 
section. Then, the result of this transformation applied to the first two terms 
of H, is given by the expression shown in (65), and we denote this as H,+ H;”. 
On the other hand, it may seem on first sight that some complication 
again occurs concerning the calculation of the transformation of Hy” because, 
although # and y commute with x;, H, does not. However, we can prove 
that, nevertheless, [H,, 8], [[Ho, 8], @] and others commute with z,, and this 
fact further means that no change occurs to H{" by this canonical trans- 
formation. Therefore, we obtain the final form of our equation of motion as 


(71) Hy, =EFy,; H,=H,+ He +HP, 
and the subsidiary condition is now 
(72) DAW. = (b— By: = (¢— ya = 0. 


Our only remaining task is to express Hy” in a more explicit form, and to 
this purpose we first show the following formulae which are not so difficult 


Fat 
w Le 


Rh à, 
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to obtain: 

e HP en An \{5\?1 _ 

Go ER am ell (m) CET Aver ENG: a). 


= 


nee Jr e- EE — 66), 


\ \ 


(730) —h? > 4B) = — hi? A 


DU‘ 5 2B B 


(130) 72 a El + (se) (ss) a ENE ENS a). 


Qa Ca 2B p? 
Dy v a 


pe o 1 
73d Ar = — 3 cot 3 Er anne CERES 
N NE A| PRES Nr EEE 


/58 sin 3 
NUE À à 5 < 4/5 sin 3y 
(EEE — €5)* PEER 3)? + €58,(E3 — ern ; 
Af 270 
NUE he > op oy — h? — 3 sin 3y 12 
190 San "er — G - 
2u ON ROLE 2B 40 | 57 ’ 
where 


B = 3N Ryu/8n 


is the mass operator used by Bour (22). 

These expressions are rather long, but if we note that the second (and the 
third) terms in the brackets in (73a) through (73d) are all one order of 6 smaller 
than their respective first terms and, further, that (73e) has the same order 
of magnitude as the second term of (73b), we can neglect these terms in the 
first order approximation. Then, if we replace ß and y, respectively, by b 
and c, by virtue of the subsidiary condition (72), we can summarize the 
result as 


R EN a, Ni TESTS cis 3e ae 
(74) 150% = (Ps ish traf { i 3 Are + 
where 

(75) Hm, = (Qui) SAVE, BIVOP, + CV, IV.) | 


is the coupling term between the internal and the vibrational motions. If 
we further rewrite the first term of (74) by using the fact that we can replace 
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P, and P, by (h/i)(0/0b) and (%/i)(0/0c), respectively, the H°° changes into 


free Sts COR Lu GO rages 
D ET PE Sa 2 TU TER") See | 


(76) 


he See 1 Fran CA “a 
| ee NE OX MES 
2B \bt cb cb b? sin 3c de =) + où 
and we see that the first term just has reproduced Bohr’s operator for vibra- 


tional motion (12), which was denoted there as 7 .- 


5. — Discussion. 


In the preceding section, it was shown that our general technique can be 
applied in many cases, giving the required results fairly easily; we thus 
succeeded in obtaining the Hamiltonian for collective motions from the one 
for individual particle motions. 

Nevertheless, the separation between the collective and the individual 
motions is not complete because of the appearance of the second term in (76) 
and terms in (65) which are linear in P,’s. These terms are by no means small 
compared with the terms which describe collective motions, as, e.g., was no- 
ticed by NATAF (*) and by BOHR and MOTTELSON ('°). 

This difficulty is also related to the fact that the moment of inertia which 
appeared in Sect. 3 does not agree with the experimental value (1). 

It is easily seen that these difficulties are caused by the fact that the col- 
lective motion described by our Hamiltonian corresponds to that of the irro- 
tational motion, and that this is a consequence of the special choice of a, 
in Sect. 3. It is hoped, therefore, to find some other new functions, at the 
beginning, instead of this d,, so that both these difficulties can be removed 


.at the same time. Such a treatment will be discussed elsewhere. 


The author expresses his sincere thanks to Professor AAGE BOHR for his 
continued interest in this work and many helpful discussions. His thanks are 
due Professor NIELS BOHR for his kind hospitality and the Rask-Orsted Foun- 
dation for financial support. He is indebted to Professor F. VILLARS for per- 
mission to refer to his unpublished work. 
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(17) See, e.g., K. W. Forp: Phys. Rev., 95, 1250 (1954). 
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APPENDIX 


In this appendix we show the details of the caleulation of 
exp {[(i/4)x0, JV} exp [— (i/h)mb] , 


which appeared in (53) in the text, and we do this, as an illustration, for the 
case of y = 1. By virtue of the commutativity of z,’s among themselves, the 
result of the canonical transformation is independent of the À with which 
we begin and, for the sake of simplicity, we begin with À = 3. 

Now 


(A.1) exp [(i/h)rs9; Vi exp [— (i/h)x:0:] = 
= V + (hrs, VI IOs + (42/2h?) favs, (ms, VOIS + …. 


Then, using the explicit form of 7, given in (33), we calculate the commutators 
[a3, Vi] and obtain 


In, Vi?) = BO Pini — (ih/1/2) sin d, exp [19,]VO + % cos 3,V", 


(A.2) 4 [rss VO] = BRFLZ ut (442) sind, exp [— 10, VI h cos 0.V™, , 
| [235 Vi] = BEP m — (ih) /2) sind, exp [19,|V™ — exp[— 10, 1V, 


where 

(A.3) BY = V50/3(251— N|211n)A—a,,(—PP ¥ , 

and 

(A.4) Frnt = (—)"DOnnigi(ctg dar, — cosec Dm) + qi sin Jom} . 


In performing the calculation of [7;, [,, V$”]], we note that the factor B,,; 
in the first term of [z3, V{?] commutes with 7,, while in the factor F,,,; the 
quantities which do not commute with x, are gj, q; and D®,,,,. However, these 
quantities are explicit functions of 9,, and thus we can write the commu- 
tator (73, Fun] as 


aa m h f û (1) 2 
(A.D) Pr Enil —— (—) “(sae DP 


ê 7 
+ (cos 0,7, — cosec dr) + I Dif) sin [ea : 
OÙ 


BEER NE kr a De a PINS: À 
u; ß = 
7" : 
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We further note that, in the second and the third terms of the right-hand 
side of [r,, V{”], the only quantities which do not commute with 7, are VS, 
but all commutation relations [z;, V{”] are already given in (A.2). 

Having these facts in mind, it is now possible to calculate Fr: , [> Voll 
and other higher commutators and we obtain the following explicit form for 
the expression of (A.1): 


(A.6) exp [(i/h)ns0;]Vi” exp [— (i/h)2543] = 


1 + cos? 0, 63 . cos? ¥, 1+ cos? 3, & 


> SSL NET 3 1! 


= Le + i cos 0,03 4 Ver =i 


1 ; ae. dan ER 2 
+ —— exp [iti] f sin 9,9, — — sin d, cos 3, 63 — is; sin 0,65 + 
af 24 2! 3! 


a si 
+ re sin 9, cos 9,63 + = Vo + exp[2id;,] ses SE 


Del: va + 


Se (i/h) By? {econ = a (1/4/2) sin OF oni + À COS WF) AT 


sin 7, 1 + cos? 0, SU i 
A | 5 Hp eg En: + Der SL D COS D» Pons) ; 
4 4 Vz / 


where, in the second term, the a„'’s are the following operators: 


REC re A 
DICO 31.003 
(A.7) |, (À OF 2) Pils ot | = Gs 0 fe | 

5 Q) = on i vee | T sol +. 


nn en Ou REE 
91° 3100, 4108 


COR NT PRE. De 
lea 31 i 1! a) 5! i 6! 29, i a) 71: u) ons 


day = 9s 


(A.6) is very long indeed but, as for the first term, we see that it can be 
summarized in the compact form 
(AS) [(sin? 9,/2) + à cos d, sin & + ((1 + cos? ÿ,)/2) cos 0:1V — 
— (i/\/2) exp [i9,](— sin 9, cos 9, +7 sin 9, sin 4, + sin J, cos J, cos B,)Vg + 
+ exp[2id,] (sin? #,/2)(1 — cos 8,)VT, = 
= > Do (05 Yo, ds az 93) Dm (9: ; Ds; ®)Vm . 
For the evaluation of the second term in (A.6), it is necessary, from now 


on, to perform the calculation separately for different suffixes 7 which appear 
as à summation index, and we here illustrate the case of i— 1. Before starting 
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this calculation, however, we perform on (A.6) the further canonical trans- 
formation induced by exp [— (i/Ah)(r,d, + x:0,)] and obtain 


(A9) exp [(i/h),9,]VY? exp [— (i/h)x0:]— 

>= » Din (a, ae 6, , Is == 9, Ÿ3 Se 93) Dom (I, aia 6,, Ds 20 0; Ü3)° 

exp{(i/h)(m0, + m0)]VY exp [— (4/h) (2,0, + 2262)] + 

ai (à Ih) BX? se 7 Qs), [(1/42) sin (A, te FALSE Zr 7 COS (I, Sr 92) Fyni] aE 

ar 3) [(sin? QE ar 0, »)/2)F ini ([1 in COS? (Is ae 00)\/2) Fans 75 

+ (i/1/2) sin (9, + 6,) cos (9, + 0) Fon] ) 
where the double bar on F,,,; means that here the arguments 9, and #, are 
changed into 9, +69, and #,+6,, respectively, while 0; remains unchanged. 
The evaluation of the last factor in the first term of (A.9) is again as tedious. 
as the case illustrated in (A.6), but it is gratifying to note that no terms which 
contain 7, as a factor appear from this term, but solely from the second term 
in (A.9). Therefore, if we limit our illustration to such terms, the task is much 
simplified. 


Now, in (A.9), the term which contains zx, as a factor and corresponds 
to à = 1 is given in the form 


(A.10) — (1/h) exp [öd, d)]: {Bulll — cos (d, + 6,) )]/4)*( Ay) — Ui) — Ay)" 
‘(exp [— 2404] + 1) + B_y([1 + cos (8, + 0,)]/4)- (aay + it — aw): 


‘(exp [279,]— 1) + Bo, (sin (9, + 9,)/V 2 2)aa sin Os}7r, . 
Then, using the result 


(day + td — Hs) {exp [ 2103] — 1} = 


= + i{exp[+ (200, + 10,)]— 1}{exp [— 706,)—l}, 


and 


«pn Sin Js = COS 7; — COS (Vs + 93) , 


together with the fact that B,, = B_,,, which plays an essential part here, 
we can show that (A.10) may be summarized in the following very simple form: 


(A.11) — (i/t) Z BAD (u — Gn, . 


The case where à = 2 and 3 can also be calculated similarly, and if we 
(n) 


use the explicit form of BY given in (A.3), the whole term in (A.9) which 
contains à factor 7, is given by 


(A.12) (4)V 50/3 > A-1a,,(251 — | 211n)(—P YPD.,, (8 — Em; 
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Terms in (A.9) which are proportional to 7, or 7, can be calculated similarly, 
although it is much more cumbersome. The whole expression for (A.9) is 
now summarized in the simple form 


(A.13) exp [(i/h)-8,]V? exp [— (i/h)f;] = 
=> DD, VUE (i/hyV50/3 3 A-ay,(2j1 — N |211n)-PIRD EP — m= 
= > DPF D?,.V2 + (ih) > A — dm - 


The calculations for V, and V_, are similar, and we finally obtain the 
result given in (53) in the text. 


RIASSUNTO (4) 


Si estende al caso dell’accoppiamento forte un metodo generale per la descrizione 
collettiva di un sistema di più particelle introdotto da Miyazima e dallo scrivente e 
applicato al caso delle oscillazioni superficiali dei nuclei atomici con accoppiamento 
debole, e si confrontano i risultati con quelli di altri autori. 


{+) Traduzione a cura della Redazione. 
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On the Anomalous Magnetic Moment of u-Mesons. 


S. Hirokawa, H. Komori and 8. OGAwA (*) 


Institute for Theoretical Physics, Nagoya University - Nagoya 
Department of Physics, Hiroshima University (*) - Hiroshima, Japan 


(ricevuto il 4 Giugno 1956) 


Summary. — From the analysis of the cosmic ray bursts produced by 
u-mesons, the upper limit of the magnitude of the anomalous magnetic 
moment of w-mesons is estimated. As a result, the anomalous magnetic 
moment of u-mesons is found to be smaller than 80 percent of the normal 
Dirac moment. 


1. — Introduction. 


In 1941, CHRISTY and KUSAKA (1) tried to determine the spin of the p- 
meson by analyzing cosmic ray bursts. Since then, its spin has been generally 
accepted to be zero or one-half. 

Recently, various unstable particles have been found and some attempts (?) 
to classify these complicated phenomena have been made. The introduction 
of the concept of «family » (e.g., nucleon family, lepton family, etc.) may be 
useful for such a purpose. Now, on the ground of the similarity in the coupling 
constants among those processes, namely ß-decay, u-e decay and y-capture, 
the view-point of « Universal Fermi Interaction » has been proposed (?). Accord- 
ing to this theory, we assume the spin of the u-meson to be one-half, and treat 
electrons, neutrinos and u-mesons as a whole, i.e., as belonging to the lepton 
family. In contrast with the nucleon family which has both strong and weak 
interactions with other fields, the lepton family is generally considered not 
to interact strongly with other fields (*). Although this interpretation has 


(1) R. F. Curisty and S. Kusaka: Phys. Rev., 59, 414 (1941). 
(?) For example, R. G. Sacus: Phys. Rev., 99, 1573 (1955). 
(3) O. Krein: Nature, 161, 897 (1948). 
(*) A possible model for understanding all weak interactions has been proposed 
by one of us ($.0.). S. OGawa: Progr. Theor. Phys., 15, 487 (1956). 
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been widely confirmed in the process in which electrons participate, it has 
not been definitely established in the reaction containing „-mesons. It is of 
interest to investigate if there exist other interactions than the universal Fermi 
interaction in the reaction concerning u-mesons, or not (*). Even if there 
exists a boson field which strongly interacts only with u-mesons, and not with 
other particles (electrons, nucleons and z-mesons, etc.), we may be unable 
to observe a strong interaction between -mesons and other particles in the 
present stage of the experimental technique. This situation will, however, 
be clarified by analyzing the interaction of u-mesons with their self fields, 
e.g., analyzing the anomalous magnetic moment (a.m.m.) of the u-meson. It 
is the first object of this paper. 

In the second place, we shall consider the type of electromagnetic inter- 
action. An essential expression of the electromagnetic interaction is assumed 
to have a form 


cA, > iP (a), 


where e, A, and j,(a) are the charge constant, the electromagnetie potential 
and the current of particle a. However, the electromagnetic interaction is 
not necessarily restricted to this type so far as the gauge invariance is assured. 
For the investigation on the family of particles and on the interaction among 
them, it will be important to make clear whether the essential type of the 
electromagnetic interaction is restricted to the above type. If it is confirmed 
that there are no strong interactions among thé lepton-family, the estimation 
of the a.m.m. of u-mesons will give a clue to the above problem. 

The magnitude of the a.m.m. of u.-mesons will be estimated from the analysis 
of the electromagnetic transition of u-mesons, for example, the scattering of 
u-mesons by nuclei (5), the level-shift in a u-mesonic atom (°) and the x-y decay 
associated with a photon (7). However, at the present stage of the exper- 
imental technique, the study of these phenomena determines the amount of 
a.m.m. of u-mesons only in the order of magnitude. The analysis of cosmic 
ray bursts does not give precise information on the a.m.m. due to the limitation 
of theory and experiment. However, if a u-meson has an a.m.m. other than 
the normal Dirac moment, this anomaly will affect the energy spectrum of 
u-mesons at sea level. The spectrum is obtained from the intensity-depth 


(4) K. Iwara, S. Ogawa, H. OxonoGr and S. OngepA: Progr. Theor. Phys.. 13, 
19 (1955). 

(5) E.g., I. B. McDiarmip: Phil. Mag., 45, 933 (1954); G. D. ROCHESTER and 
A. W. WOLFENDALE: Phil. Mag., 45, 980 (1954). 

(6) V. L. Fırcu and J. Rarywater: Phys. Rev., 92, 789 (1953). 

(7) N. F. Fry: Phys. Rev., 86, 418 (1952). 
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eurve of the y-mesons underground taking account of the energy losses. 
Further, the a.m.m. will also affect the burst size. These effects willmake our 
estimate a little more precise. Our practical calculation is the same as that 
of CHRISTY and KUSAKA. 

In addition to the above discussions, some information will be given on 
the energy spectrum of u-mesons at sea level. 


2. — The Energy Spectrum of ı-Mesons at Sea Level. 


As already mentioned in the preceding section, we shall take the spin of 
u-mesons to be one-half. To obtain the energy spectrum of u-mesons at sea 
level from the intensity-depth curve, we follow the method of Hayakawa 
and TOMONAGA (5). Let HeV be the energy of a u-meson, then the energy 
loss — (dE/dx) per g cm”? is given as follows: 


(— dE/de),, = (2.20 + 0.19102)-10° eV per g cm? 

(— dE/de),,,,. = (1.02 + 0.3526? + 1.876*)-10 E eV per g em? (*) 

— dE/dx),,, = 1.60:10°° BeV per gem” 

ddr) 4 = 2-00-1057 8 eV. per 2 ema 

(— dE/dx), = 0.100 In (Z/100°)-10° eV per g em? (but only for H > 10° eV), 


where ion represents the ionization, brem the bremsstrahlung, pair the electron 
pair creation, n-int the nuclear interaction, C the Cerenkov radiation and 6 
the amount of a.m.m. to the normal Dirac moment. As we intend to estimate 
the upper limit of a.m.m., we must under-estimate the intensity of u-mesons 
at sea level as far as possible. Accordingly, we neglect a term proportional 
to E? in the case of 6>0. For the cross-section of nuclear interaction of 
u-mesons, we use the value of BRADDICK and LEONTIC (°), 3.2-10-%° cm?/nu- 
cleon (*), for energies greater than about 12 GeV. According to TOMONAGA (1), 


(8) S. Hayakawa and 8. TomonaGa: Progr. Theor. Phys., 4, 287 (1949). 

(*) In the work of Pauli, there is a careless mistake. We have recalculated this 
equation by the use of Batdorf-Thomas’ (B-T) result. As to the lower limit for the inte- 
gration over the impact parameter, we followed the procedure taken by B-T. Some 
remarks on this point are given by POWELL. 

W. PauLı: Rev. Mod. Phys., 13, 203 (1941); S. B. Barporr and R. Tuomas: Phys. 
Rev., 59, 621 (1941); J. L. POwELL: Phys. Rev, 15, 32 (1949). 

(9) H. J. J. BRADDIcK and B. Leoxtic: Phil. Mag., 45, 1287 (1954). 

(*) Previously, Brappick derived from his experiment a value larger by one 
order than this. Therefore, the value of George who calculated the energy loss of nu- 
clear interaction basing on the earher value of Braddick is also large. E. P. GEORGE 
Progress in Cosmic Ray Phys. Vol. I (Amsterdam, 1952). 

(9) S. TomonaGa: Sei. Pap. Inst. Phys. Chem. Res. (Japan), 37, 399 (1940). 
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Fig. 1. — The differential energy’ spec- 
trum of ı.-mesons at sea level. The cir- 
cles represent experimental determina- 
tions by Wırsox. The triangles re- 
present experimental data of CARO ef al.. 
The theoretical curve is normalized at 
53 GeV. The spectrum for 6 = 0.8 is 
not illustrated in order to avoid confu- 
sion in the graph. 0 is the magnitude of 
the a.m.m.. C-K represents the result 
of CRHISTY and Kusaka for spin $. 


the a.m.m. does not affect the cross- 
section of electron pair creation. As 
for the process of the nuclear inter- 


= 
action of u-mesons, its cross-section  -” : 
is represented by the product of 5 5 } 
the momentum spectrum of photons — J» | | 
and the cross-section of the r-me- = x 


son creation by a photon. The 


INTENSITIES (c 
oO 
o 
[UT 
ae 
ill 


cross-section of bremsstrahlung in 

the extreme relativistic case, assum- SERIE! | 

ing the atomic number of earth is te | 4 | 

10, is 1.3-10-?7em?. If we accept : = = t : 

the value of 3.2-10-*° cem?/nucleon ie Prot I Com ig 
for the cross-section of nuclear in- F [TT DE DA UD 


I Ours, 6:0 and 0.6 CA || | 
\ 


teraction, the contribution of the 


process of nuclear interaction to 
that of bremsstrahlung is estimated 
to be about 5 percent for the earth, 
assuming the atomic number Z to 
be 10 and the mass number 20. 
We suppose that the same situation Energy Mt eV) 
will also hold in the process oc- 


sai 


= 


te} 
c 
> 
o 
> 
“ 


curring in the a.m.m.. Adding together the above expressions, we obtain for 
the total rate of energy loss at high energies 
(— dH/dz),,, = à + bE + cn (E/10°) 
@ = (2.20 + 0.1916?)-10® eV per gem” 
b = (2.87 + 0.350? + 1.8764)-10-® per g em? 
C= 1.00- 1.02 eVe per gem: 
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Using the above equations and taking account of the nuclear interaction 
participating in the a.m.m., the energy spectra at sea level are calculated. 
They are shown in Fig. 1, in which the experimental data (11) directly measured 
are also plotted. The point of normalization of the theory to the experiment 
is taken at 53 GeV. As previously mentioned, we should under-estimate the 
intensity of u-mesons at sea level as far as possible. Accordingly, we norma- 
lize the theoretical value to the experimental one at the largest value of energy 
which is measured at sea level. As is easily seen from Fig. 1, the a.m.m. does 
not affect appreciably the energy spectrum below 70 GeV. In the energy 
region between 8 GeV and 53 GeV the theoretical intensity agrees with the 
experimental one very well. In the energy region lower than 8 GeV, however, 
the theoretical value somewhat exceeds the experimental one. This feature 
indicates that the u-mesons are associated with the other component (mainly 
air showers with small sizes) in the measurements not too deep underground. 
Thus, for the differential energy spectrum of y-mesons at sea level, we shall 
use the experimental spectrum in the energy region lower than 53 GeV and the 
theoretical one at energies above this. 

Now, denoting the p-meson energy in eV, zenith angle and solid angle 
by F,, 6 and dQ, respectively, we can express the differential energy spectrum by 


ore RESTE (9-7cA102)E8 
N(E,)4E, AN = 145-103: —— { 
FO) fees = (E, + 1.8:10° sec 0)2-® ee 


for 1.5:101% eV < E,< 5.3:10!%eV (*), independently of 6 and by 


(5.48: 101)7 


N(E,)dE,d2 = 6.57.1075. — 


(H+ 1.8: 10° sec 0p d2,dQ  £or5.3-10%eV<E,, 
Lo 7 Le > 


where the relation of 6 to y is given in Table I. 


TABLE I. — Relation of 6 to y. 
———— ee: — i 
ö 0 0.6 0.8 | 1.0 
Yy 3.3 3.2 3,2 3.1 


We take account of all the processes and appropriate values for the energy 
losses, and obtain the theoretical energy spectrum which agrees very fairly 


(1) J. G. Wırson: Nature, 158, 415 (1946); D. E. Caro, J. K. Parry and H. D. 
RATHGEBER: Nature, 165, 689 (1950). 

(*) In our analysis of bursts, u-mesons with energy less than 1.5-10% eV are not 
necessary to be taken into account. ; 


2. 


ns BE es ee La a Fe LP ee A pda A D Coup den DE 
aa Re oe Lt ss x À a ; % À 


\ 
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with the experimental one in the energy region between 8 GeV and ~ 53 GeV. 
Then, the vertical intensity in the region 5.3-101 eV < E,< 10% eV may be 
represented as 
N(E,) dE, dQ & (E, + 1.8:10°)” 
where y = 3.2— 3.3 (*). 
For several values of u-meson energy Æ,, the vertical intensities result 


from Table II. 


TABLE II. — Vertical intensities of u-mesons at sea level. 


By (eV) | 5.3: 1020 | 5.3510 | 5-104 | 5-1012 
| 


| eles/em? s sterad eV) (1.20. 15).10-51 
| 


| 
(1.6 + 0.2): 10- MT. 81.2): 10-19 (7.6 + 1,5): 10-2 
| 


. — The Burst Frequencies Produced by :-Mesons. 


In this section, we shall present a brief account of the burst frequencies 
N(S) whose size is larger than 8. The expressions of N(S) are the following: 


DE 411.3.(#) Le : + eo 13 xp [— 1/E] 
N S) = — *7.45-10-- = dH: 
(8) = Lin (183/24) el + 158$ | | B23 


0 


5 max(15B5) 


r dARo(15BS(Ele), €) I 
Led for 1.5-10” eV <E, < 5.3-10% eV 
Ele 10° & sec O/15BS)28? Lu = 


0 


independently of 6, and 


3% 2\ 2 5.48: 1020\7-1 rox =e ? 
Ns)=- 11232) >) 65710 10 | [> 1/2] dE: 


. 4 In (183/Z3) \ ue? 15BS Er-05 
Emax(15 BS) , a o ( 3 7 
o (155S( 7 
ris een for E, > 5.3-10 eV 
|: A Re EN rane 


(*) Since it is shown later that the anomaly 0 is not larger than 1, it is not neces- 
sary to take for y the value 3.1. 

(+) From the correction of the cascade function, the factor of Christy and Ku- 
saka 13.5 is reduced to 11.3. 
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where (158 S(E/e), e) is the sum of the cross-sections of ionization, brems- 
strahlung and pair creation. Hach term is expressed by 


, („ae ne 1 ee 
o(15pSE, Ne Inc: I6BSE & l— € - be wy UES 


16 1 — 1 — 
O o(15P8E, Em ONS = = Ÿ 2x7? IE 3 jm 2A 5 . Sr 


= € LE, = — « 
-- (; In 242 36 In 22 = . ORF (4 1nd L 5 or de (*), 
2 e? 5 


and 


o(15PSE, E) pair de = — ° („ze 2€? In (2&) de/e , 
TT 
respectively. Here, 


Ry == CAC 


N 


atomic number. We put Z = 76.1, which is derived from the appa- 
ratus of SCHEIN and GILL (2). 


me?: electron mass. 
ue? : u-meson mass ( 


BP : critical energy in shower theory. We put 6 = 17 MeV, which is 
derived from the apparatus of same authors. 


E : Transfered energy, in units of 156$, into secondaries (E = eB,). 
æ : fine structure constant. 


A = 188 SE/(ue2Z*) 


£ : Lorentz factor. 


The relation of 6 and y is given in Table I. We neglected the process of 
the Cerenkov radiation, since we could suppose that it does not give an ap- 
preciable effect to the bursts. 


(*) In the first term, for (12E,/(öue?Z3))-((1 — e)/e), & is neglected. 

(12) M. Scuein and P. S. Gier: Rev. Mod. Phys., 11, 267 (1939). In their experiment, 
the bursts with more than 1.9-107 ion pairs are measured. Their results satisfy our 
requirements. On this point, see ref. (17). 
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In the calculation of N(S), we have replaced ¢ by <e>,. = À in the integ- 
ration over the angles and calculated numerically other integrals. The burst 
rate produced by the nuclear interaction of u-mesons is estimated to be 
10 percent of that produced by the bremsstrahlung, since the cross-section 
of bremsstrahlung for Z = 76.1 is 4.2:10-27cm?, and the cross-section 
of nuclear interaction for the nucleus of this mass number being 2 times the 
atomic number is 4.8-10-2% cm?. The burst frequencies produced by the ioni- 
zation, bremsstrahlung and pair production are shown in Table III. The 
result of adding the process of nu- 
clear interaction to these three pro- 
cesses is represented in Fig. 2. 

The error in our calculation is 
estimated to be 60 percent, most of 
which (~ 50 percent) is due to the 
uncertainty of the cascade function. 

As is clear from Table III, the 
bursts are mainly produced by the 


bremsstrahlung. In comparison with 
the experiment, we can conclude 
that the a.m.m. is not larger than - 
0.8 times the normal Dirac moment. + 
a A 'E 
The result indicates that no mo- 5 
dification is needed to our previous : 
note (1). 5 
c 
3 
œ 
5 
a 


Fig. 2. - The burst frequencies as func- 
tions of the number of particles, S, 
and of the energy. Theoretical values 
represent the frequencies of burst pro- 
duced by the ionization, bremsstrahlung, 
electron pair creation and nuclear in- 


5 3 : 1.5-10'° 1.510" 1.5-10 
teraction due to u-mesons with and with- ENERGY (eV) 


out a.m.m.. f is the critical energy of 

matter. ö is the magnitude of the a.m.m. C-K represents the results of CRHISTY 

and KusakA for spin 4 and spin 1 respectively. The experimental values of SCHEIN 
and GILI are expressed by circles. 


(5) S. HırokAawA, H. Komorr and S. OGawa: Progr. Theor. Phys., 14, 494 (1955). 
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Tagce III. — Burst frequencies per em?s produced by three processes. For any value 


of PS, the frequencies produced by ionization, bremsstrahlung and pair creation are 
given in order. In the work of Christy and Kusaka (C-K), the process of pair creation 
is not treated. 


BS aie £00 6 = 0.6 Di 0.8 ö=1.0 | C-K spin }| C-K spin 1 
| 12-107 | 1.2:10-7 | 1.3-10-2 |, 1.4-10-7 | 87-10% | 1.2-10-7 
10° | 3.0-10-? | 4.2-10-7 | 6.4:10-7 1.2-10- 3.2-10-7 | 1.0-10-6 
| 2.2-10-° | 2.2-10-° | 2.2-10% 2.2-10-9 = = 
| 2.9-10-8 | 3.3-10-8 3.7-10-8 4.1-10-8 1:8-10-5 | 3.2-10- 
2-109 | 1.2-10-7 . |: 2.0:10-7 3.3-10-7 6.3:10-7 1.2-10-” |. 4,8-10-7 
| 7.0-10-2% | 7.0-10-2 | 7.0-10-2 | 7.0-10-1 a = 
| 
| 6:0- 100721570, Lose nal, #0103 9.7-10- 3.3-10% | 8.1:10° 
410°.) 3.871077 |: 81-10 0214107 2.9.10 3.8103 | 2.1.10 - | 
| 71:9: 19 2A EI Gast | ATOM EST AL > 
| 
| 67010 001.9 11020 OT 1-10 1.5:10 5.4-10-10 | 2.1.10 
8-109 | 1.1-105 | 3.1-10-8 5.9-10-$ .3*10-7 1.0-108 | 8.7-10-8 
ee ce = = 
7.3-10-2 | 1.2-10-% | 1.7-10-20 | 2.8-1079 | 8.1-10-21 | 5.5.10 
16-10° | 2.5-10-° | 1.0-10-# | 2.1-10-8 5.1: 10-8 2.5-10% | 3.3-10°8 
| 1.2°10- | 1.2.1098 | 12-10-12 | 1.2-10-4 — — 
| 7.8-102 | 1.9-10-1 | 2.9-10-% | 5.3-10-2 | 1.2-10-2 | ‘1.5-10-1 
32-109 |.5.6-10-10 | 31-10 | 7.6-10-° | 2.0-10* 5.1-10- | 1.2-10-8 
| 2.7-10- | 2.7-10-22 | 2.7-10-2 |- 2.7-10-2 = = 
= per ! = ce eel) a ae. 2 om 
118.3: TOS yin 3k 10-28 162 10 2 1102 1.6.1027 7390 
64-109 | 1.0-10-10 | 9.0-10-2 | 2.5.10 7.1-10-° 9.0-10-11 | 3.7-10-9 
16.2-10-13 | 6.2-107 | 6.2-10-2 | 6.2-10-1 ER 2 
— _ a= ae a = = Ss 
| | | 


5. — Discussion. 


Although our result is not inconsistent with the result of u-mesons with 
no a.m.m., there remain some ambiguities. These ambiguities seem inevitable 
in the analysis of a.m.m. from cosmic ray bursts. Many attempts have been 
performed to restrict the magnitude of the a.m.m. of u-mesons, while their 
limitations are looser than ours. 

PEASLEE (14) has concluded that à should be less than the order of one 
from studying the u-meson intensities at 3 000 m.w.e.. 


(44) D. C. PEASLER: Nuovo Cimento. 9, 56 (1952). 
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After the present work was completed, we could see a paper by FOWLER (1°). 
He analyzes various phenomena involving u-mesons, taking into account 
meson finite size effects in a relativistic way. His result is consistent with ours. 

WALKER (1) has obtained a reasonable result that 6 is less than nine times 
the normal moment from the analysis of the spectrum of knock-on electrons 
by the u-meson component. 

The same author stated that à does not exceed 0.4 times the normal Dirac 
moment in accordance with the data of DRIGGERS ("), in whose burst exper- 
iment a large low pressure cloud chamber is used. But his reduction may 
not be a well-grounded argument. For, the number of ion pairs in the exper- 
iment of Driggers is small, 3.0-10° — 1.2-10° ion pairs. According to CAR- 
MICHAEL (15), it is pointed out that in this range the main contribution to the 
burst is due to the x-particles and protons and that the u-mesons, if any, are 
of low energies, : 

There is an attempt(!*) to interpret the anomalous large angle scattering 
of u-mesons underground by taking account of the a.m.m.. However, it is 
difficult to restrict the magnitude of a.m.m. from these experiments, because 
of an uncertainty in the charge distribution of nuclei. 

The experiments with an accelerator seem favourable for our purpose. 
Indeed, there are two attempts to investigate the a.m.m. of u-mesons, namely, 
the study of the X-ray spectra from the u-mesonic atoms and of the spectra 
of u-mesons in the radiative z-u decay. As to the former, as has already been 
pointed out by several authors (2°), we can not derive a definite result from 
this method, because there are two uncertain factors, the spin of u-mesons 
and the charge distribution of nuclei. To avoid the second uncertainty, the 
idea to use hydrogen as a target nucleus has occurred to us. However, there 
may be some difficulties on the experimental technique at present. As fo the 
radiative r-u decay (?!), the task is only to increase the number of events. 
In this connection, the frequency of radiative x-u decays is of the order of 10"? 
of that of ordinary decay. 


(5) G. N. FowLer: Nuclear Phys., 1, 125 (1956). 

(1) W. D. WALKER: Phys. Rev., 90, 234 (1953). 

(7) F. E. DRIGGERS: Phys. Rev. 87, 1080 (1952). 

CS) H. CARMICHAEL: Phys. Rev., 74; 1667 (1948). We are indebted to Mr. H. HASE- 
Gawa for calling our attention to Carmichael’s work. 

(®) R. Garro: Nuovo Cimento, 12. 613 (1954). 

(2°) L. N. Cooper and E. M. Henry: Phys. Rev., 92, 801 (1953); J. A. WHEELER: 
Phys. Rev. 92, s12 (1953). 

(2) G. E. A. Frazno: Report on the New Research Technique in Physics (Rio de 
Janeiro, 1954), p. 275. 

We are indebted to Prof. S. Sakara for calling our attention to this work. 
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RIASSUNTO (*) 


Dall’analisi dei burst di raggi atomici prodotti da mesoni u si stima il limite supe- 
riore della grandezza del momento magnetico anomalo dei mesoni u. Si trova che il 


momento magnetico anomalo dei mesoni u. é dell’80 % inferiore al momento normale 
di Dirac. 


(*) Traduzione a cura della Redazione. 
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Inelastieity in Collisions Between Pions and Lead Nuclei. 
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(ricevuto il 21 Giugno 1956) 


Summary. — From direct measurements of the energy of charged pions 
(from 0.5 to 5 GeV) interacting with Pb nuclei. and of the energy of the 
neutral pions produced in these interactions, the fraction of the primary 
energy radiated as 7°-mesons is shown to be 0.17 =: 0.04; from this follows 
a mean inelasticity y ~ 0.5. The data show that low and high values 
of » are preferred, with a minimum at intermediate values. 


1. — Introduction. 


In high energy nuclear interactions à certain proportion of the available 
energy of the primary particle is absorbed inelastically in the production Of 
mesons. Our present knowledge about the coefficient of inelasticity y, de- 
fined as the ratio between the energy of all the secondary mesons and the 
primary energy, is still rather incomplete. In his theory of the multiple pro- 
duction of mesons in nucleon-nucleon collisions, HEISENBERG (!) assumes that 
y depends on the collision parameter of the two colliding particles, and he 
finds that the mean value 7 varies rather slowly with the primary energy. 
Values of 7 in carbon and lead have been derived by BUDINI and POIANI (?) 
from experimental data on the absorption in these materials of the N-com- 


(1) W. HEISENBERG: Kosmische Strahlung (Berlin, 1953). p. 148. 
(2) P. Bupını and G. PoIAanI: Nuovo Cimento, 10. 1288 (1953). 
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ponent of cosmic rays. Several other authors (**) have studied jets in photo- 
emulsions and have obtained the mean value y for the inelasticity as well as 
information about the distribution of the individual values of y. In this paper 
we present the results of a direct determination of the inelasticity in collisions 
between pions and lead nuclei, based on the simultaneous measurement of 
the momentum of a cosmic ray particle in a magnetic chamber, and of the 
mesons produced by it in a multiplate chamber, derived from the electron 
caseade due to the neutral pions. 


2. — Experimental Procedure. 


Fig. 1 shows the layout of the two cloud chambers as installed at the 
Laboratorio della Marmolada at 2000 m above sea-level. The upper chamber, 
having a cylindrical volume of 25 cm diameter and Sem illuminated depth, 
is immersed in a magnetic field of 6000 + 100 gauss, corresponding to a max- 
imum detectable momentum of 5 GeV at its centre and 3 GeV at the sides. 
The lower chamber has a volume of (70 X 70 20) cm? and contains lead plates 
1 em thick, originally 21 in number but later reduced to 15 for the greater 
part of the photographs. A thickness of 1 em was the best compromise 
between the need for mechanical rigidity of the plates and the desire to study 
the showers in as great detail as possible. 

Suitable events were those in which a primary was produced in the lead 
block 2, passed through the magnetic chamber, and then interacted in the 
plate chamber below it. Care was taken not to introduce a selection bias 
through the counter system, and therefore no counters were installed below 
the multiplate chamber as this would have discriminated against low-energy 
events. Instead, two trays, A and B, each of 10 counters, were placed in the 
positions seen in Fig. 1. Coincidences were required from two or more counters 
in each of the two trays. 

To trace a particle from one chamber into the other the following proce- 
dures were used. For a track seen in the magnetic chamber a reprojection 
method gave its point of entry into the plate chamber; tracks appearing in 
the lower chamber were extrapolated into the magnetic chamber by means 
of a specially constructed stereoscope. Tracks were considered as being due 


(3) C. C. DiLworTH, 8. J. Gotpsack, T. F. Hoane and L. Scarsı: Nuovo Cimento, 
10, 1261 (1953). 

(4) C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI, A. MANFREDINI and D. MORENO: 
Nuovo Cimento, 10, 1539 (1953). 

(5) T. F. HoanG: Journ. de Phys., 15, 337 (1954). 

(8) G. BERTOLINO: Nuovo Cimento, 3, 141 (1956). 
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to the same particle when the derived and actual positions agreed laterally 
to within — 1 em in both chambers, and when the reprojection method gave 
the position in the plate chamber to within — 3 em in depth. For the ma- 
jority of events a decision was not difficult since the material between the 
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Fig. 1. — Layout of the two cloud chambers. 


chambers had been kept to a minimum (5 mm of glass and approximately 
3 mm of copper which form part of the upper chamber, and 20 mm of alu- 
minium in the roof of the lower chamber, a total of about 10 g/cm?). 

The curvature of the tracks in the magnetic field has been obtained by a 
full-size reprojection of the photographs through the original lenses onto a 
screen representing a plane parallel to that of the chamber and free to move 
in depth. Horizontal co-ordinates have been measured at regular vertical 
intervals, the depth being continuously adjusted to maintain the two images 


M. CRESTI, W. D. B. GREENING, L: GUERRIERO. A. LORIA and G. ZAGO 


—ı 
or 


superimposed. Thus the track was reconstructed in space and the need to 
take into account the variation of magnification with depth was eliminated. 
The radius of curvature has then been calculated by the method of least 
squares. 

Interactions produced in the lower chamber were studied as completely 
as possible. The energy E_ of the electron showers due to the decay of the 
neutral pions has been obtained from the electron track lengths by using the 
criteria and the energy-track length relation given by BENDER (?). 


3. — Results. 


To obtain the energy of the primary from its momentum as measured in 
the upper chamber, the nature of the particle must be known. For momenta 
below 1 GeV/c, pions and protons can be distinguished by their ionization, 
and in this range only one proton giving a visible interaction has been found 
whereas there are 36 interacting pions. For higher momenta the proportion 
of proton primaries may be estimated by assuming that the numbers of 
proton- and neutron-induced showers in the lower chamber are equal. In a 
representative sample of showers which were sufficiently well collimated to 
show that their primaries (whether ionizing or not) must have come from the 
lead block 2, we have observed 7 neutron-induced showers having n, > 3 
penetrating particles, or with H_. >1 GeV, against 34 showers having the 
same characteristics but which were produced by charged primaries. Thus 
the proportion of protons amongst the charged primaries is not more than 
16%, a value which is in good agreement with the results of other workers (5°). 
We have therefore concluded that the fraction of protons is sufficiently small 
to allow us to consider our results as being directly applicable to interactions 
between pions and lead nuclei. 

For the primary energy H, we have taken the total energy, since a pion 
interacting with a complex nucleus can also make available its own rest energy. 

In 102 cases the primary particles could be followed from one chamber 
into the other: 63 were judged to be positive and 36 negative, while for 3 the 
sign was not recognizable. We have found 42 particles with #,<1 GeV: in 
addition to the proton there were 29 x* and 12 x. The resulting positive 
excess of 2.5 + 1.2 is rather high but is not inconsistent with present infor- 
mation on meson production. Of the 57 particles with #, > 1 GeV, 33 were 


P. A. BENDER: Nuovo Cimento, 2, 980 (1955). 
U. CAMERINI, P. H. FOwLER, W. O. Lock and H. MuirHeap: Phil. Mag., 41, 
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P. H. FowLer: Phil. Mag., 41, 169 (1950). 
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positive and 24 negative; the difference between these last two figures may 
be accounted for by the presence of protons. 


TABLE I. 
mn SS nn u —— A 
> | + n = = 
E, | No. of | E | | = = me Mey le 
ue EN ur ee DS EN NAN 
(in GeV) | events (in GeV) | ga (in GeV) B ARE RE ET 
| | | | 
| = | 
2 - | 5 | = | à wn An “comes | 2 - 
015260: 0:92 30 | 0.56 | 6 0.08 0.6 0.5 0.9 
OO PLATE 20"! | 1.08 14 04592) 21.0 0.6 OM 
bte 0 |r 285 17 312.70 16 0.647 1.2 OC PO ape NE 
| sl | 2 | | 
> 5 | 15 | = 6 | 1:2 te eke TER pd LE: 
E; - total energy of the primary particles. | 
N, — number of events with Es > 0. | 
E-, - mean energy of the photoeleetronic component. | 
ns — mean number of penetrating particles with Z// yin < 1.5. | 
Ng — mean number of particles with 1.5 > I/I um > 3. | 
Nr — mean number of particles with II nn > 3. | 


In Table I the primaries have been divided according to their energy EP, 
into three approximately equal groups, and a fourth group which consists of 
those particles with energy greater than 5 GeV. For the 87 cases having 
E,<5GeV, the distribution of the number of events with different values 
of n, is given in Table If. Below the observed frequencies are the calcuated 
frequencies which would result from a Poisson law distribution with a mean 
value n, = 0.9, ie. equal to that which actually results from our observed 
frequencies. The agreement is very good (see also DEUTSCHMANN (1°)), from 
which we conclude that, as was to be expected, there is no appreciable con- 
tribution from elastic collisions, which would have increased the frequencies 
at n, — 1 and n, = 0 (charge exchange). The low frequency of charge ex- 
change allows us to consider the observed 7° as being new particles pro- 
duced in the interactions; this wil give us the possibility of tentatively 
treating pion-nucleus collisions whith the same methods used for nucleon-nu- 
cleus collisions. Supposing that the frequency distribution for the 7°-mesons 
is also given by a Poisson law, it follows that the total number of x°-mesons 
is not much higher than 36, which is the number of events in which they are 
produced. Thus our data are consistent with the figure of 0.5 for the ratio 
of neutral to charged pions which has been found by several authors (114), 


(1%) M. DEUTSCHMANN: Zeits. f. Naturf., 9a, 477 (1954). 

(21) R.°R. Danret, J. H. Davies, J. H. Mutvey and D. H. Perkins: Phil. Mag., 
43, 753 (1952). 

(2) G. SALvını and Y. B. Kim: Phys, Rev., 88; 40 (1952). 

63) M. F. Karron, W. D. WALKER and M. Kosxiga: Phys. Rev., 93, 1424 (1954). 
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Taste Il. — Distribution of the number n, of penetrating particles (minimum ionization) 


for the ST showers produced by primaries with B, < 5 GeV. 


1 | 


12 
| n | 0 2 | 3 4 
| : | | | | 

— We ja es a — = SESS | en 
| | | | 
| Observed distribution 36 32 | 13 5 | 1 
| Poisson distribution | 35.3 32 | 14.4 4.3 1 


31. The mean inelasticity. — We define y’ as the ratio of the energy of 


/ 


the r° to that of the primary: 


(1) VE 


As the mean value 7’ for all the 87 events with E,<5 GeV we obtain: 
(2) 7'= 0.17 + 0.04, 


where the error is the statistical error. 

Instead of the above mean value 7° which is valid in the laboratory system, 
it would be preferable to have the corresponding figure y'* for the centre of 
mass system. It is possible to calculate a minimum value for this by supposing 
that the r°-mesons are emitted forwards in the direction of the incoming 
primary, and that this interacts with only one nucleon. One finds that 7, =0.15. 
i.e. the difference between the two systems is negligible. 

To calculate the inelasticity y (the ratio between the energy of all the 
secondary mesons and the primary energy), we must know the average ratio 
of the energy of the charged pions to that of the neutral pions. It is reason- 
able to assume that the spectra of the two types of meson are the same, in 
which case this ratio will be the same as that for the corresponding frequencies ; 
in other words, we assume that 7 =3-y’. This assumption is justified by 
the following independent evaluation of y, (see also (**)). For the 87 inter- 
actions, we have measured the total kinetic energy of all the visible proton 
tracks; this sum is 15 GeV. The mean number of tracks with a ionization 
> 1.5 times minimum is 1.7 per interaction, which agrees fairly well with the 
mean number of 2 for grey tracks per star observed by the Bristol group (?°) 
for the same average primary energy. However, the corresponding number 
of 8 for black tracks (having an average energy of 10 MeV per track) found 
by the same group, cannot be observed by us (*) since, in general, tracks 

(4) G. Puppr and N. DALLAPORTA: Prog. Cosmic Ray Physics (Amsterdam, 1952), 
p. 381. 

(15) U. CAMERINI, J .H. Davims, P. H. Fow ier, C. FRANZINETTI, H. MUIRHEAD, 
W. O. Lock, D. H. Perkins and G. YEKUTIELI: Phil. Mag., 42, 1241 (1951). 

(*) The definition of grey and black tracks used by us differs from that of the 

Bristol group (see Table I). 


INELASTICITY IN COLLISIONS BETWEEN PIONS AND LEAD NUCLEI 


-1 


ot 
Co 


with more than 6.8 times minimum will not escape from the lead plates. 
Assuming that practically no such tracks are seen, we have added to the 
15 GeV for the visible proton, a further T GeV, representing 80 MeV per in- 
teraction for the non-visible protons. For the neutrons we add another 
33 GeV (125 neutrons to 82 protons in the 

Pb nucleus). Thus of a total primary energy |? | 

of 124 GeV, 55 GeV are carried away by the AT 

nucleons, leaving 69 GeV for all the pion  — 


secondaries. Since the total r-energy is 22! 
25 GeV, we find the ratio 

20 F 

77 L 

(3) He = Dies 3 | 

EF» | 

y 16+ 


As a result of the above considerations, we 4+ 
use a ratio of the order of 3, which leads to 


|One even# 


12 

the result | 
10+ 

(4) 5 & 05. A 
6+ 

32. Distribution of the inelasticity. — In | 


Fig. 2 the frequency distribution g(y') has “| 
been plotted for the 36 interactions in which > 
r° are produced. Events with y’= 0 have not 
been included in the diagram. The mean mi- 
nimum value cae = 0.09 is equal to the ratio Fig. 2. — Distribution of the y’ 
between the rest energy of the <°-meson and 5 values. : 

the mean primary energy E, = 1.46 GeV. 

Since we know only the part E,=n'E_ of the total secondary meson 
energy E_, we may put 


(5) Ve y: 


It is possible to calculate the relation between the observed distribution 
p(y’) and the corresponding function f(y) in the following way. Consider a 
certain value y': then the frequency g(y') will be made up of contributions 
from interactions having y between y’ and 1. Since y = y’/y, we obtain: 


1 
P 
(6) ly’) =| a fly'In)-dy , 
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where P(n) is the probability that a certain fraction 7 of the energy radiated 
as mesons appears as z°-mesons. This function cannot be calculated analy- 
tically, though for events where a large number of mesons are produced we 
would expect P(n) to have a maximum at 7 = 4. In our case, however the 
mean number of mesons (both neutral and charged) per interaction in which 
at least one pion is produced is only 1.8 and the curve for P(n) is so flat that 
we can approximate it to a constant. By means of (6) we can compare our 
measured distribution with an expectation function f(y). 

For the mesons produced in nucleon-nucleon interactions, HEISENBERG (!) 
makes the simple assumption that y depends on the collision parameter, b, of 
the two nucleons: 


= b 
( very — - 
vy) ; 1 const | ? 
and from this he finds 
1 1 
(8) f(y) = const-:log-. 
ie iy 
Introducing (8) in (6) we obtain: 
1 1 1 
(9) g(y') = const og ee A a 1). 
My AXE 


This function is plotted in Fig. 2 as broken curve 1. It appears that the curve 
and the histogram agree in their general form for low y’ values, which are 
strongly preferred. At high values the histogram is richer than the curve, 
a fact which is to be expected owing to the complexity of the interactions in 
the lead nucleus. We have therefore tried to describe the collisions with a 
heavy nucleus by means of the following simple model. We assume that for 
an incoming pion which hits the central part of the lead nucleus, say inside 
a radius R— R, (where R = R,:A* = nuclear radius), the interaction is com- 
pletely inelastic, ie. y = 1, or 


(10) fily) dy = const 6(1— y) dy, 


where à is the Dirac 6-function. If on the other hand we are dealing with a 
peripheral collision (in the range from (R—- R,) to (R+R,), taking R, as being 
the radius of the pion as well as of the nucleon), then we assume that y depends 
on the collision parameter b, (0<b<2-R,), given by (7). So we get 


1, 
(11) y): dy = 2nR-db = const : 


J 
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(13) f(y)-dy = const = ST ner 
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For a Pb nucleus, we may take the relative contributions from the central 
and peripheral zones as being equal to the corresponding geometrical cross- 
sections, in which case we have 

(07 a(R — R,)? 
(12) v cent = ( a OF X 1 ; 
Operiph 4rR "R 


0 


Thus we can sum (10) and (11) (*) to give 


where 1/K = log (1/7.,,,); and taking into account (6), 
za 

(14) p(y’) = const E (= — 1) + ; 
Y 


The full curve 2 represents equation (14): the agreement with the histo- 
gram is quite satisfactory in view of the very simple model we have used. 
In any case one should note that only a peak in f(y) for y — 1 can produce 
a finite frequency p(y’) for y'— 1, as is found experimentally. Thus we conclude 
that our data provide evidence for the frequent occurrence in lead nuclei of 
interactions having y~ 1. 

Another representation of the function f(y) has been given by BUDINI and 
MOLIERE (1). They choose the general expression 
(15) f(y) = const À hog?! L < 

% x 


in which the exponent « has to be adjusted to agree with experiment. For 
x—2 this equation is identical with the Heisenberg formula (8), and for 
a — 1 it coincides with (11). Only for x < 1 we get the pole at y — 1 which 
is necessary to explain our histogram. On the other hand it can be shown 
that « = 0 would be too small since then the function could no longer account 
for the observed increase of the frequency with decreasing y’. We have there- 
fore tried x = 0.5; the corresponding curve 3 in Fig. 2 shows reasonable agree- 
ment with the histogram. 


*) Observing that the integrals of both are equal when taken between the limits 
Y min = 0.09 to y = I. 


( 
from 
(6) P. Bupını and G. MoLIERE: Kosmische Strahlung (Berlin, 1953), p. 367. 


aI 
on 
a 


M. CRESTI, W. D. B. GREENING, L. GUERRIERO, A. LORIA and G. ZAGO 


4. — Discussion. 


We can compare our y value with the results of other workers. For Pb 
and C there exists a calculation by BUDINI and POIANI (?) which is based on 
experimental data relating to the absorption of the N-component of cosmic 
rays in Pb, C and air. They obtain y, = 0.25 <- 0.1 for carbon, and various 
values between y,, = 0.45 + 0.37 and y,, = 0.86 + 0.52 for lead, which are 
comparable with our value y & 0.5. More significant is the ratio of our y to 
their y,; this is equal to 2, and compares very well with the ratio of the inelas- 
ticities in lead and carbon as measured by DEUTSCHMANN (1°), who obtained 


YarlYc = 1.9 + 0.3. Thus we have a further confirmation for the figure of 
7 = 0.2 for air which was adopted by BuDINI and MOLIERE (16) in their theory 
of the nuclear cascade in the atmosphere, and by BERETTA et al. (17) in their 
study of the positive excess. 

It is not possible to compare quantitatively our y value with those obtained 
from studies of jets in photoemulsions (**), since there are differences in the 
selection criteria for the events. We have considered all interactions, including 
those which result in the production of black prongs only, or in which there 
are no visible secondary particles at all, i.e. we have included interactions 
with y= 0. In photoemulsions, however, for obvious reasons, only those 
interactions are counted which produce a conspicuous star with several shower 
particles, so allowing an energy determination from the opening angle of the 
jet. Therefore in this latter case there is a bias against low inelasticities. 

One result is common to both of these two different types of experiment; 
in fact, the phenomenon of two distinct classes of events, one with high and 
one with low y values, which we have found necessary to postulate in order 
to explain our measured distribution of y', has already been found from studies 
of jets. Thus from our analysis, we think that these two classes of events in 
jets may be explained by the occurrence of central and peripheral collisions 
in heavy nuclei. 
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Da misure dirette dell’energia di mesoni 7 carichi compresi nell'intervallo fra 
0.5 e 5 GeV, interagenti con nuclei di piombo, e dell’energia dei 7° prodotti in queste 
reazioni, si ricava che la frazione dell energia primaria che da origine a 7° & 0.17 +0.04:. 
da questo deriva un’anelasticita media 7 ~ 0.5. I dati mostrano che i valori di y vicini 
a 0 e ad 1 sono più frequenti dei valori intermedi. 
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(ricevuto il 25 Giugno 1956) 


Summary. — The possibility of the § decay of !#Er to the known rota- 
tional levels of Æ%Tm has been investigated. No evidence of a complex 
decay was found. The transition energy results: #,= (340-- 2) keV and 
the half-life: 7, = (9.0 + 0.2) d. The low energy transitions of 165%Tm 
from the decay of 1°Yb were investigated with a proportional counter 
spectrometer and by using a coincidence technique. The 23.4 keV y-ray 
arising in the transition between the third and the second rotational level 
was observed; its relative intensity was obtained. No clear evidence was 
found of a y-ray which should have arisen from the de-excitation of the 
first rotational level. 


1. — Introduction. 


The radiations from the excited states of #%Tm, following the electron 
capture decay of '°Yb, have been extensively investigated by JOHANSSON 
(see Fig. 1) (1) and by Cork et al. (?). Good evidence was found of an ano- 
malous rotational band with AK=4, in strict agreement with the theoretical 
predictions of the Bohr-Mottelson unified model. A further discussion of the 
rotational spectrum of Tm has been made by MOTTELSON and NILSSON (°). 

As regards the decay 1Er—1°Tm, no y-rays were reported up to date. 
By the present work it was intended to investigate the possibility of excitation 


(4) S. A. E. JOHANSSON: Phys. Rev., 100, 835 (1955). 

(2) J. M. Cork, M. K. Brice, D. W. Martin, L. C. Scumip and R. G. HELMER: 
Phys. Rev., 101, 1042 (1956). 

(2) B. R. MoTTELSoNn and S. G. Nırsson: Zeits. f. Phys., 141, 217 (1955). 
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of the rotational levels of Tm in the ß 476 
decay of Er. Moreover it was attempted 
to investigate the very low energy transitions 
(10 and 23 keV) present in the decay of *°Yb. 3 


336 


u: 318 Z + 
2. — Radiations from :5Er. et 


The sample of **Er was obtained by slow 
neutron irradiation of spectroscopically pure 
erbium oxide in the Harwell reactor. The 
specific activity was about 30 mC/g. 


42k + 


a) y spectrum. — The y spectrum was 120 % + 


investigated by means of à scintillation 
spectrometer and of a proportional counter 
spectrometer. The pulse heights were ana- 


lyzed by means of a twenty channel electronic 10 % + 
pulse analyzer (*). At energies greater than 0%* 
100 keV very faint y lines (110 and 206 keV) pie. 1. _ Level scheme of 1%Tm 


were observed. The relative intensity of proposed by JOHANSSON. 
these y-rays and of the £-rays of Hr 

WAS: Yaos:Yuo:ß = 9°10-4:10-*:1. The half-life of the two y radiations was 
found to be (6.8 + 0.3) d. From that it can be inferred that: 1) traces of 
Lu (1 $= 6.8 d (?)) were present as impurity in the active sample; 2) the 
y-ray transition of 110 keV energy, reported by JOHANSSON and by CorRK 
et al. in the de-excitation of the second rotational level of Tm, if excited in 
the decay of ‘Er, would have an intensity lower than 10-* per ß-ray. 


At lower energies a search was made in the proportional counter, of the 
y-rays arising from the de-excitation of the first rotational level. This level, 
as postulated by JOHANSSON, must occur at 10 keV energy; Cork et al., on 
the basis of their measurements, suggest a value of 8.4 keV. The possibility 
of the Z-shell conversion is then questionable by considering that the critical 
X-ray absorption energy relative to the Zrn-shell (Z = 69) is 8.66 keV ac- 
cording to HILL, CHURCH and MIHELICH (5). We have ascertained that y ra- 
diations of such energy or L X-rays from their Z-shell internal conversion, 
if present in the decay of 1*Hr, would have an intensity lower than 2-10~ 


(4) E. Gatrr: Nwovo Cimento, 11, 153 (1954). 

(5) J. M. HOLLANDER, I. PERLMAN and G. T. SEABORG: Rev. Mod. Phys. 25, 
469 (1953). 

(6) R. D. Hirt, E. L. Cauron and J. W. Mrnericu: Rev. Sci. Instr., 23, 523 (1952). 
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per B-ray. The rather high value of this upper limit is due to the presence 
of a spurious peak at about 7.5 keV. This peak corresponds to the LZ X-ra- 
diation characteristic of Yb arising from the decay of Tm present as im- 
purity in the sample. 

b) B spectrum. — The 5 spectrum was investigated in a high transmission 


intermediate image §-ray spectrometer using a ßB source (0.04 mg/em? thick) 
electro-plated on a thin Cu foil 


À ’ ~ 0.5 mg/em?). The Fermi plot of the 
na)? ai ee gt 
[52 obtained spectrum is shown in Fig. 2. 

20F The end-point occurs at 
° EH, = (340 + 2) keV. 
10! 
340 Kev The plot appears to be a straight line 
| down to about 50 keV. 
The intensity of the B-rays was fol- 


= 7 roy * 1 ac 
te = 23 ae lowed over 30 days. The half-life was 
TOTAL ENERGY W (units mc?) found to be 


Fig. 2. — Fermi plot of the 8 spectrum 
of 169Br. ILE (CD se U2) Ge 


3. — Low Energy Radiations from the Decay of Yb. 


169Y}) was obtained by slow neutron irradiation of spectroscopically pure 
ytterbium oxide in the Harwell reactor. The active sample was studied when 
the short-lived activities had practically disappeared. 

The y spectrum obtained in the proportional counter spectrometer is shown 
in Fig. 3. The high energy peak (50.1 keV) was identified as due to K X-rays 
characteristic of Tm (50.41 keV). A faint y-ray at (23.4 + 0.2) keV energy 
was distinctly revealed. 

By means of a coincidence arrangement between the scintillation and the 
proportional counter spectrometer the 23.4 keV y-rays were ascertained to be 
time coincident with the K X-rays characteristic of Tm. The identification 
of this y-rays transition with that shown in the decay scheme of Fig. 1 is. 
straightforward. 

The intensity of the 23.4 keV y-rays was measured relatively to the K X-rays 
intensity. After correction for the detection efficiencies we obtained 


(1) 
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As concerns the intense peak at lower energy our results are: 

a) The energy calibration was made by using as standards the A, X- 
radiations arising from the decay of **Fe, Se, Cd (for K, X-rays energy we 
intend the weighed mean of the K, and K, X-rays energy). We have ob- 

: 3 £ 


A 1 KX-rays 
2500 2500 | 
LX- rays 
| 
| 
uy 
LE Wu 
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n ar 
0 10 207530 40 50 60 700 0 10 20 30 40 50 60 70 
CHANNEL NUMBER 


a) b) 
Fig. 3. — Low energy y radiations from 1°°Yb observed in the proportional counter 
spectrometer: a) X-rays; b) 23.4 keV --rays and A X-rays. 


‘ 


tained: E, = (7.6 + 0.2) keV, in very close agreement with the energy of the 
[X-rays characteristic of Tm (L, X-ray energy = 7.18 keV, L, X-ray 
energy = 8.10 keV). 


b) The peak appears to be substantially simmetric. A comparison of 
its shape with that shown by the L X-ray peaks arising from the decay of 
53Gd, 17m, #1W, Au does not give evidence of any appreciable anomalies 
- in the general trend. It can be inferred that a contribution of a y-ray to the 
high (or low) energy side of the peak, should be very low. 


(7) B. L. Ropryson and R. W. Fink: Rev. Mod. Phys., 27, 424 (1955). 
(8) A. Bısı and L. Zappa: Nuovo Oimento, 12, 211 (1954). 
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c) A coincidence measurement was carried out between the K X-rays 
and the Z X-rays. Only the pulses belonging to the K X-ray peak obtained 
in the scintillation speetrometer were used to trigger the coincidence circuit. 
If the Z X-rays emission arised from the reorganisation of the atom ionized 
in the K-shell, the following equation could be written: 


5 Tin 
(2) TA = NrrO KE r » 
K 
where I,, is the counting rate due to LX-K X coincidences and I, the 


counting rate due to A X-rays; 


is the number of Z-shell vacancies produced in the filling of a 
K-shell vacancy; 


n 


is the Z-fluorescence yield for transitions to the Z level following 
the A X-rays emission; 


LE 


&, is the detection efficiency of the proportional counter for L X-rays. 
With the »,, value obtained from the discussion of ROBINSON and FINK (7) 
and with the calculated e, (?) we have from eq. (1) 


On 0 


This value is about two times greater than the right ,, (for Z = 69) 
which, on the basis of the data available up to date, probably lies between 
0.18 and 0.28 (7). The disagreement however does not appear so serious as 
to give a clear evidence of the existence of a transition whose energy is lower 
than 11 keV but higher than the Z X-ray absorption energy of Tm. In effect 
the disagreement can be easily understood by considering that the numerous 
y cascades of the decay scheme strongly increase the rate of IZ X-K X co- 
incidences. 

This conclusion is supported by the relative intensities of the Z X-rays 
and of the K X-rays emitted from the sample. We have obtained in fact 


tr 6.30 40.08. 
Ix 


With the same extreme assumption on which eq. (2) was based, it can be 
deduced from this result that: 


On = 0.34 . 
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4. — Diseussion. 


As regards the & decay of ™*Er, our values for the transition energy and 
for the half-life are in very good agreement with previous measurements. The 
decay was found to be a simple one; in particular no evidence of a branching 
to the first rotational level of 1*Tm, was found from the investigation of the 
+ spectrum. The log ft value (log ft = 6.1) and the shape of the @ spectrum 
are consistent with a first forbidden transition (AT = 0,1; yes) }— >3r- 
The ground state spin and parity of *’Tm were known (?). The assignment 
of spin and parity to the ground state of "Er agrees both with the pre- 
dictions of the nuclear shell model and with the recent classification of strongly 
deformed nuclei made by MOTTELSON and NILSSON (°). 

The results obtained in the investigation of the low energy radiations from 
16°Yb can be summarized as follows: 


a) The measured intensity ratio, eq. (1), between the 23.4 keV y radiation 
and the K X-radiation is in satisfactory agreement with that deduced by 
JOHANSSON for interpreting his coincidence measurements (LE 08010) 


b) As pointed out in the preceding section no clear evidence was found 
of the existence of a strong y radiation between 7 and 11 keV nor of the existence 
of an intense L conversion of this radiation. However our results could agree | 
with the results of Cork ef al. if it were assumed that the 8.4 keV y transition 
is strongly converted in the M- and N-shells. 


xxx 


We are indebted to Prof. G. BoLLA for his constant interest. 


(#) B. R. MortELson and 8. G. Nırsson: Phys. Rev., 99, 1615 (1955). 


RIASSUNTO 


Viene studiata la transizione !#Er — 1Tm. Si trova che il decadimento & sem- 
plice; non si osserva l'emissione delle radiazioni y provenienti dalla diseceitazione dei 
liveili della famiglia rotazionale del 1°Tm. L’energia massima dello spettro ß risulta 
B,= (340+ 2) keV e il periodo di dimezzamento: T3= (9.0-- 0.2) d. Le transizioni di 
bassa energia nel 1%Tm presenti nel decadimento dell’6°Yb vengono studiate utiliz- 
zando uno spettrometro a contatore proporzionale ed ıma teenica di coineidenza. La 
radiazione y (23.4 keV) proveniente dalla transizione tra il terzo ed il secondo livello 
rotazionale @ stata osservata e se ne & misurata l’intensità relativa a quella della 
radiazione KX. Non si & ottenuta una chiara dimostrazione dell’esistenza delle radia- 
zioni y che dovrebbero provenire dalla diseceitazione del primo livello. 
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A Coincidence Arrangement for the Detection 
of Low Energy Quanta. 
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Tstituto di Fisica Sperimentale del Politeenico - Milano 


E. GERMAGNOLI 
Laboratori CISE - Milano 


(ricevuto il 25 Giugno 1956) 


Summary. — An experimental arrangement, in which a proportional 
counter and a scintillation y-ray spectrometer are used in coincidence, 
is found to be useful in investigations concerning the decay of low energy 
y- or X-rays emitters. Some results which have been obtained with the 
described method are given. 


4. — Introduction. 


Proportional counters have been extensively used for low energy quanta 
spectrometry. In order to get information about the decay features of soft 
+ and X emitters, a coincidence apparatus employing a proportional counter 
and a single crystal y spectrometer has been found to be useful. Owing to 
the fact that the collection time of the electrons in a proportional counter is 
less than 1 us, reasonably fast coincidence circuits can easily be operated in 
connection with y and X crystal detectors and proportional counters. 

The extremely low efficiency of proportional counters for hard y-rays and 
their high efficiency for radiations as soft as L X-rays and K X-rays from 
light elements, which are emitted in atomic rearrangements following the 
decay of nuclei by electron capture and internal conversion processes, made 
it possible to measure Z-shell fluorescence yields and other data which are 
connected with the features of radioactive decays. 
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-1 
a 
a 
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A few results will be described below. For such measurements an A—CH, 
(90% A) filled proportional counter, which was provided with a 23 mg cm? 


polyethylene window, has been 
used. The diameter of the coun- 
ter was 7 cm, its effective length 
30 cm and the wire diameter 
0.1 mm. With a total pressure of 
120 cm,, and an applied voltage 
of 3200 V it operated at a mul- 
tiplication factor of about 10°. The 
geometry of the experimental 
apparatus is schematically given 
in Fig. 1. 


Fig. 1. — Experimental arrangement. 

When convenient, the source can 

be located within the proportional 
counter. 


2. — Probability of A-Capture in 


Photomultiplier 


Nal crystal 
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The decay scheme of ®Sr is well known and is reported in Fig. 2 (°). The 


photopeak of the 513 keV y line, 


85 
38 °° 


EC 100 % 


513 KeV 


85 
37 


Rb 


Fig. 2— Decay scheme of °°Sr. 


detected with the single crystal y spectro- 
meter, was used to trigger the coincidence 
circuit; K X-rays of Rb (13.37 keV), pro- 
duced by the electron capture process, were 
found to be time-coincident with the y-rays 
and were revealed with the proportional 
counter. The resolving time of the coinci- 
dence circuit was fixed at about 10 us, con- 
sidering that the 513 keV level of ®Rb has 
a half-life of 0.9 us. 
The following equation holds 


(1) BR— 


(*) J. M. Horranper, I. PERLMANN and G. T. SEABORG: Rev. Mod. Phys.. 25, 


469 (1953). 
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where P, is the probability of K-capture; 


Rat Ts are the counting rates due to coincidences and to y-rays 
contributing to the photopeak of the 513 keV line; 


is the K fluorescence yeld of Rb; 


is the efficiency of the proportional counter for 13.37 keV quanta (?). 


When experimental values are inserted into (1) a P, value of 0.88 + 0.04 

is found, which is quite consistent with the value 0.91 that is expected for 
an electron capture process whose transition 

ee energy is much larger than the binding 

— 7, energy of K-shell. This is actually true 


83 KeV Ge 100 % LOTS TA) 


es 104 KeV 


| 3. — m, of Eu from the Decay of *°Gd. 


The decay scheme of %°Gd is given in 
0 Fig. 3 (*). A mean Z-fluorescence yield ©, (*) 


83 of Eu can be defined according to the fol- 
Fig. 3. — Decay scheme of 153Gd. lowing formula 


— = &.(N + PlP)o,(l + Pil Px), 


where J, is the intensity of IL X-y coincidences, /, is the intensity of the 
104 keV line, e, is the efficiency of L X-rays detector and n,, is the number 
of L-shell vacancies produced in filling a A-shell vacancy. The L/K-capture 
ratio P,/P, can be assumed to be 0.68 + 0,02 (*). With the experimental 
value 1,,/1, = 4.37-10-? and considering that n,, = 0.85 and e, = 0.28 we 
get wo, = 0.17 + 0.02. 

The obtained value of @, is in satisfactory agreement with the data re- 
cently discussed by ROBINSON and FINK (°). 


(2) A. Brst an L. Zappa: Nuovo Cimento, 12, 211 (1954). 

() R. W. Kine: Rev. Mod. Phys., 26, 327 (1954). 

(4) A. Bist, E. GERMAGNOLI and L. Zappa: to be published. 

(5) B. lL. RoBInson and R. W. Fink: Rev. Mod. Phys., 27, 424 (1955). 
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4. — w,, of Ir from the Decay of Os. = 
B 100 % 


According to the decay scheme of 


1108 (1) (see Fig. 4) the Z-shell fluor- _ a —— 11 Bey 


escence yield of Ir for transitions to ZN 
the Z-level following a K vacancy is 
given by the equation 
0 
AUS ca 
SEP és Fe el Fig. 4. — Decay scheme of 1910s. 
where /,, and I,, are the intensities of L X-k X and L X-y coincidences, 
I, is the counting rate due to 
AK X quanta and J, is the in- 
500 tensity of y-rays belonging to 
the 128 keV line. 
IrLX-roys A typical spectrum of L X- 


95 Kev . . . . 
| rays, obtained in coincidence 
| 


y measurements, is given in Fi- 


gure 5. With the geometry 
indicated in Fig. 1, corres- 


400 


ponding to €, =7.7:10-%, an 
o,, value equal to 0.17 + 0.02 
was found. 


INTENSITY (ARBITRARY UNITS) 


A KX 
escape peak 


\ 


Al 


Fig. 5. Line due to ZX-radia- 
tions of Ir (9.5 keV) obtained 
with the proportion] counter. Coin- 


95 a 20 56 6 = = cidence eireuit triggered bu the 
CHANNEL NUMBER KX line of Ir. 
xxx 


Thanks are due to Prof. G. Boris for his continuous interest in these 
investigations. 


RIASSUNTO 


Si descrive una tecnica di coincidenza tra un contatore proporzionale e uno spettro- 
metro a seintillazione che é risultata utile in ricerche di spettrometria X e y di bassa 
energia. Aleuni risultati ottenuti con questo metodo sono brevemente riassunti. 
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Summary. — The field equations of the unified field theory, given by 
W. B. Bonnor (1) are considered and the conservation laws in the field 
have been studied. The paper has been divided into two parts, in the 
first of which the invariant and non-invariant forms of conservation laws 
have been studied, and in the second part an alternative procedure ana- 
logous to that adopted by SCHRÔDINGER (4) in his purely affine fields has 
been sketched. It has been shown that the conservation laws which hold 
in Schrödinger’s and Einstein’s (?) field also hold in the present case. 
The momentum-energy tensors in this case have been shown to satisfy 
sixteen identities which are seen to be akin to those obtained by Scirrö- 
DINGER (4). 


Introduction. 


BONNOR (1) has modified the field equations of the unified field theory as 
developed by EINSTEIN (?), so as to yield Lorentz’s equations of motion which 
include Coulomb’s force between charged particles. This, as it has been shown 
by CALLAWAY (5), is not true in the case of Einstein’s (?) field equations. To 
deduce the modified field equations, he has taken the Hamiltonian 


(0.1) D = g"*Ry + P°9" Uni 


(!) W. B. Bonnor: Proc. Roy. Soc., A 226, 336 (1954). 
(2) A. Einstein: The Meaning of Relativity, 4th Ed. (Princeton, 1953), Appendix II. 
(3) J. CALLAWAY: Phys. Rev., 92, 1567 (1953). 
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where 


RT DE V—det x =V—4, 


R;, is the contracted curvature tensor and p is a real or imaginary constant 
(which need not be given a definite value at the present stage). A bar or a 
hook denotes the symmetric or the skew-symmetric part. Proceeding on the 
lines of EINSTEIN (?) he obtained his field equations in the form 


(0.2) I sx = Gin — Gor! tx — Gal te) = 
(0.3) AN 
V 

(0.4) Ra + p'aU = 0 
and 

(0.5) Run + P? Uran = 0, 

Vv Vv 

where 


Gl. Og i 0(g'*gx) 
giving 


m mn 
(0.6) ug VGimGnx + 39" Iumgir - 


In the Part I of the present paper, conservation laws in their invarlant 
and non-invariant forms have been obtained in the case of Bonnor’s field 
equations. The method adopted is similar to that in the case of general rela- 
tivity (symmetric case). In Part II it has been pointed out that these con- 
servation laws can also be obtained by proceeding as SCHRODINGER (!) has 
done in the case of purely affine theory; and their identity with the: conser- 
vation laws of the purely affine theory has been shown. Further the sixteen 
identities which Schrédinger obtained for the « Momentum-energy tensors » are 
also found to hold in the present case. 


Part I. 


1. — Consider the integral 


(1.1) I =|® dr 


and contemplate its variation under the conditions (0.2) and 


(1.2) GV x =- 0 


(4) E. SCHRÖDINGER: Proc. Roy. Irish Acad., A 52 (1948-50). 
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(which is equivalent to the condition (0.3)). We obtain 


(1.3) ol = frs ùg'" dr 5 
where 
(1.4) Wir = Ra + p'ux, 
since 
64/— j= View gy” OG uy anes IV I I uy og”, 
we get 


dg'* = +/— g(og"* — Egg, 0g”) . 
Hence 


(1.5) Wir Og’ LT FRS ög‘r 


where 


ne = — = (Wa — gag, 


An equivalent form of (1.3) under the same restriction (1.2) is therefore 
(1.6) ol = “| *T;r Og dt . 


We then consider a variation of g’* merely by a change of frame, which 
cannot alter the value of the invariant integral J, and hence öl = 0. 
Let the infinitesimal transformation be 


(LA) Be — CR Anke + A2ÈF tt ..., 


where 7* etc., and their first differentials are arbitrary infinitesimal functions 
of æ*, and as À — 0, this approaches to identity. 
Our invariant integral then takes the form 


I = [sg des 
where is of course the same function of the 


ee om! on" 
g*(£) = g(x) Ani apm 


“x 
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—_ 


and of their derivative with respect to 7, as it was before of the g’*(r) and 
their derivative w.r.t. x. If we now suppose that at the boundary the trans- 
formation shall approach to identity for any /, the limits of integration in 7 
will be the same as they were in x. Since the notation for the integration 
variable does not matter, the only change is that the argument is now not 
g*(%) but gx). Now 


oe om! Oak ee 
g*(&) — g** (x) — gi (sg) ai an ER g’*() pal 
= Im(m) — og'"(@) nr (0 { 1 on’ k n - ont i ikl a>. 
a Per ue alé. LA] 9a). 


To the order of approximation we are taking here, we can replace 7 and 
Ont/0x" ete., by 7(%) and Ôn“(#)/07" etc. Hence the above expression re- 
duces to 


ee ee 


PAT IE ni(m Daik(m j 
(1.8) FB) — 9B) = 24 oH gn EO a. 


Since this must vanish at the border for any À, we may use (1.6) with the first 
order terms in À for ög’*. Dropping the unnecessary dashes, we get 


\ : on! on og“ 
Ô EN ir h ir rk 
I | 23 ik (0 er q Or Ax 


) dr Nr 


og lg’ *5 A(ari ®- 
0 -/ = og  O(gP Es) | O(g"Es) 


ps j sd 2 


Now 7° is quite arbitrary, hence we get the identities 


(1.9) Tage + (Gi See + GLa), = 0. 


If we put 
XF er Lg” AR, — g” Eye) + 


$ 


the above identity takes the form 


(1.10) KT LIT, 9,80 | . I 


This is the conservation law in the Bonnor’s unified field. In this case 


Qin = J — 9 (Ru 29g” Ky) a/— 9 Vix Ji GU )P” 5 


; 
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putting 
(1-14) Tr = —V/— g(Ra— 399" R,) 


and simplifying the second bracket by substituting for the U,, from (0.6) and 
using the results 


tu 
EM sa == 0h = Te, 


N = € mn == m 
I" Fmn > 4 and g” Iran Ga g VImn 


‘we obtain that 


(1:12) PRY fy a 3 PAB, — 9° (GimYnk + 49x Jnm) } - 


Ban 3p?{9°9:; — JO DinQns + EGisInm) + 
as gg, — 9G (OG amIne at 34siJum)> 


en man 


2 ST 
Zr, ap? 079 vInm =» 


Hence we obtain 


‘ HOT QT r 
(ES) 25 = 2 ae 4 De "Gm : 
Now 
TT um k 
IN SE eg rm 


—r > ik | ¢ ik ik mn 
= Es; + Eds + P*[3(G.:9"),.— EUX AGE OV (GemGne + F9 ix9 nm) } | . 

The expression inside the square bracket is 

1 ik 1,nn ik tk mn 

29ri,:9 of 72 VG imInd es 399.59 V nm 2 
Now 

DE 
Ginna s ag ie Ue. 

Gf Ze and o,3 = ol, 

hence the above expression simplifies to 


lqik 1 ki Ph 1, mn „mn ET Due 
29° Iris A 2x9 V She 29 Vnm,s 29 VInm CLP 


= lg gr: Ge gt gXi)ie} —0ù 
Thus we obtain 


(1.14) EAP de FEU. = En au IT, 


ec a ate NE er 
did oi ee EN 


1 
2 
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and so the identity 
(1.15) I(a) 


also holds in the Bonnor’s field. 


2. — Our object is now to change the second term in the conservation 
identity I into a sum of derivatives with respect to the coordinates—what 
is sometimes called a «plain divergence ». We begin by exhibiting that the 
integrand 


(= 9g" Ry + P°9 *Qxi) ; 


is in a certain sense equivalent to another integrand, — H, which contains 
no higher than the first derivatives of gx. The equivalence rests on this that 
the difference SH is a plain-divergence, the variation (that vanishes at 
the boundary) of the four dimensional integral of which vanishes. 

Take 


(2.1) H= 9g" Aixn— pg" Gu: , 
where 
(2.2) Ay, = Ll as iB € 


We shall consider such variations which conserve the condition (1.2), and 
hence (0.3). 

Now 
De Lomé; + HE ODO on, 

0 xy + 

= TE TE + GT + H + 2p°g" 9; 

Ode EM ER) Te OP Te + He 2p#9 Qui » 
in virtue of (0.3), where 

A = FY) - 


This can further be-simplified to 


D =a" Az). — a" Ap, — gg) — "Aa — p’g"g) + H, 


(2.3) D = (g*A4%),—H. 


ik 
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Now BA is a plain divergence, hence its four dimensional integral can 
be turned into a surface integral, which suffers no change under variation 
that vanishes at the boundry, i.e. 


(2.4) à fa Ai ote = (I) 
We thus obtain + 
(2.5) 9[oar —— 9] mar. 


Thus we have shown that the integrands 9 and — H are equivalent in the 
sense that their Hamiltonian derivatives are equal. From (2.5) and (1.6) it 
follows that 


(2.6) fn dr =] *Z,, 0g" dr , 


i.e. the Hamiltonian derivative of H w.r.t. g' is *T,; Le. 


+ OH 0H ê = 
I, = dr og" are el 
Therefore 
wu GOH SO OH! oH 
KT ik tk x CRT ik 
Ed = 55 saa (au 4) (ox a). 
We put 
Ba oH 

(2.7) di (ox ads) 


Then the conservation law I takes the form 


(2.8) CES + #89, = 0 |. Il 


This is the result which we aimed at in the beginning of Sect. 2, i.e. the plain 
divergence form of conservation law; an identity under restrietion (1.2). It is 
obviously seen that *F? is not a tensor-density. Yet the relation II holds in 
every frame, though it does not treat of tensors only. This leads us to call 
*5. a « Pseudo-tensor density ». 

Now we wish to express *%° in terms of g”, /'% and their derivatives. 
It has been shown while proving the result (2.3) that 


(2.9) gt Te — QT = 2944 (= 24). 
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Hence we want to use the partial derivative of H w.r.t. nee instead of g'*. 


We know that 


(oH, 
| Har = sg Oona 


also 
=| - ög*dr = = os dg’ dr . 
Hence 
OH 6H ag" 
og” — og dg” 
Now 
XT im oH Im 
Img = gm I“ 
OH tog og, OF ait 


a dgi® og’ Ors dg" 


and proceeding as in the case of (2.7) we obtain 


leis CHU, 
(2.10) #0 = „(a4 aS a‘) 
N g 
It remains now to evaluate OH/cg'). Since 


H = A — p°9 "On: ; 
it follows that 


oH CA 
2. ee, 
ate agin eas 


Differentiating relation (2.9) we get 
qd gal, ai 1482) 277 77,49%) = 244. 


a 


The first two terms can be written as 


—1 
a 


x 


— (PT, + Gele ga yal ger Gedy — add dA À gx da”) : 


Hence we obtain 


Te. d(g®) — Pe (Ag) — Age dig) = dA. 
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Therefore 

apy 0A je CH 
(2. a agit D) 0g* * 


Thus an alternative expression for *F? is 
c KH Qi 
(2.13) +3, = 2050 — Aig.) - 


9 


This can be written as 


(2.144) =, =O, — F0 D'0' Ur; 
: ; 3 

where 

(2.145) de = HRA— Adi) - 


From (1.13) and (2.14) we see that 


~ Tr KOT ar mr 
(2.15) er MO) eee 


and thus the identity 


(2.16) Il(a) 


also holds in the Bonnor’s field. 


Part II. 


3. — These conservation laws can also be obtained in the same way as 
SCHRODINGER (*) has deduced them in the case of purely affine field or 
Einstein’s unified field. We do not propose to give the whole working here, 
as it is similar to that in the above mentioned paper (4), except that we start 
with the invariant integral of 


(3.1) : JR + PO" Ge: 
instead of q*R,, and the non-invariant integral, with the integrand 


(3.2) H = A— pg" gui 


CONSERVATION LAWS AND OTHER IDENTITIES IN BONNOR’S UNIFIED FIELD THEORY 


1 
1 
-1 


instead of À and some obvious minor changes here and there. We have adopt- 
ed practically the same nomenclature, the relations between *T,,, *F! and 
Tix, S—the corresponding quantities in purely affine field—are given by 
(742), .(£.13),-and. (2.14). 


Working as in the above mentioned paper, we get the final form of the 
expression from which all the identities follow, as 


Bar | AAA 2 Te, + Tag A} de + 

+ | (HE — As d%q%* + 29278), dr, 
where the variation 6* refers to the infinitesimal change of frame 
DE = gk + Erg). 


From the integral (3.3) by specializing the change of frame in different ways 
(SCHRODINGER (*)), the identities 


(3.4) Tae 2 T 9 ss ma 
(3.5) (ES, = 0 
and 


REE 


follow. 

The first two are the invariant and non-invariant forms of the conser- 
vation law, as already deduced in (1.10) and (2.8). The third is a new set of 
sixteen identities expressing the components of *%°+*T; as a plain divergence. 


4. — From (3.4), (3.5) and (1.14), (2.15) it follows that 


(1.15) Er = 47,9% = 0 
and 
(2.16) (S, I), = 0, 


which shows that the conservation identities which hold in the Schrödinger’s 
purely affine field or Einstein’s unified field also hold in Bonnor’s field and 
vice-versa. 


778 S. I. HUSAIN 


Again from (3.6) and (2.15) it follows that 
(4.1) | Bi + Ti = HA gt + AS gt — 81459”), LII(a) 


which is the same identity that holds in Schrödinger’s or Hinstein’s field. 


In the end I wish to express my gratefulness to Dr. R. S. MisHra for his 
very kind and helpful guidance. 


RIASSUNLOT ©) 


Si considerano le equazioni di campo della teoria unificata dei campi date da W. B. 
BoNNOR e si studiano le leggi di conservazione nel campo. Il lavoro & diviso in due 
parti, nella prima delle quali si studiano le forme invarianti e non invarianti delle leggi 
di conservazione; nella seconda parte si delinea un procedimento in sostituzione del 
precedente, analogo a quello adottato da SCHRÔDINGER nei suoi campi puramente 
affini. Si dimostra che le legoi di conservazione valevoli nei campi di Schrödinger e di 
Einstein valgono anche nel presente caso. Si dimostra che i tensori momento-energia 
nel nostro caso soddisfano sediei identità che risultano analoghe a quelle ottenute da 
SCHRÖDINGER. 


(*) Traduzione a cura della Redazione. 
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On the Dynamics 
of a Non-Uniform Electrically Conducting Fluid. 


G. H. A. CoLE 


University College London, England 


(ricevuto il 28 Giugno 1956) 


Summary. — First steps are taken at building up a kinetic theory of ionised 
Auids under non-uhiform conditions. The Boltzmann-Maxwell, and 
Fokker-Planck equations are related to molecular data. and in this way 
the approximations involved in their use are made clear. 


1. — Introduction. 


The microscopic theory of an ionized fluid, possibly immersed in an externa 
electromagnetic field, has been developed from the Liouville equation ‚gene- 
ralized to include the effect of simple binary encounters (1?) (the Boltzmann 
equation), or alternatively to include the Coulomb interaction (?) (the Fokker- 
Planck equation). The macroscopic theory of hydromagnetics has been deve- 
loped from a fusion of the equations of electromagnetism and of classical hydro- 
dynamics (#5). The latter equations are derived from the microscopic equa- 
tions of motion by invoking successively the conservation theorems of mass, 
momentum, and energy. A complete kinetic theory of conducting media under 
non-uniform conditions must provide a derivation of these initial equations 


() S, CHapmax and T. G. Cowiinc: Mathematical Theory of Non-Uniform Gases 
(C.U.P., 1952). 


(2) L. Spitzer Jr.: Physics of Fully Ionized Gases (New York. 1956). 

(3) S. Gasrorow1ez, M. NEwMANN and R. J. RıDDELL: Phys. Rev., 101, 922 (1956). 
(4) G. H. A. Core: Advances in Physics (in press). 

(5) W. Ersasser: Am. Journ. Phys., 23, 590 (1955). 
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in terms of molecular variables on the basis of molecular dynamics alone. 
In the present introductery note it is indicated how this can be achieved by 
applying the arguments of kinetic theory recently developed for non-uniform 
liquids (58). The theory will be applied in detail to the derivation of trans- 
port coefficients for ionized media in further papers. 


2. — Premises. 


The conducting fluid is represented by N charged particles contained in 
a volume J, immersed in an electromagnetic field (E,, H,). Classical theory 
is invoked throughout so that it is not necessary to account for particle inter- 
action effects of the ionization and recombination type. The charge and mass 
of the i-th particle are written respectively as e, and m;: the total force acting 
on the particle is assumed to be the sum of an external (hydrodynamic- 
electromagnetic) force X,, and an intermolecular force F,. F, is itself assumed 
to be the sum of a short range force of the van der Waals type, F,,, and the 
Lorentz force arising from neighbour interaction. Radiation effects are neglected 
at present. 


3. — Distribution Functions. 


If f(p, r,t) is the probability for the simultaneous occurrence of particle 
momenta and co-ordinates at time f, then f” is a solution of the Liouville 
equation 


AU) pi 
(1) aks ze Ne Pi Vif? OX, Pen —(), 


One, sel 


which expresses the canonical form. Reduced distribution functions describing 
small groupings of molecules are derived from (1) by averaging over the partial 
phase (P,R) of the remainder. The simplest member of the set of (N — 1) 
equations so derived involves f®, which may be interpreted alternatively as 
the singlet distribution, or the doublet distribution in relative co-ordinates. 
f™ is a solution of the equation 


Dj me Were P, +: MR e 
U SEE A Na ; R— ENA aed Re 
m ale vr XeVe| Par ar— 3 | [E,sa Pe 


(5) J. G. Kirkwoop: Journ. Chem. Phys. 14, 180 (1946). 
(7) R. Ersenscurtz: Proc. Roy. Soc., A 215, 29 (1952). 
(8) G. H. A. Cote: Rep. Prog. Phys., 19, 1 (1956). 
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where D/Dt is the conventional Stokes’ operator, including terms involving E, 
and H,. X, and F; are given by: 


| Û =: ees J 4 a 1 

5 | (a) BD. me re „Ip: Auf 

| ' Re @) : 1 (à) | 
| (b) F, z 1 Hie al | af ome z H; J 


E® and X are respectively the electric and magnetic fields in the neigh- 
bourhood of the i-th particle due to neighbours, and are to be interpreted as 
plasma linkage. 

Equations analogous to (2) but involving successively the higher order 
functions f@, f®, f, ..., f9- on the left hand side form the complete set of 
equations. Each equation provides less information about the physical system 
than does (1), but we assert that a knowledge of the pair function alone is 
sufficient to enable significant conclusions to be drawn in our case. It may, 
however, be necessary later to appeal to higher order functions in some cases. 


4. — Irreversibility. 


Equations (1) and (2) have a range of solutions applying to uniform or 
non-uniform conditions. Only the latter solutions are of interest here; they 
belong to a group not satisfying time reversal, and so cannot be obtained by 
a formal procedure such as a transformation to extended phase space. For 
deriving non-uniform distribution functions it is necessary to invoke a new 
hypothesis analogous to that of molecular chaos in the theory of dilute gases. 
Recently Krrkwoop (*) has formulated such an hypothesis for liquids, and 
we now extend its validity to apply to ionized media. The Kirkwood hypo- 
thesis places a time condition on the autocorrelation coefficient £: 


(4) E = Ft) F(t +1) = 0 It>r.. 


The bar in (4) denotes a phase average over the remaining particles: 7 is a 
time interval which is microscopically large (i.e. large compared to the time 
of extended molecular interaction) and yet macroscopically small (i.e. small 
compared to the Poincaré period). The existence of such a time interval in 
ionized fluids, where the forces are partly long ranged, is a direct consequence 
of the Debye shielding radius. 

On the validity of (4), then, the time average of £ over an interval t > 7 
leads to a constant: this has been interpreted for liquids (°) in terms of 
friction tensor of the macroscopic Stokes’ type, and this interpretation is 


# 
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applicable also for ionized fluids. The existence of such a constant controlling 
the irreversible approach to uniformity is now -regarded as characteristic. 
In the theory, then, solutions of (2) applicable to non-uniform conditions will 
be isolated by coarse-graining in time: the utility of coarse-graining in con- 
nection with non-equilibria was first recognized by Gibbs, and carried through 
for liquids by KIRKWOOnD. 


5. — Selection of Non-Uniform Distribution Functions. 


If a steady state condition exists for projections on the subspaces of singlet 
and doublet distributions then on coarse-graining (2) over the time interval 7: 


0 
D (1) i it x 

(5 8 I eV, a» bs BAL 22 Jar} tx se F):V,f”aPaR, 
with 

| («) | | Bo-vpi aPar e-V pf? 
(6) | = af 

|) - | |(p AP vf" dP aR h-A, fo. 

nue 
The total momentum change of a particle during 7 due to its neighbours is 
o 
Ap = ix + F)dt. 


+ 


If Vf is sensibly time independent the right hand side of (5) becomes: 


(7) —| fap:v,iapar, 
a form first given for liquids by EISENSCHITZ (7). Using (7), (5) becomes 
explicitly : 
of > 
(8) | ap Tt EVD (Ey + €) Vp + (Hy + h) Vi] = 


m 


By averaging (8) over the invariants of the system the equations of macroscopic 
hydrodynamics result. If the external electromagnetic field is absent the terms 
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e and A still remain. The evaluation of e and À from (6) involves a knowledge 
of the spectral distribution of neighbours: this distribution can be expected 
to be affected by the presence of the field (E,, H,) so that e and h are to be 
associated with the increments of interest in hydromagnetics. 

In order to base a macroscopic theory on (8) it is necessary to rearrange 
the right hand side. Such a rearrangement will depend upon the magnitude 
of Ap: the two limiting cases provide familiar forms. If Ap is large (corres- 
ponding to an angular deflection greater than 90°), and the time between 
such encounters is very large in comparison with the time of an encounter 
(density of such collisions small) then the arguments of KIRKWOOD (°) for short- 
ranged forces apply here also, and the right hand side of (8) takes the form 
of the Boltzmann-Maxwell collision integral. Alternatively if Ap is small 
(corresponding to an angular deflection of less than about 40°) the arguments 
of EISENSCHITZ (7) for short-ranged forces again apply since 7. exists. In this 
case Ap-V,f” can be written [f° (p— Ap) —f(p)], which allows the right 
hand side of (8) to be expanded: 


(9) = 4%(p) + | f(p — Sp)z(Ap) d(Ap) : 


This form is well known in the theory of stochastic processes (1). On further 
expansion it leads to the Fokker-Planck equation, (9) containing mean, mean 
square, and mean component products of Ap. By the standard procedure (1:11), 
it is found that Ap and Ap® are of order t, and that Ap,Ap; and all higher 
moments are of order t?, and so can be neglected: 


ata) 
( fd ee FA 10 5 IE 1 5 fin 13 1 5 A 
(1 ) Ke et I m V,f (E, €) Ve (H, h) Vol 
= ‘e Apf) : i (Ap?) {™ + 0(z2) 
= a, P 2 cp? JEDER ‘ 
The associated friction constant is given by: 
(11) B = |{(Fo(t) + X(t))-(Folt + 5) + X(t + s))}ds 


0 


the bar benoting an average over the remaining particles. By simple expan- 
sion (11) can be separated into three components: one involves F,(t): F,(t-++s) 


) J. G. KIRKWOOD: Journ. Chem. Phys. 15. 72 (1947). 
®) S. CHANDRASEKHAR: Rev. Mod. Phys. 15, 2 (1943). 
) E. EısenscHhitz: Nature, 167. 216 (1951). 
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and arises from the short-range forces; another involves X(t)-X(t--s) and 
arises from the long-ranged forces. The evaluation of the former distribution 
involves problems notorious in the theory of liquids; the latter can be eva- 
luated by trajectory methods (?) familiar in gas theory. The remaining contri- 
bution involves mixed autocorrelation terms of the form F(t): X(t+s). The 
different time fluctuation of the two components will not allow this last con- 
tribution to be significant. The form of (11) to be used in a particular case 
will, accordingly, depend on the density. If the density is high the short- 
ranged forces will predominate, and if low the long-ranged forces will pre- 
dominate: for these cases the hydrodynamical Stokes’ friction constant will 
usually be adequate, appropriate respectively to liquids and dilute gases. 

If the friction constant is high enough, as in a highly compreszed ionised 
medium, the Fokker-Planck equation can be replaced to sufficient accuracy 
by the Smoluchowski equation (!°) at all points except possibly in the neigh- 
bourhood of the origin. In first calculations this diffusion equation will be 
more amenable to solution than the full Fokker-Planck equation. 


6. — Discussion. 


From the argument of Sect. 5 the approximations involved in applying 
the Boltzmann equation alone, or the Fokker-Planck equation alone, are clear. 
In particular it is seen that a combination of Fokker-Planck and Boltzmann 
interaction terms still neglects a contribution from medium range molecular 
interaction which may be significant. For example it is likely that the neglect 
of this contribution caused the difficulties described by COHEN, SPITZER, and 
McRourty (?) in the calculation of electrical conductivity. The effect of these 
medium ranged terms is expressible by the introduction of component cor- 
relations into (10). In any case the correct equation (8) should be used in 
the calculation of the distribution functions: the way in which this is to be 
done will be considered in a further paper. 

A definite gap in the argument is our present inability to evaluate the 
expression for the friction tensor, or to evaluate the magnetic increment h 
occurring in (6). The problems raised in each case are essentially analogous. 
The electric increment € can be evaluated by the method of Holtzmark: unfor- 
tunately it is À that is of importance in hydromagnetics. It would seem, 
however, that approximate expressions can be derived for / and A which will 
be sufficient at least at first: the whole problem will be treated elsewhere. 

Once the friction constant has been evaluated the coefficient of self-dif- 
fusion follows from the known relation D, = kT/2P. Further, the fluxes of 
momentum and of energy may be explicitly evaluated leading respectively to 
the coefficients of viscosity and thermal conduction. It can be expected that 
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the temperature dependence of these two coefficients will be different: while 
the thermal conduction of the ionized medium can be expected to be weakly 
dependent on temperature, the viscosity can be expected to be strongly de- 
pendent. In this respect an ionized gas will differ markedly from an un-ionized 
gas. These questions will be considered in a later paper. 


RIASSUNTO (#) 


Si muovono i primi passi nella costruzione di una teoria cinetica di fluidi ionizzati 
in condizioni non uniformi. Le equazioni di Boltzmann-Maxwell e Fokker-Planck si 
riferiscono a dati molecolari ed in tal modo si preeisano le approssimazioni insite nel 
loro impiego. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO Voz. IV, N. 4 1° Ottobre 1956 


Phenomenological Equations for Superconductors. 


M. R. SCHAFROTH and J. M. BLATT 


The F.B.S. Falkiner Nuclear Research and Adolph Basser Computing Laboralories 
School of Physics (*). The University of Sydney - Sydney, N.S.W., Australia 


(ricevuto il 9 Luglio 1956) 


Summary. — The requirement of a finite correlation length excludes the 
conventional London equations for superconductors. Alternative equations 
are proposed and discussed. Some of the consequences are: 1) a magnetic 
field is not completely expelled from a superconductor; the field at a 
large depth « is proportional to 4-1, rather than dropping off exponen- 
tially. 2) The Pippard effect follows as a natural consequence from the 
equations proposed here. 3) London’s correlation between the Meissner 
field expulsion and persistent currents in superconducting rings depends 
on an infinite correlation length, and must hence be abandoned; the 
«persistent » ring currents must be interpreted as relaxation phenomena. 
The explanation of the enormously long lifetime is not possible within 
the framework of a purely phenomenological approach, but remains one 
of the tasks of a future microscopic theory of superconductivity. 


1. — Introduction. 


It is well known (7?) that superconductivity is not merely a limiting case 
of ordinary electrical conductivity, in which the conductivity coefficient be- 
comes infinitely large, but rather must be described by an entirely different 
set of macroscopic equations. A particular set of equations was proposed by 
LONDON (?) and it has been shown that most of the observed electromagnetic 

~ properties of superconductors can be understood by means of the London 


(*) Also supported by the Nuclear Research Foundation within the University 
of Sydney. 

(4) F. Lonpon and H. LoNDoN: Physica, 2, 341 (1935). 

(2) F. London: Superfluids, vol. I (New York, 1950). 
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equations. Changes in the London equations have been proposed in con- 
nection with recent experimental results (?), however, and it should perhaps 
be emphasized that the early experiments supporting the London equations 
were necessarily fairly crude, and the more recent detailed experiments have 
disagreed with the London equations quite often 

We have shown recently that the first London equation (A = penetration 
depth) 


(10) — (4r/2/c) curl, =B, 3 


is unacceptable on purely theoretical grounds, because it violates the requi- 
rement of a finite « correlation length » (#5). That is, one of the consequences 
of equation (1.1) is that the charged particles responsible for the supercurrent 
have statistical correlated momentum vectors in thermal equilibrium, even 
in the absence of electromagnetic fields, no matter how far they are from each 
other in the solid. The fact is noted independently by CASIMIR (*) who points 
out very forcefully that London’s picture of a superconductor implies the 
existence of «stable wave functions extending over à mile or so of dirty lead 
wire ». On the other hand, if we insist that coherence extends only over dis- 
tances of the order of 10-4 cm, say, Casimir points out that «the existence of 
persisting currents (in rings) would remain unexplained ». Casimir makes no 
decision as to which horn of this dilemma should be taken. 

We feel strongly that «stable wave functions extending over a mile or so 
of dirty lead wire » are out of the question at any non-zero temperature, and 
any equation which demands such a thing is a wrong equation and must be 
modified. The purpose of this paper is to develop a new set of phenomeno- 
logical equations to replace the London equations, the new equations being 
consistent with a finite correlation length. We find, in full agreement with 
CASIMIR, that the new equations fail to give the correlation between persistent 
ring currents and the MEISSNER field expulsion which is a prominent feature 
of the original London theory. But this negative aspect is compensated some- 
what by a positive feature of the theory: the new equations give a direct and 
natural explanation of the Pippard effect (*), which then allows us to estimate 
the size of the « correlation length » in superconductors. The correlation length 
is, in our opinion, the quantity needed to make Pippard’s « coherence concept 
in superconductivity » (7) more precise and amenable to direct theoretical 
attack. On the other hand, Pippard’s suggested modification of the London 


(3) A. B. Preparp: Proc. Roy. Soc., A 216, 547 (1953). 

(4) J. M. Brarr, 8. T. Burrer and M. R. SCHAFROTH: Phys. Rev., 100, 481 (1955). 
(5) M. R. Scuarroti: Phys. Rev., 100, 502 (1955). 

(6) H. B. G. CasrmiR: Niels ore and the Development of Physics (London, 1955). 
(7) A. B. Preparp: Physica, 19, 765 (1953). 
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equation (?) has the fault that it still implies an infinite correlation length. 
While it is quite possible that completely separate modifications of the London 
equations are required to account for the Pippard effect and for the finiteness 
of the correlation length, we believe that it is highly suggestive that a reason- 
able modification of the London equations for the finite correlation length 
already automatically gives a reasonable fit to the observations of PIPPARD. 

The limitations of any purely phenomenological approach are of course 
considerable. Assumptions must be introduced at various stages in order to 
limit the (otherwise hopelessly large) range of possibilities. If the true theory 
of superconductivity is very complicated, it is very unlikely that phenomeno- 
logical guesses will turn out to be correct in the end. Nevertheless, phenome- 
nology is useful, for several reasons. First, a number of data can be corre- 
lated within a fairly simple framework; second, and more important, light 
is thrown on the requirements which a future microscopic theory of super- 
conductivity will have to fulfil, In particular it is no longer necessary to 
construct a microscopic theory which leads to an infinite (as large as the solid 
body) correlation length, and from this point of view the construction of a 
microscopic theory of superconductivity has been made much easier. On the 
other hand, a microscopic theory which explains the Meissner field expulsion 
will not automatically explain the persistent ring currents, and separate theore- 
tical investigation of the non-equilibrium properties of the superconducting 
state will be required. London’s concept of «macroscopic metastability » (?) 
is dependent on an infinite correlation Jength, and can therefore not be used 
for actual physical superconductors. 

Although the phenomenological equations developed in this paper may 
have an influence in the development of a future microscopic theory of super- 
conductivity, we emphasize that our present considerations are independent 
of any detailed picture of the superconducting state. For most of the work 
in this paper, we do not need to know the nature of the charge carries res- 
ponsible for superconductivity, or the nature of the interaction responsible 
for the transition to the superconducting state. Only in the discussion of the 
Pippard effect do we make some simple assumptions about the microscopic 
phenomena underlying the macroscopic, phenomenological equations. 


2. — Generalization of the First London Equation. 


The first London equation, (1.1), involves no time derivatives and there- 
fore applies to the state of thermodynamic equilibrium. In Sections 2, 3 
and 4 we shall be concerned with the study of the Meissner effect, i.e., the 
expulsion of a static magnetic field from the superconductor. We shalll there- 
fore find it convenient to introduce, instead of the supercurrent density vector Js, 
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the magnetization vector M which yields the same current distribution; the 
relation between them is: 


(2.1) je ce corey” 


We shall make the assumption that mathematical surface currents do not 
exist (*); if M has a non-zero tangential component just inside the surface 
of the superconductor, equation (2.1) implies that there is a true surface current. 
Hence we impose the boundary condition (rn is a unit vector normal to the 
surface of the superconductor) 


(2.2) nm X M = 0 at the surface, 


The current distributions j, which can be generated from equation (2.1) 
do not exhaust all possible current distributions, but they are adequate for 
a discussion of the Meissner effect. We shall return to this point in Sect. 7. 

Usually there is, in addition to the supercurrent density j., also à « normal 
current » density j, given by Ohm’s law 


(2.3) oh, 

where E is the local electric field. However, in thermodynamic equilibrium 
there is no electrie field and hence no normal current inside the specimen; 
the supercurrent j, is then the only current. 


Substitution of (2.1) into the London equation (1.1) gives 


(2.4) curl curl M = — (472) B . 


For comparison, we also write the relation between M and B for an ordi- 


nary diamagnet, of magnetic susceptibility 7: 
(2.5) ee ae 


We now look for a formalism which includes both (2.4) and (2.5) as special 
cases, and which can be applied to volumes of general shape. To do this, we 
first introduce, for each definite volume V, a complete orthonormal set of 


(*) The same assumption is made quite generally also for normal conductors; it 
should not be confused with the question of surface charge densities, which in general 


do form on a conductor. The question of true surface currents in an ordinary dia- 


magnet will be discussed later on. 
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vector funetions u,(r). These functions are defined as follows: 


(2.64) curl curl u, = qiu, 

(2.6b) div u, = 0 

(2.6¢) n xu, = 0 on the surface 
(2.64) Juma == (pee 


These functions are familiar in electromagnetic theory; if we imagine the 
surface of the superconductor replaced by a perfect mirror, and the inside 
by vacuum, then the different values of À correspond to the different normal 
modes of the electromagnetic field in this cavity. The eigenvalue gq; is pro- 
portional to the square of the frequency of normal mode number k, and the 
function u,(r) defines the electric field pattern in this mode. For non-zero q;, 
equation (2.6b) is a consequence of (2.6a); (2.6b) was inserted explicitly in 
order to exclude the possibility q, = 0. We see this as follows; multiply (2.6) 
by u, and integrate over the volume. Using vector identities, we get 


u, curl curl u,dV = | (curt u,,)2dV— | (u, x curl u,)-nds . 


— 
bo 
—ı 


The surface integral vanishes because of (2.6c). Hence the integral on the left, 
and with it 9x, is zero if and only if curl uw, vanishes everywhere in the volume. 
But it is well-known that there is no non-zero vector field which satisfies the 
boundary condition (2.6¢) and has curl u, = div u, = 0. 

The set u, is complete for vector fields with div (u) = 0; that is, any 
square integrable divergence-free vector function u(r) can be expanded as a 
linear superposition of the u,, and this expansion converges in the sense of 
least squares. In the case of a brick-shaped volume this reduces to an assertion 
about the completeness of ordinary Fourier expansions. 

We now expand both M and B in terms of the u,: 


(2.8) Mr) = > Myu,(r) 
(2.9) B(r) = > Byu,(r). 


Since we assume linearity of the relation between M and B, the most general 
relation is of the form 


(2.10) Mir N Gba: 
m 
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We now observe that the London equation (2.4) and the diamagnetic re- 

lation (2.5) have this in common: «,, is a diagonal matrix. The various cavity 

modes are not mixed up. In attempting to generalize the London equation, 
we shall assume that this property is preserved. We write therefore 


(2.1 1) M Warm (4022) 1K (qu) By . 


where the «kernel» A(q) is an, as yet undetermined, function of the real 
variable q. The London equation (2.4) is obtained through the choice 


(2.12) K(q) = 1/4? (London equation), 


whereas the diamagnetic equation (2.5) is obtained from 


= (diamagnetic), 


that is, A(q) is independent of g. Of course, the quantity / is superfluous in 
(2.13) and could have been absorbed into the definition of A(q), equation (2.11). 
However, since we shall be dealing mostly with superconductors, this choide 
would not be convenient. 

The reduction from (2.10) to (2.11) is the basic assumption of this pheno- 
menological approach, and a few words of discussion may be in order. From 
general principles one can see that %, must be a symmetric, real matrix; 
hence there exists a set of base functions w,(r) which diagonalize this matrix. 
Our assumption can therefore be rephrased by saying that the particular ortho- 
normal set u,(r) defined by (2.6) is this set. The main reason for choosing 
the set uw, is the fact that it does diagonalize the matrix x for the London 
equation (since x for an ordinary diamagnet is a multiple of the unit matrix, 
it is diagonal in all base sets). We want to find a simple phenomenological 
generalization of the London equation; without a microscopic theory of super- 
conductivity, we must make a guess of some sort, and the assumption (2.11) 
represents this guess. We still have considerable freedom through various 
choices of the kernel A(q), but we shall see that there are conditions on A(q) 
which restrict its choice and hence make the phenomenological approach 
reasonably definite. On the other hand, the general matrix 4% would allow 
so many choices that it would be well-nigh hopeless to determine it in a purely 
phenomenological way. 

It should be realized that our basic equation (2.11) cannot apply to non- 
isotropic media. Thus the phenomenological equations derived here must still 
be generalized to non-isotropic media. This generalization will not be attempted 
here. 


51 - Il Nuovo Cimento. 
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A word of caution is in order about the nature of the expansions (2.8) 
and (2.9). The base functions u, are normal to the surface of the super- 
conductor, whereas the magnetic induction vector B is in general not normal 
to the surface. Thus the expansion (2.9), although it converges in the sense 
of least squares, does not converge uniformly and can not be differentiated 
term by term. On the other hand, if the kernel Æ(q) decreases sufficiently 
rapidly for large values of g, the expansion for the magnetization M(r) does 
converge uniformly, and defines an M(r) which is normal to the surface every- 
where. The London kernel (2.12) satisfies this condition, but the diamagnetic 
kernel (2.13) does not. Indeed, in the usual description of diamagnetism, 
true surface currents appear at the surface of the material when it is put into 
a magnetic field. Actually, of course, the transition at the surface of the 
diamagnetic material is not infinitely sharp, but takes place over distances 
of a few atomic lavers. Hence the kernel (2.13) is an idealization, and should 
be replaced by one which approaches zero for values of q larger than about 
10° em-!. A possible choice would be 


Aa)? u? 


(2.14) K(q) = — (modified diamagnet) , 


Any 9? ue 
where « is of the order of 10° cm~?. Such a kernel would yield diamagnetic 
currents concentrated in a surface layer of thickness w°!, rather than mathe- 
matical surface currents. For practical purposes, of course, (2.13) and (2.14) 
are equivalent to each other. 


3. — Condition on A(q) from the Rotating Bucket Theorem. 


The following condition has been obtained (°), as the result of the assumption 
of a finite correlation length: put a superconducting cylinder into a longitu- 
dinal magnetic field, and « polarize the neutrons» in such a way that the 
magnetic induction vector B is constant throughout the cylinder; then the 
total magnetic moment of the cylinder can increase with the radius À of the 
cylinder no faster than Rk’. The purpose of this section is to translate this 
theorem into a condition on A (q). 

Take a cylindrical volume of radius R and height Z. For the purpose of 
this discussion we do not need to determine the entire set of functions u,(r) 
defined by (2.6); it is sufficient to restrict ourselves to u, which are parallel 
to the :-direction everywhere, and independent of + and the angle 0. The 
z-component of u, will be denoted by u,(r) and is given by 


(3.1) ux(r) = N: Jlzrr/R) 
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where +, is the k’th positive zero of the Bessel function J,(2), and the normal- 
ization constant N, is equal to 


1 

3.2 N. == 

Ps) * Tall) 

Next we expand the constant vector B as a superposition of the u,. Let B 
denote the magnitude of B, then B, in (2.9) is given by 


R 


5 D) 74 
(3.3) Dr BIN, | Jour 2rer dr = 25 i 


0 


2% 


The total magnetic moment of the cylinder is the volume integral of the 
magnetization vector M which is given by (2.8) and (2.11). The caleulation 
gives 


VB ® Kia/R 
(3.4) an = |M.dV—- = A x IR) 
J UG eh ea 


Since the volume V is proportional to R?, the rotating bucket condition 
asserts that, in the limit of very large À, the infinite sum in (3.4) must not 
increase with R faster than linearly. 

We first take the two special cases of a diamagnet and a London super- 
conductor.’ The first is defined by (2.13) and gives the expected result (*) 


(3.5) Tl ae VS et VB —“ 


The London superconductor is defined by (2.12) and gives (*) 


RVB © RVB 
j = — — a) = — ——. . 
En ef mA? 2 (2) 32722 


This result is proportional to R! and therefore violates the rotating bucket 
theorem; the same conclusion was arrived at more directly in reference (*). 

Let us now consider (3.4) for a general kernel A(q). Since the sum over k 
converges even for constant K(g), it is clear that the limiting behaviour for 
large values of R is related to the analytic behaviour of K(q) in the neigh- 
bourhood of g = 0. Let us suppose, therefore, that A(q) near q = 0 is pro- 


(*) See Appendix I for the evaluation of the sum, and other mathematics in con- 
nection with this Fourier-Bessel expansion. 
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portional to q ”. The diamagnet has » = 0, the London superconductor has 
y — 2. For arbitrary », the sum in (3.4) becomes proportional to A’, and 
the total magnetic moment proportional to R2*”. According to the rotating 
bucket theorem, the exponent cannot exceed 3. We therefore obtain the fol- 
lowing condition on the kernel K(q): 


(3.7) lim [qK(q)] < co. 
© a—0 


This condition excludes the London kernel, but does not exclude a kernel 
with a singularity at q = 0; indeed, A(q) may have a q7 singularity at q =0. 
It is often supposed that superconductivity is merely a particularly strong 
type of diamagnetism; in terms of our formalism this would mean that the 
kernel A(q) stays finite (but large) at qg — 0. A simple example would be 
the kernel (2.14) with 4x7 very close to — 1, and uw appreciably larger than 
the observed penetration depths in superconductors. 


4. — The Law of Field Penetration. 


We now turn to the Meissner effect, i.e., the expulsion of the magnetic 
field from the superconducting material. We shall use two kernels A(g), both 
of which are consistent with the condition (3.7). The first kernel is the « mo- 
dified diamagnet », equation (2.14), but with simplified notation: 


(4.1) K(q) =(@+ 9". 


The quantity wu is to be interpreted as the inverse of the « correlation length » A. 
Another length enters the field penetration law through the factor (4a/?)-! 
in the fundamental law (2.11); this second length, À, will turn out to govern 
the law of field penetration very near the surface, whereas «7! becomes im- 
portant only some distance into the material. 

The London superconductor is included in (4.1) as a special case, namely 
u — 0; of course, this case violates condition (3.7). 

The other standard kernel is meant to be representative of the class of 
kernels K(q) which have the strongest singularity at q = 0 consistent with 
condition (3.7), i.e., which go like g~-! for very small g. For ease of calculation 
we shall choose 


(4.2) K,(q) = [ala + u)”. 


It is understood, of course, that X, and K, are each only one possibility 
out of a very large class of functions; however, the main features of the law 
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“1 
es 
Qt 


of field penetration are not strongly dependent on the detailed shape of the 
function Æ(q), but do depend significantly on whether Æ(q) behaves like q~* 
or like a constant as q approaches zero. 

For the purpose of the Meissner effect, we can simplify the problem by 
considering a plane slab of superconductor of thickness Z, and then let L go 
to infinity. This is permissible provided only that the radius of curvature of 
the surface of the actual superconductor is much larger than both the London 
depth À and the correlation length A= x". Let the left surface of the slab 
coincide with the y-2 plane, and consider an external field B in the y-direction 
applied outside the slab at æ — 0 and æ — L. The set of functions u,(r) 
reduces for our purpose to vector functions with «- and z-components equal 
to 0, and 


(4.3) [u,(r)], = (2/2) sin (kxx/L) aes Wie ra ae 


In order to find the law of field penetration, we notice that the time-inde- 
pendent Maxwell equation for a superconductor with unit permeability 


(4.4) c curl B == 4aj, = 4ac curl M, 
implies that the formal vector field H(r) defined by 
4.5) H—B—14aM, 


has zero curl inside the superconductor. The divergence of B is zero, and our 
expansion of M in terms of the vector eigenfunctions (2.6) ensures that M 
also has zero divergence. Hence H(r) is a constant vector field in our slab, 
equal to the boundary value Bo, since M is constructed so that it vanishes 
at the boundary. We expand this constant field in our vector eigenfunctions 
u, and find 


(4.6a) H = > H,u,(r), 
k=1 
[ H, = B,(8L)*/kx k odd, 
(4.6b) I 
| IE) k even. 


Combination of (4.5), (4.64), (2.8), (2.9), and (2.11) gives the following 
expansion coefficients for the field Bir): 


H: 


(4.7) By = 1+2°R (a) - 


>. « gt "hl | ro eal Al reer, r I PORN . = 
2 à ; € 
3 : 
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We substitute this together with (4.6b) into the expansion (2.9) and let Z go 
to infinity; the resulting law of field penetration for a general kernel A(g) 
becomes 

(4.8) Bia) = Eli | 


0 


sin (gx) 
dl 
a+ AK QN * 


This integral is easily evaluated for Æ,(q) and gives 


(49). - ARMES, = + 


This curve is shown in Fig. 1 for the special case ui = 0.1, i.e., a cor- 
relation length 10 times the London depth 2. For small depths x we get the 


0:5 


01 


0:05 


0-001 


2 7 6 8 10 2% 14 15 AUS Smet 20 


Fig. 1. — The law of field penetration. Ordinate: Magnetic field, in units of the field 
applied to the surface of the slab; abscissa: distance into the slab, in units of the 
London penetration depth 7. The three cases illustrated are: (a) The London kernel 
K(q) = 9°, leading to an exponential penetration. (b) The «diamagnetic » kernel 
K(q) = (9? + 2)", leading to a constant field in the interior of the specimen. (c) The 
«singular » kernel A(q) = [q(q + x)". leading to a penetration inversely proportional 
to the distance into the specimen, for large distances. The quantity was chosen 
to equal 1/104 in cases (b) and (c), i.e., the correlation length A = 104. 
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usual exponential penetration law; however, at large depths the field approaches 
a finite value, rather than zero. 

The corresponding integral for the kernel K,(g) can not be done in closed 
form in terms of tabulated functions (it involves exponential integrals of conı- 
plex arguments); however, if “2 <1 (ie., if the correlation length is much 
larger than the London depth), it is possible to find a good approximation 
(see Appendix II for the mathematics): 


B(x) Ri : lee Re 
(4.104) FREE cos [= r) Re sin (5 m2] 


exp [— x/À] + (ui/2x) F(x/2), 


(4.10b) Ele) = (1-Le)e-Æi(e) — (1 — 2) Ei(— 2), 


where the exponential integral functions are detined in JAHNKE and EMDE (°). 
The penetration law (4.10) is shown graphically in Fig. 1, again for wA = 0.1. 
The deviation from a simple exponential decay starts somewhat sooner than 
with the kernel K,(q); however, the most important difference is the behaviour 
for large x. The asymptotic expansions for the exponential integrals in (4.105) 


give 


(4.11) = —— for large x. 


That is, unlike the regular kernel (4.1), the kernel (4.2) does lead to a real 
expulsion of the magnetic field; as we go farther and farther into the material, 
the field becomes smaller and smaller and approaches zero like =. This is 
characteristic of all kernels with a q' singularity at q = 0. 

While a superconductor with a kernel of type K,(q) does expel a magnetic 
field completely, the penetration of the field into the superconductor is much 
deeper than in the London case. PIPPARD (>) defines a quantity which we shall 
call the «formal penetration depth » by 


(4.12) | SR: 


It is elear from (4.9) and (4.10) that this quantity diverges for the two kernels 
we have used. The same can be shown quite generally from (4.3) for any 
kernel K(q) which satisfies the rotating bucket condition (3.7). Thus Pippard’s . 
definition of the penetration depth is inapplicable to physical superconductors. 


(8) E. Jaunke and F. Empe: Tables of Functions (New York, 1943). 
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Experimentally, the static penetration depth is determined by a combi- 
nation of two measurements, the first of which measures the ratio of the penet- 
ration depths at two different temperatures, the second the difference between 
the same two quantities. The first measurement determines the magnetic 
susceptibility of very fine-grained colloidal suspensions of the superconducting 
material (%). The individual « grains » are supposed to be spheres of radius À 
much smaller than the London depth 2. It is immediately obvious that the 
behaviour of the kernel A(q) near q = 0 does not enter in such a measure- 
ment; our two standard kernels, (4.1) and (4.2), have been chosen so that 
they agree with the London kernel A(q) = q-? for values of q in the neigh- 
bourhood of 2-1. Hence there is no need to modify the conventional analysis 
of this experiment (2), unless the London form of the penetration law is changed 
radically even for values of x near À (values of g near 2-1). ‘The rotating bucket 
condition (3.7), which forms the main basis of this paper, is quite irrelevant. 

The second measurement involved in finding the static penetration depth 
consists in measuring the total magnetization of a superconducting cylinder, 
of radius R > 2. This is done in two ways: 1) a thin cylindrical rod is sud- 
denly removed from a magnetic field, and the change in flux is detected (1); 
2) two coils are wound on a cylindrical core of superconducting material, and 
the mutual inductance of the two coils is measured (11). In both cases only 
ditferences between the magnetization at two different temperatures can be 
determined accurately. 

We now derive a formula for the total magnetization of a cylinder when 
a magnetic field B, is applied to it, parallel to the cylinder axis. This formula 
differs from (3.4) because we no longer « polarize the neutrons » so as to cancel 
the Meissner field expulsion. Our base functions u, are again given by (3.1) 
and (3.2), and the expansion coefficients of a constant field are given by (3.3); 
however, this constant field, according to (4.5), must be interpreted as H, 
not B. We thus have 


2B,V% 


(4.13) HR eee 


Lh 


We combine this with the fundamental relation (2.11) and solve for the Fourier 
coefficient of the magnetization density, M,, to obtain 


(qi) Hi. 


4.14 M PL HER SE 
re j df 2+ K(qx)] ? 


(9) D. SHOENBERG: Proc. Roy. Soc. London, A 175, 49 (1940). 

19) M. DESIRANT and D. SHOENBERG: Proc. Phys. Soc. London, 60, 413 (1948). 
(1) E. LAURMAN and D. SHOENBERG: Proc. Roy. Soc. London, A 198, 560 (1949): 

H. B. G. Casimir: Physica, 7, 887 (1940). 
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where 


(4.15) dll 


Integration of the magnetization density over the volume of the eylinder 
then gives the following result for the total magnetic moment 


Gl, = nad BV RS > < K (dx Ne 
N, FARBE: K(qx)} 


or, for the magnetic moment per unit length of the cylinder 


(4.16) EN A ESS 


The evaluation of these sums is discussed in Appendix I; here we quote 
the results. If the magnetic field were expelled completely from the cylinder, 
the magnetization per unit length of the cylinder would be given by 


am, 


(4.17) > =— B,R?/4, 


L 


where B, is the field at the surface of the cylinder. Let 977 be the actual mag- 
netization, and define the «effective penetration depth» D by 


m 
(4.18) aan 0 Dr 


We assume that the radius À of the cylinder is much larger than D. The 
London kernel then gives the well-known result (?) 


(4.19) Dæ2 (LONDON), 

whereas the kernel K,(g) (modified diamagnet) gives 

(4.20) D = Al + tu2R)) 

and the singular kernel Æ,(q) leads to 

(4.21) D = [1 + Qui/x) In (R/A) — 0.369 uA — A/R]. 


Of the two ways of determining the total magnetization of a cylinder, the 
mutual inductance method (1) has been employed with cylinders of large 
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radius (of the order of 1 em), whereas the other method (©?) was used with 
much thinner eylinders. It is obvious that the correction to the London value 
is much bigger with Æ,(q) than with Æ,(q), the more so the larger the radius À 
of the specimen. (This is of course a direct consequence of the difference 
between the penetration laws (4.9) and (4.11) well inside the specimen). Since 
we want to study the effect of the correction to the London values, we shall 
use the results from the mutual inductance method for our comparison. 

3efore we can compare against experiment, we need to known the cor- 
relation length A = yw, at least by order of magnitude. We shall show in 
the next two sections that the Pippard effect can be used to estimate A for 
specimens of controlled amounts of impurity; the values of A so found are 
of the same order of magnitude as the mean free path of electrons in the 
normal (non-superconducting) state at the same temperature, i.e., between 
10-5 and 10cm. Since the correlation length increases as the material is 
purified, and care was taken in SHOENBERG’s experiment (1!) to work with 
high-purity specimens, we shall use the estimate À < 10-* cm. To the extent 
that this estimate might be too low, the following conclusions are still some- 
what doubtful. However, a correlation length of the order of 10-2 em would 
be needed to upset the conclusions below; this is very much larger than the 
qualitative estimates of the «coherence length » in superconductors made by 
PIPPARD and others. Since the point is of considerable importance for the 
theory of superconductivity, we suggest that the CASIMIR-SHOENBERG exper- 
iment (11) be redone with specimens of controlled amounts of impurity, such 
that the mean free path is of the order of 10-tcm or somewhat less. This 
should settle the matter beyond all doubt. 

Now to the conclusion, assuming that the correlation length is no longer 
than 10-% cm. With 2 of the order of 10-5 em and À of the order of 1 em, 
(4.20) leads to a huge correction (factor of 6) whereas (4.21) gives a 7 percent 
effect. Since the experimental value of D agrees reasonably well with the 
microwave determination by PIPPARD (*), we conclude that the «regular » 
kernel K,(q) is excluded by the data (subject to the qualifications in the pre- 
ceding paragraph). 

Although our calculations have been done with only two kernels, it can 
be seen qualitatively that the nature of the singularity (if any) of A(q) at 
q — 0 is the determining factor in the difference between (4.20) and (4.21). 
We conclude that superconductivity is characterized by a kernel K(q) with a qr! 
singularity at q=0. Thus a superconductor is not merely a particularly ef- 
fective diamagnet, but is qualitatively different from any diamagnetic sub- 
stance. 


E 
ze ee 
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5. — Generalization of the Second London Equation. 


Some of the most interesting measurements on superconductors have been 
carried out at microwave frequencies (?). The time-independent equation (1.1) 
or its generalization (2.11) are insufficient to discuss such measurements. 
LONDON postulated a second equation: 


Az}? Of, 


(5.1) E, 


e2 ot 


which relates the time rate of change of the supercurrent density j, to the 
electric field E. In addition, there is a normal current density j, which is given 
by Ohm’s law 


where o is the conductivity. The total current density is the sum 
(5.3) J = js + Ja: 


It is well known that the second London equation (5.1) can not be derived 
from (1.1). However, a partial derivation can be made which is sufficient for 
the discussion of microwave measurements. We assume that all relaxation 
times of interest are small compared to the time intervals involved in the 
experiments (i.e., to the period of the microwave oscillation). We are then 
allowed to differentiate the equilibrium equation (1.1) with respect to the 
time. This differentiation will not give us the complete relation (5.1) between 
the fields j. and E, but only its projection on to the space À of vector fields 
orthogonal to the potential-flow fields. In the case of singly connected vo- 
lumes (*) this projection is defined as follows: consider any divergence-free 
vector field w, 


(5.4) divw — 0. 
We define the projection & of w on to R by the relation 
(5.5) curli® = curlw 


(*) For multiply connected volumes, one has to postulate in addition that ww be 
orthogonal to the finite number of potential flows satisfying (5.6). 
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and the vanishing of its normal component at the surface N of the volume: 


(3.6) wo, =0. 


A . . 
To actually construct w from a given w one puts 


(827) w=w—eradp, 
where 
(5.8) Veoh 
and 

co 
5.9 a on 
2 en 2 


(5.8) and (5.9) determine qm and, therefore, w uniquely. In particular, if 
curlw = curlw = 0, the solution is w = 0. 

With this definition, we are going to derive from (1.1) by differentiation 
with respect to time the relation 


A 
Anh? Of, he Ë 


(5:1!) ee 


CR GT 


The projections of 7, and E on to the potential flow fields remain unlinked. 
The relation linking them in the London theory, 


E An Aa)? C(Js— 
(2-12) oe en 


is a new assumption over and above the first London equation and the as- 
sumption of small relaxation time (5.1') is, however, sufficient for the dis- 
cussion of microwave measurements. The derivation of (5.1') from (1.1) can 
easily be generalized to our modified equation (2.11); we then get a basis for 
the discussion of microwave measurements on our modified theory. The 
question of meaning and generalization of (5.1") will be dealt with in Sect. 7. 
Let us now take the time-derivative of (1.1). We get 
47? CT Oa} 


(5.10) — —— curl = — =— cewl £, 


[2 C ct 


or 


dow}? 3 rs 
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and, by definition, 


A 
A And Of, 

(5.12) cul 2 Z| 2 
C2 ct 


from which (5.1') follows. 
In the case of a singly-connected suerconductor into which no current 
is fed, we have for the supercurrent 


(5.13) (Js) sr — "0 
and for the Ohm’s current: 
(5.14) (ee 
We are assuming here separate conservation laws for j, and jn at the 
surface. 
Therefore 
(5.15) ven 


1 
HE 
SJ" 
also 
(5.16) E-H 


(5.1') is, therefore, adequate to describe any such set-up. 

In order to generalize the second London equation, we now rephrase the 
same argument in terms of an expansion in vector eigenfunctions. The set wy; 
equation (2.6), is a complete set, but is awkward for our present purpose 
because of the boundary condition (2.66). This boundary condition is approp- 
riate for an expansion of the magnetization density M, whose tangential com- 
ponent vanishes at the surface, but inappropriate for an expansion of the 
supercurrent density j,, whose normal component vanishes at the surface 
(unless there is another metal, e.g., a normal conductor, adjacent to the super- 
conductor, and charge transport occurs from one to the other; we shall exclude 
this case for the moment). Consider now the set of functions ©; defined by 


(7) Dy, = (9) eurlur. 


These functions correspond to the magnetic field in a cavity in which the 
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electric field pattern is given by the function u,. Applying the operators 
cul and curl curl to both sides of (5.17) and using (2.64) we get 


(5.174) u. (qe Curl 2, 
and 
(5.184) curl curl v, = gv, . 


Forming the divergence of both sides of (5.17) gives directly 
(5.18b) div, — 01 


Consider now a small closed curve C drawn on the surface of the volume J, 
and form the closed line integral |u. ds. According to (2.6) this integral 
vanishes. Using Stokes’ theorem, we get from (5.17) 


fueds = (gs) vem as EUR 


€ 


Since this must be true for all closed curves © on the surface, we conclude 
that 


(5.18c) HU, 04e on the surface. 


Finally, combination of (2.7), (2.64) and (2.64), together with the definition 
(5.27), give the result 


(5.184) [ee wear - Onn! . 


Thus the functions +, form an orthonormal set, all of whose members are 
eigenfunctions of the operator curl curl, are divergence-free, and have vanishing 
normal component at the surface. This set is complete in the space À defined 
above; it is normal to all potential flow fields. The latter statement is verified 
simply by computing 


(5.19) [ovrteraa Q) vv, = | dx div (gv,) “| dx div v1, = 


=| dSn-v.g Jar div v;= 0, 


where use has been made of (5.18b) and (5.18e). 
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The completeness in R can be proved from the completenes of the set u, 
in the following way: we wish to show that any # can be expanded in terms 
of the v,. Expand W— curlæ terms of the set w,: 


x - W. 
(5.20) W— curl = > Wrur = > — curl v;, . 
k k 


Gr 


Integrating term by term, which is permissible, we get an expansion for 
certain solution w of the equation curlw = W: 
Wi. 


(5.21) we) —r,. 
x 


The expansion (5.20) being convergent for any field of interest, (5.21) will 
even be uniformly convergent due to the additional factor 1/q¢,, and, there- 
fore, w is continuous. For the case of a rectangular box, these statements 
reduce to well-known theorems about Fourier series. 

Therefore 


(5.22) (w, ) 
which implies 

(5.23) w — À 

and this proves the completeness of the set v,. 


In terms of the set v,, the projection w of a vector field w can be cons- 
tructed as follows: 


(5.24) Ww — > wWyv x5 
with 
(5.25) Wy, =| dx v(x) -w(s). 


Now we can proceed to generalize (5.1'). We have 


and following the reasoning leading from (5.20) to (5.21), (5.23) we get 


(5.274) EE = Y Ev, 
k 
e 1 OB, 


ORT eu 
6.270) E, ae 
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& 


On the other hand, the series (2.8) converges uniformly and can be ditferen- 
tiated term by term. This gives 


(5.28) 0 CU M ===> egy be Oe 
k k 

We see that this field always belongs to the space À, and that, therefore, (2.1) 
must strictly read 
(5.29) 5 Saeed be 
This is another way of formulating the fact that a magnetization current can 
never lead to charge transport. 

(5.27) and (5.28) together with (2.11), now yield the required generalization 
Ore (DM) 


OF sx Cg : 
(5.30) a = ie K (qx); . 


6. — The Pippard Effect. 


In a very interesting series of papers, PIPPARD (#12?) has explored the sur- 
face impedance of superconductors at microwave frequencies. The surface 
impedance Z is proportional to the (complex) ratio of the component of E 
parallel to the surface, to the component of H parallel to the surface. We 
assign a time factor exp[imt] to all quantities; furthermore we treat again 
a slab of thickness Z and let Z go to infinity at the end; this is permitted 
because the field penetrates into the specimen only to a small distance, even 
if the specimen is not superconducting (skin effect); the two sides of the slab 


are given by w = 0 and « = L. Then the surface impedance is given by (1%) 
A wey 4a [ E, 
(6.1) Zen A | 
(a B, z=0 


In a superconductor obeying London’s equations, the surface impedance 
can be found simply (reference (?), page 85, equations (3) and (4)) and is 


Arc [a — 1\® . 4Arlo fa +1\? 
(6.24) pes TO EE TA 
ci 20° | Ge c 
(6.2b) æ =[1 + (A/6)4]?, 
(6.2¢) à = e/(daom)* = classical skin depth. 
(12) A. B. Preparp: Proc. Roy. Soc., A 191, 370, 400 (1947); A 203, 98, 195, 210 (1950). 


(1) EB. Maxwerz, P. M. Marcus and J. C. SLATER: Phys. Rev., 76, 1332 (1949). 
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The surface resistance R leads to energy dissipation, whereas the surface 
reactance X leads to a change in the resonance frequency of a resonant cavity 
into which a superconducting substance is introduced. If the penetration 
depth 2 is much smaller than the skin depth 6, the parameter x is close to 1 
and the reactance X gives a direct measure of À It is conventional to define 
the «inductive skin depth» 6, of the surface by the equation 


(6.3) 6; = @X/4am . 
We see that for A< 6 equations (6.2) and (6.3) lead to 
(6.4) 6;,>4 (London equation). 


For this reason it has become customary to refer to a measurement of the 
inductive skin depth in the superconducting state as a measurement of the 
superconducting penetration depth A. Experimentally (*) the quantity deter- 
mined directly is the difference between the inductive skin depth 6, in the 
superconducting and in the normal state, at the same temperature (the spe- 
cimen is made normal by superimposing a constant magnetic field larger than 
critical). By various indirect methods the inductive skin depth in the normal 
state is determined; this determination is complicated by the existence of the 
«anomalous skin effect » (4). The inductive skin depth ö, in the supercon- 
ducting state is then found by subtraction, and is the quantity of interest here. 

In his fundamental paper, PIPPARD (*) shows that this inductive skin depth 
is highly impurity dependent, in spite of the fact that the transition tem- 
perature of the specimen is almost independent of impurity content. He infers 
that this implies the existence of another characteristic length € in a ‘super- 
conductor, in addition to the penetration depth À (which he calls A,). PIPPARD 
suggests a modification of the London equations to include this additional 
length. 

Pippard’s equation can not be written in terms of our formalism, because 
he assumes « diffuse scattering » of his « superconducting electrons » at the sur- 
face of the specimen; in terms of our equation (2.10), this implies the existence 
of non diagonal terms &%. However, Pippard’s equation leads to an essen- 
tially exponential expulsion of the magnetic field from the superconducting | 
specimen, and therefore is inconsistent with a finite correlation length. It is 
of course possible that two separate modifications in the London equations 
are necessary: one to give a finite correlation length, and a second modific- 


(14) A. B. Preparp: Proc. Roy. oe, A191, 385 (1947); G. E. H. REUTER and 
E. H. SONDHEIMER: Proc. Roy. Soc., A 195, 336 (1948). 
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ation to yield the impurity dependence of the inductive skin depth of à 
superconductor at microwave frequencies. 

However, we now go on to show that the very same modification in the 
London equation which is required to yield a finite correlation length auto- 
matically implies a dependence of the inductive skin depth on the correlation 
length, and that this dependence is in the right direction and of the right 
order of magnitude to explain the Pippard effect if we assume that the cor- 
relation length in an impure specimen is of the same order of magnitude as 
the mean free path. 

For the slab of thickness Z, the functions v; are given by (5.7) and (4.3); 
v, has only a 2 component, given by 


(6.5) [ux(r)] = (2/L)? cos (kxx/L) bly 2 Bae 
The Maxwell equations are 
(6.6) ¢ curl E = —ioB, 
(6.7) ecurlB = 4n(j,+ jn) + iwek . 
In equation (6.7) we can neglect the displacement current (last term on 
the right side) and we integrate from x = 0 to x = x, to get 


(6.8) Bw) = B(0) + (Axle) | Liste’) + jale’)] der. 


We multiply both sides by w;(x), (4.3), and integrate from 2 — 0 to x = L. 
We also interchange the orders of integration over x and x’ to get [H, is de- 
fined by (4.6a)] 


(6.9) By = Hy + (4/c) {lis = (FLD [tie + jalte’)] du! 


By equation (6.8) the last integral in (6.9) is equal to (¢/z)[ B(L) — B(0)]. We 
assume that there is no field applied to the other side of the slab, and that 
the slab is thick enough so that the field applied at x = 0 effectively does 
not penetrate to æ = L, ie., L is much larger than the classical skin depth 
(6.2c). Then B(L) = 0, and we get, by combining terms, 


(6.10) By — CB) + rfo)ie _ (2/L)#B(O) + (Arce) Ga + fon) 


dx Ir 
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Next we use (5.2) and (5.17) to get 


: ; , io K(q. 
(6.11) nl 
daze }? 


Finally, we use the Maxwell equation (6.6) in the form 
(6.12) E, = — (tm/eqx) By 
and combine (6.10), (6.11) and (6.12) to get 


(6.13) re Nora LEE eo 
QU + AK (qe) + iO) >] | 


The electric field at depth wv is given by (5.15a) with E, defined by (6.12) and 


(6.13). We are interested in the value of the field at x = 0. Substitution 
of (6.5) and insertion into the definition (6.1) gives 


Z = (Szio/Le) [gz + (qld? K (qe) + 0] 
- 


Now we let Z approach infinity and replace the sum over k by an integral. 
The result for the surface impedance of the superconductor is 


oo 
Siw dq 


G Te + (q/A )2K(q) + id? 


(6.14) es es ee 


and the inductive skin depth 6; of the superconductor is, according to: (6.3), 


. r ees 


(6.15) NE 


It is an easy matter to check that the London kernel (2.12), inserted into 
(6.14) and (6.15), yields the results (6.2). The approximate result (6.4) is ob- 
tained by neglecting the quantity Ô-* in the denominator of (6.15). 

In the derivation of (6.15) we have used the law (5.2) for the « normal » 
current. As is well-known, this fails when the field varies over distances small 
compared to an electron mean free path (*). However, it is shown in Ap- 
pendix III that the correction for the anomalous skin effect produces entirely 
insignificant changes in the formula (6.15), and can hence be ignored. 

Although the integral (6.15) can be evaluated exactly for the kernel (5.1), 
the answer is too complicated to be very informative. We shall make the 
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assumptions (which are adequately satisfied in practice) that 
(6.16) À € À and À &Ô. 

In that case the kernel (4.1) gives the result 


20 


(6.17) ein 


whereas the kernel (4.2) gives (see Appendix II for the calculation) 


LEA Da REN Lo Sa 
(6.18) PR a sae In (AÔ LA Te] à 


We see that the inductive skin depth of the superconductor exceeds 2 by 
an amount which goes to zero as the correlation length A becomes very large. 
It is now necessary to make some kind of estimate of the correlation length. 
Without a microscopic theory of superconductivity this is difficult. However, 
in impure metals we feel it is reasonable to assume that A is proportional to, 
and not very much different from, the mean free path / of electrons in the 
normal state of the specimen. The argument for this is the following: the mean 
free path for electrons in the normal state is determined by the presence of 
foreign atoms in the lattice. Such foreign atoms may be expected to affect 
the «superconducting electrons » also. For example, if superconductivity is 
due to the formation of electron pair states which act like Bose-Einstein par- 
ticles (5), then such a pair would be broken up in a collision with an impurity 
atom in the lattice. The break-up of such a pair state presumably destroys 
momentum correlations associated with the presence of such states, and hence 
we expect the correlation length A to be of the same order of magnitude as 
the mean free path for normal electrons. We shall therefore assume that A 
is a constant times J, the constant being expected to be within an order of 
magnitude of 1. 

Whereas this assumption is reasonable for impure specimens, it carries 
little conviction for pure specimens. There the mean free path of the normal 
electrons is determined by collisions with lattice vibrations rather than with 
impurity atoms. Without a microscopic theory of superconductivity, there is 
no convincing reason to believe that the superconducting particles suffer similar 
collisions. Hence not much weight can be put on the curve which we shall 
obtain in the region corresponding to the very pure specimens. It is fortunate 
that the-experimental uncertainties are also worst in that same region. 


(15) M. R. Scuarkotu: Phys. Rev., 96, 1442 (1954). 
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With the assumption A ~/ we have an immediate qualitative explanation 
of the Pippard effect. PipparD observed an increase in the inductive skin 
depth 6; by roughly a factor 2 as the mean free path / is shortened (by ad- 
dition of impurities) to about 10-5 cm. If we deduce / from the 0, of the very 
pure specimens, À is of the order of 5:10°% em. In order to get an etlect of 
this order of magnitude from equation (6.17) or (6.18), the value of the cor- 
relation length A needed is a few times 10° cm, which is indeed quite com- 
parable to the mean free path / of conduction electrons in the normal state 
of the specimen. 

We emphasize that this order-of-magnitude agreement has been obtained 
without adding new parameters to the theory. The necessity for a correlation 
length A follows from purely theoretical arguments (*°) having nothing to do 
with the Pippard effect, and in fact the application to the Pippard effect was 
recognized by us only 


later on. + 
For a more detailed 
comparison we assume „11h 
precise  proportionality = \ 
between A and J, i.e., a el 
Le] 
= 
S gb 
(6.19) Ae gb, à 
= 
S 8 
where g is a constant. w 5 
r Des =‘ 
Let us see what formulas 2 7} trs 
(6.17) and (6.18) predict , Kılg) Ca ees 
concerning the dependen- = 67 
ce of 6; on the mean free & E 
path 1. Since the classical $ °) % 
2 
S 4p 
n 
ly 
Fig. 2. - The Pippard Ef- > al 
fect. Ordinate: Inductive € | 
skin depth in the supercon- 2 2 
ducting state, in 10-5cm. ~ 
Abscissa: Mean free path / rat 
of the electrons in the nor- 
mal state of the specimen, < à f ‘ , 
also in 10-°cm. The points & ie Ay En oT wa et 
represent Pippard’s measur- MEAN FREE PATH (10cm) 


ed values, the two theor- 

etical curves correspond to the « diamagnetic » kernel K,(q) and the «singular » kernel 

K,(q), respectively. The «singular» kernel gives a somewhat better fit to the data, 
but the difference is probably not significant. 
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skin depth 6 is proportional to I-!, we get 6;— A proportional to -? from (6.17), 
proportional to /-! from (6.18). In the latter case, the argument of the loga- 
rithm is independent of /, and the last term in the bracket is a small correction. 

In Fig. 2 we have plotted the experimental data of PIPPARD together with 
some theoretical curves. The agreement is better with formula (6.18), Le., 
the singular kernel K,(q). This is of course to be expected: we have already 
seen, in Sect. 4, that kernel K,(q) is inconsistent with other experiments unless 
the correlation length A is considerably in excess of 107% cm for pure spe- 
cimens. Although the Pippard effect measurements concern mostly impure 
specimens, they tend to support shorter values for the correlation length. 
It is reasonable, therefore, that the same kernel, K,(g), which gives consistent 
results for the static measurements, also gives a better fit to the microwave 
measurements of PIPPARD. 

A more detailed study of the integral (6.15), given in Appendix II, shows 
that the region of q important for the Pippard effect is q~ A, not q~ 0. 
Thus the Pippard effect can be used to find an estimate for the correlation 
length A, but can not be used by itself to decide whether A(q) approaches a 
finite limit as g — 0, or has a q7! behaviour there. This is also the reason why 
formulas (6.17) and (6.18) give roughly the same estimate for A. 

On the other hand, the Pippard effect, by providing us with an estimate 
of A, does constitute one essential link in the chain of reasoning used in 
Sect. 4 to exclude the regular kernel Æ,(q) in favour of the singular kernel K,(q). 

We call attention to the fact that both formulas (6.17) and (6.18) lead to 
a frequeney-dependent inductive skin depth 6, in the superconducting state, 
through the dependence on the classical skin depth 6, (6.2c). PIPPARD (?) 
gives an argument, based on the Kramers-Kronig relation, to show that 6, 
is very nearly equal to the « formal » penetration depth (4.12) at zero frequency. 
In our theory the formal penetration depth is infinite, whereas 0, is finite and 
frequency dependent. 

Although it will be of interest to look for a frequency dependence of 6, 
experimentally, we would like to stress that the detailed frequency dependences 
of equation (6.17) and (6.18) depend not merely, indeed not even mainly, upon 
the behaviour of the kernel A(g) near q = 0, but are affected by the behaviour 
of K(q) for much larger values of q, including even values comparable to 1-1, 
the inverse of the London depth. Thus changes in the kernel for large values 
of q, with which we are not concerned in this paper, may very well alter the 
details of formulas (6.17) and (6.18), both as regards frequency dependence 
and temperature dependence. Hence experiments to test the ideas proposed 
in this paper should be carried out at zero frequency, not in the microwave 
region. 

In concluding this section, we emphasize that our interpretation of the 
Pippard effect, if correct, automatically validates our use of the rotating bucket 
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theorem for superconductivity. The main question in using the rotating buckett 
theorem is the actual size of the correlation length, in particular whether the 
correlation length is smaller than the size of the usually employed specimens. 
From the Pippard effect we get an order of magnitude for the correlation length 
which is indeed small enough compared to usual laboratory dimensions to 
make the rotating bucket condition meaningful. 


7. — Charge Transport and Persistent Currents in Rings. 


LONDON (1?) first suggested that the apparently vanishing electrical resis- 
tance of superconducting segments of a circuit and the persistent currents 
in superconducting rings can be understood by reference to the Meissner effect, 
as essentially diamagnetic currents. This « diamagnetie approach to super- 
conductivity » has since been generally adopted with only occasional exceptions. 

We shall now show that the diamagnetic approach to superconducting charge 
transport depends upon the implicit assumption of an infinite correlation 
length. 

We start with a purely formal argument: if any mathematical meaning 
is to be attached to the statement that supercurrents are of diamagnetic origin, 
it surely is that the supercurrent density j, can be expressed as the curl of 
a magnetization vector M ï.e., our equation (2.1). We assert that any current 
density of this form fails to lead to charge transport across a complete cross- 
section of the material. The proof is straightforward: consider a volume V 
of superconducting material (for example a superconducting wire segment or 
a superconducting ring); let S be a surface which cuts through this volume, 
so that it intersects the surface of the superconductor in a closed curve C 
(for example, S may be a cross-section through the wire, C the boundary of 
this cross-section). Let us compute the rate at which charge is transported 
across the cut. We get 


(7.1) de/dt =finas = ef (eum M)-ndS= [was — (0% 
E ; 


Ss 


The last integral vanishes because the magnetization vector M is normal to 
the surface of the specimen; if this condition is violated, it means true mathe- 
matical surface currents, which would again not be « diamagnetic », and would 
be contrary to the spirit of the London approach. 

If one were to describe a current distribution with non-vanishing charge 
transport as if it were a diamagnetic current, the resultant magnetization 
density M would either violate the boundary condition at the surface of the 
specimen, or M would become singular somewhere inside the superconducting 
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volume V, or both. Thus the London argument from the Meissner field expul- 
sion (which is representable in terms of an acceptable magnetization density M) 
to the superconducting charge transport phenomena is by no means obvious, 
and is in fact linked to the particular form which LONDON assumes for his 
electrodynamic equations. 

Let us understand the physical reason for the difficulty we have encountered. 
The standard proof of the relation (2.1) between the magnetization and the 
diamagnetic current density, as given for example in Vol. II of ABRAHAM 
and BECKER (1), assumes that the diamagnetic currents are small ring currents 
of the kind envisaged by AMPERE. It is intuitively obvious that a sum of 
small rings currents can never give a net charge transport across a complete 
cross-section of the specimen, simply because each individual ring current 
fails to do so. 

The crucial word here is «small» ring currents. Let us now assume that. 
the ring current can become large, indeed as large as the whole cross-section 
in question. Let us start with a disc shaped superconductor, in which a ring 
current is induced which travels parallel to the outer edge of the disc, within 
a small distance from that edge. This ring current is supposed to shield the 
inside of the disc, so that there is no magnetic field inside. We can then ima- 
gine that we cut out a portion from the centre of the disc, thereby making a 
superconducting ring, without changing anything essential to the problem — the 
magnetic field and the currents are both zero in the part we have just cut out. 
This, we believe, is qualitatively the basis of LONDON’s success in relating the 
currents in superconducting rings to the diamagnetic currents in the Meissner 
effect. 

If this interpretation is correct, then LONDON’s success is crucially de- 
pendent on the existence of macroscopic diamagnetic currents, i.e., current 
loops which are as large as the whole cross-section of the specimen; ordinary 
amperian current loops, which are supposed to be of microscopic dimensions, 
‘an never lead to such a result. Indeed LONDON himself recognized this point 
.and talked in terms of «macroscopic quantum states». In our terminology, 
the correlation between diamagnetic currents and superconducting charge 
transport depends crucially upon the assumption of an infinite (as large as 
the specimen) correlation length A. If the correlation length is finite and much 
smaller than the size of the specimen, macroscopic ring currents are impos- 
sible except as superpositions of microscopic ring currents, and we have shown 
that superposition. of microscopic ring currents can never give charge transport. 

Thus the « diamagnetic approach to superconductivity » is inconsistent with 
a finite correlation length: The currents which occur in the Meissner effect 


(16) Theorie der Elektrizität, Band II (Leipzig, 1933), see paragraph 21. 
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are indeed of diamagnetic type, but currents of a different type are needed 
to explain charge transport phenomena, and the conclusion from the Meissner 
effect to the frictionless charge transport is invalid for any system with a 
finite correlation length, i.e., for any actual physical system. 

The same conclusion was reached independently by CASIMIR (5) who says: 
«If London’s equation would only hold in cells of the order of for instance 
10”! em, ... the existence of persisting currents would remain unexplained ». 
We are in full agreement with this remark. 

Let us now show the same thing in terms of the mathematical formalism 
which we have developed in earlier sections. The nearest we could get to a 
general relation between the current and the electric field was equation (5.30), 
which connects the «projections » E and dj,/dt. We recall that these « pro- 
jections » were on to the incomplete set of vector eigenfunctions v,(r) defined 
by 5.17). In the discussion of this set, we remarked that the additional 
functions necessary to complete it are the « potential flow » fields in the volume. 
These are just the vector fields which give rise to non-vanishing charge trans- 
port. Equation (5.30) says nothing at all about precisely these crucial com- 
ponents. 

We may attempt to get around this difficulty by a « continuity » argument 
as follows. The eigenvalues gy, form a set which gets denser and denser as 
the volume is increased. We have assumed all along that the values of the 
kernel K(q,) evaluated at the eigenvalues q, define a continuous function K(q) 
of the real variable g. Let us now assume that relation (5.30) should be extra- 
polated straightforwardly to the limit g, — 0, thereby giving relations for the 
charge transport components (which indeed correspond to q, = 0). This yields 


2 (care) Tim [ee K (DIE à 
where j, and E, are the coefficients of j, and E with respect to one of the 
hitherto omitted vector base functions with q —0. We believe that this 
« continuity » argument is equivalent to the assumption of a «localized » re- 
lation between dj./dt and the electric field E, but we have not succeeded in 
proving this equivalence mathematically in the 3-dimensional case. The rela- 
tionship between «localizability » of the kernel in x-space and continuity at 
gx = 0 in k-space is well-known in one dimension, however. 

We now see that equation (7.2) is crucially different for the London 
kernel K(q) = q~ and all the kernels which we have considered, and which 
diverge no more strongly than q'. The London kernel extrapolates naturally 
to the relation 


(7.3) djs/dt = (c/4x2?)EÆ, (LONDON), 
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which asserts that zero electric field inside the superconductor, i.e, H = 0, 
implies no change in the charge-transporting current j,., but electric fields 
induced, say, by changing magnetic fields, will alter this current. 

On the other hand, all kernels which satisfy the rotating bucket condition 
(3.7) extrapolate naturally to the relation 


(7.4) dd = 10 (Finite correlation length). 


At first sight this appears to imply unchanging charge transporting super- 
currents; but it also implies that such currents can never be set up! For 
example, consider a ring placed between the poles of a magnet, and then cooled 
down below the superconducting transition temperature, thereby obtaining a 
Meissner effect. As long as the ring remains in its initial position, j, — 0 both 
in the London theory and in our present approach. Now remove the ring 
from between the poles of the magnet. In the London ease, the electric field 
produced by the change in flux sets up a charge transporting ring current 
through equation (7.3), in such a way as to counteract and in fact completely 
cancel the change in flux. No such thing is implied by equation (7.4). What- 
ever currents may be set up by the changing flux are purely ohmic in cha- 
racter and die away; supercurrents are never set up in this way if equation 
(7.4) holds. 

At first sight, this is a contradiction to the experimental fact that super- 
currents are indeed set up by just such an experiment. However, we recall . 
how equation (5.30), and hence (7.2) and (7.4), were derived. We took the 
equilibrium equation (2.11) and differentiated both sides with respect to time. 
This is valid for quasi-equilibrium processes only, i.e., for processes which 
proceed slowly compared to all relevant relaxation times of the system. Since 
we get into a contradiction by this procedure, we are forced to conclude that 
the « persistent » currents in superconducting rings must be understood as relax- 
ation phenomena, 1.e., that they are not «really persistent» but eventually die 
away. 

This conclusion makes it more difficult to construct a microscopic theory 
of superconductivity. No longer is it sufficient to find a microscopic theory 
of the Meissner effect, but it is also necessary to construct a separate theory 
of the quasi-persistent currents in rings and the other charge transport pheno- 
mena associated with superconductivity. Since the Meissner effect, unlike the 
quasi-persistent currents, is an equilibrium phenomenon, it is logical to look 
for an explanation of that effect first. 

This situation is very similar to the one for liquid helium; there, also, it 
was believed until recently that the superflow is truly reversible, i.e., an equi- 
librium phenomenon, so that an explanation of the thermodynamic properties 
of liquid helium (the A-transition) would automatically yield the superfluid 
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properties as well. Recently it has been shown (#17) that the superflow can 
not be truly reversible in a system with finite correlation length, and in par- 
ticular can not be truly reversible for liquid helium. Hence, even after the 
nature of the /-transition is understood, it is still necessary to make a separate 
theory of the superfluid properties. It is only natural that the finite corre- 
lation length should lead to entirely similar consequences for superconductivity. 


Although a phenomenological approach of the kind used here can not lead directly 
to a microscopic understanding of such tremendously long relaxation times, there is 
one point worth emphasizing on the basis of even a phenomenological approach (*). 
At least part of this long relaxation time is almost surely a consequence of the nearly 
complete expulsion of the magnetic field from a superconductor. For example, con- 
sider a superconducting slab of thickness L. If a constant magnetic field H, is applied 
to both sides of the slab, we get a Meissner effect, so that the field at the centre of the 
slab is very much smaller than H,. With H, the same on both sides, there is no net 
eurrent in the slab. Now suppose that we reverse the sign of the magnetie field on 
one side of the slab but not on the other. The Maxwell equation (6.8) then implies 
that there exists a net charge transport parallel to the slab. In an ordinary diamagnet, 
this charge transport is by means of an ohmie current, and the magnetic field quickly 
collapses unless an electric field is applied so as to maintain the ohmie current. The 
magnetic field distribution inside a diamagnet under the two conditions (equal field on 
both sides, equal and opposite fields on both sides) is shown schematically in Fig. 3a 


> X 


a) h) 


Fig. 3. — Magnetic field-inside a diamagnetic slab. (a) The same field applied to both 
sides of the slab; (b) Equal and opposite fields applied to the two sides of the slab. 


and 3b. We see that these magnetic fields are very different from each other. Now, 
on the other hand, suppose the same is done with our superconducting slab. The 
magnetic field distributions inside the superconductor are shown schematically in Fig. 4a 
and 4b. Since we assume a finite correlation length, the «information » from one side 
of the slab cannot get directly to the other side, but must travel by means of the con- 
ditions at intermediate points. Near the centre of the slab, the magnetic field is very 


(17) S. T. BUTLER and J. M. Buarr: Phys. Rev., 100, 495 (1955). 
(*) A very similar argument was communicated to us by Dr. G. Kuper (private 
communication). 
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small anyway, in Fig. 4a as well as in Fig. 4b (where it is actually zero). It is reasonable 
to suppose, therefore, that the rate of transmission of information from one side of 
the slab to the other is cut down, compared to a diamagnet, by a factor of the order 
of the ratio of the magnetic field at the centre of the slab (in the Meissner case) to: 
the magnetic field applied outside. According to equation (4.11), this ratio is 


B(L/2) 4u)? 


B,* 


1 
Qt 
= 


Reasonable orders of magnitude might be: À ~ 105 em, y! ~ 10-3 em, L = 10-1 em: 
this gives a factor of the order of 10*% to lengthen the effective relaxation time. 


b) 


Fig. 4. — Magnetic field inside a superconducting slab. (a) The same field applied to 
both sides of the slab; (b) Equal and opposite fields applied to the two sides of the slab, 


Of course, such a factor is by no means enough to account for the observed per- 
sistence of ring currents; but it should certainly be a help in the construction of a 
future microscopic theory of superconductivity that a factor of this order of magnitude 
is almost surely there, as a result of electromagnetic effects, so that the specific « intrinsic » 
relaxation time does not need to be quite as large as one would have supposed otherwise. 

The same qualitative reasoning also suggests that it would be worth while to 
investigate the persistence of ring currents in very thin superconductors, i.e., to cut 
down on the «slab thickness » Z, and in impure rather than very pure superconductors. 
to cut down on the correlation length Az u. 


Beyond this the phenomenological approach cannot go. Furthermore, we 
believe that it will not be possible to use the conventional methods of non- 
equilibrium statistical mechanics, i.e., the Boltzmann transport equation, to 
understand the very long relaxation times involved in superfluid helium and 
in. quasi-persistent superconducting ring currents. It is very likely that a 
new, more general approach to non-equilibrium quantum statistical mechanics 
is required before these problems can be treated effectively. On the other 
hand, the equilibrium properties (Meissner effect in superconductors and 
A-transition in liquid helium) should be understandable within the present 
framework of equilibrium statistical mechanics, and the construction of such 
microscopic theories is obviously the next step. 
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APPENDIX I 


Mathematies of Fourier-Bessel Expansion. 


In Sections 3 and 4 we encountered sums of the type 


oo 


Ces} Si => Ge.) 
k=1 
where G(z) is some known function which is regular for real positive 2, and 2, 
is the k-th positive zero of the Bessel function J,(z). We now describe a ge- 
neral method for handling such sums, which is a slight generalization of the 
method used by Watson (18) to derive the expansion of J,(z) as an infinite 
product. 
Consider the function J,(z)/J,(z). The poles of this function are the zeros 
of J,(z), i.e., the numbers z,, and a residue at each pole is — 1, since J,(2) 
is the negative derivative of J,(z). Since a e by assumption regular for 
real positive +, the poles of the function G(e)(e)/J(2) along the positive real 
z-axis are again the numbers %, and the nn at Re poles are equal to 
— G(z,). Thus if we take a contour 
integral along the contour indicated 


ly + 
in Fig. 5, we obtain the result 
2 G@(2)J (2) 
T.2 ies Br En, pe ch 
(2) 4 (2701) i Te) c ae 
c 
+ 32; I oe > X 


At this stage, we are in a position 
to use all the methods possible in 
transforming contour integrals. For 
example, if the value of @(z) on a 
semi-circle far out is sufficiently small, 
we can transform the contour into the Fig. 5. — Paths for contour integration 
contour C’ shown in Fig. 5; we then in the complex z-plane. The real numbers 
get one contribution. from the little z,, 2, ... are the zeroes of the Bessel 
semi-circle around z = 0, and another function J,(2). 


(5) G. N. Warson: Theory of Bessel Functions (Cambridge, 1948). 
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contribution from the integral over the imaginary axis. The latter contri- 
bution vanishes if @(— iy) = @(iy). 

As an example, consider the case G(z) = 27%, i.e., the sum which appears 
in (3.5). The contour C can be transformed to 0’, the only contribution comes 
from the little semi-circle around + = 0, and we get 


x | : ‘ A) 1 
1.3 S = —-—|resid Ê - 2 DIS 
(1.3) À 5 [res ue oO TC) a | 1 
By the same method, we get 
2 1 J (2 1 
T.4 = - [residue of abe — 0 — : 
(F4) > sfr ee z4J9(z) | 32 


The expression (4.16) for the magnetization per unit length of a cylinder 
of radius R leads to the integral 


‘ M " K(/R)  di() 
— =— B, —_— 
(1.5) 7, „R(2ri)- ir ze GJR) AJ) 
The London kernel K(q) = q? gives rise to poles at 2 = +iR/1; these 


two poles together with the pole at zero give the only contribution to the 
integral if the contour is transformed into C’ in Fig. 5. The result is 

1.6) = I 
a La a BA 


m B,R? ee 2À 
9 4 


Ti 
o(R/2)|° 


where J,(z) is the Bessel function of imaginary argument, as defined in 
WATSON (38). For R > A, the usual case, the ratio of the two Bessel functions 
approaches 1, and we get the usual London result (4.19). 

The «diamagnetic» kernel K,(q) = (q?+?)-! gives rise to poles at 
2 = +1iokR where 


He o =[1 + (ua) =[1 + AAP}. 


These two poles together with the pole at 2 = 0 again give the whole result, 
which is 


(1.8) 


N TER 21 (0h) 
LR 4 1+ (wa)? oR I,(oR)| 


The approximate result (4.20) is obtained by assuming wi <1, i.e., a cor- 

relation length Aæyu! much larger than the London depth À, and also. 

oR = R/A>1, i.e., a cylinder of radius much larger than the London depth. 
The kernel Æ,(q) substitute into (1.5) gives 


M B,R? 
(1.9 a) Bee 7 Cr 
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where 


(I.95) = 


Aud? (I,(Rx/A) de 
TR } L(Rx/2) (1— x)? + (ude)? x ~ 
0 

er order to evaluate this integral approximately, we note that the ratio. 

y)/Io(y) is essentially unity for large y, i.e., over most of the range of in- 
over æ. We therefore break the range into two parts, Ra/A < 3 and 
Rxz/A> 3. In the lower range, we can replace the quantity (1— #)?+ (uAx)? 
by 1, and are left with the integral 


3 


"Li(y) 
1.10 dy = 1.186. 
June i 


In the region y = Rxr/A> 3, the following approximation is sufficient 
(better than 3 percent): 


Ty) 
(1.11) ale (Dy) Ue 
L(y 
Substitution into (I.9b) leads to elementary integrals, which are then further 


simplified by using the fact that ui <1 and the lower limit of integration, 
% = 3A/R, is also much less than 1. The result is 


’ Ae 1 da 
1.12 1 -) —— ~ 
| Il ra (== x) Eux) x 
3AR 
TT il TT ng 
~ Bi In (32/R) — Bi 6 oe 


Formula (4.21) then follows by noticing that, to the accuracy of our approx- 
imations, the X in (1.9) and the effective penetration depth D in (4.18) are 
related by 


(1.13) X=2D/R. 


APPENDIX II 


Evaluation of Some Integrals. 


The kernel K,(q) —[q(q+u)f* leads to rather awkward integrals, two of 
which are heel below. A third integral, (1.5), has been done in Ap- 
pendix I. 


The law of field penetration, (4.8), becomes 
len q + u) exp [ige] 


(1.1) Horus 


dq 
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We swing the contour around to coincide with the positive imaginary axis 
in the q-plane; letting q = ty, we get 


oo 


B(x) 2u | exp [— vy] 
( 


= © - dy. 
B, aa) — 2-4)? + (ay 


(11.2) 


Interpreting this as the real part of a complex integral, we now swing the 
contour in the y-plane to coincide with the positive imaginary y-axis; there 
is a pole of the integrand at the position y, given by 


(11.3) Gp = Ah | A (he) 


where the square root of yı is in the first quadrant. The quantity (uA)?= (A/A)? 
is by assumption small (correlation length A much larger than London depth A) 
and we are justified in neglecting terms of this order of magnitude compared 
to 1, provided that they do not have large numerical coefficients. It is easily 
seen that the numerical coefficients are indeed less than 1 for the cases of 
interest to us. We then get, approximately 


(11.4) Ay A+ thu. 


Making corresponding simplifications for the residue at this pole, we get, with 
the notation y = + ig’ - 


exp [-—— 2/2] + 


2 BIG) 1 de ea ial 
(II.5) Bo = [cos (5 pe) er wa sin (5 pe) 


Qu | sin (qx) ‘ 
en MN digit 
Gehe 2) — (ug} 7 

0 


Consistent with our approximation so far, we can now neglect the term 
(uq')? in the denominator; the largest relative error occurs for = A, and 
the fractional error at this point equals ($4), which is negligible. The re- 
sulting integral can be recovered by differentiation with respect to o? of the 
well-known integral 


sin (g' a) 


Re , dg’ = (20) (exp [— ox] Ei(ox) — exp [ + ox] Bi(— ox)) , 


(IL.6) [ 


where the exponential integral functions oceurring here are defined in JAHNKE 
and EMDE (°). The result is equation (4.10). 

We now turn to the integral for the inductive skin depth at microwave 
frequencies (Pippard effect), formula (6.15). Using the notation 


(11.7) a yl SNA ee Eu, 
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w 


we obtain 


(IL.8) AL 


This is in principle an elementary integral, but the straigthforward evaluation 
is too complicated to be worth while. Instead we make use of the fact that 
both « and # are small compared to 1. We divide the range of integration 
into two regions. In region i, small x, we can neglect x? compared to w/(2+x); 
in region ii, large 7, we can ignore the P* in the denominator. Let x, be the 
dividing point between these two regions. We determine the optimum value 
of x, by the condition that the fractional error made in the two regions is 
the same for æ —#x,. This leads to the equation 


2a 


(11.9) ete BE 


which we solve approximately under the assumption +, <x to get 


(11.10) am ($a34)F . 


1 


The relative error made at this point is of the order of (555) which is quite 
small enough. The error in the integral (II.8) is of course even smaller, since 
this is the worst point. 

From here on the evaluation is straightforward; we simplify the results 
by ignoring terms which contribute less than 1 percent, under the assumptions 
»<4t, B< 4. This gives the following contributions 


Region i: (2/z)[a#, + a In (x./«b?)] 
Region ii: 1— 3«2/8 — (2/x)[æ, + x In (x,) + $a]. 


. 
When we add these results, the quantity v, drops out, showing that the pre- 
cise value of the breaking point between the two regions is unimportant and 
therefore justifying a posteriori our appropriate solution of (11.9). The final 
result is 


(11.11) - = 1 — (2a/x)[In (aß?) + 4] — 3028 , 


which is formula (6.18) of the text, except for notation. 

We have spent some time going into the details of this evaluation, because 
a physical point is involved here as well. In region ii, large >, we ignored the 
quantity 64 in the denominator of (II.8). This quantity ß, according to (11.7), 
involves the classical skin depth 6. We conclude that the classical skin effect 
enters into the calculation of the Pippard effect only for small values of «= 44, 


53 - Il Nuovo Cimento. 
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i.e. for values of q less than 
(11.12) Mr Til A = (22/2103) ® 


For larger values of g, the classical skin effect can be ignored altogether. 
In the limit of a London superconductor, A — co, q, approaches 0 and the 
microwave inductive skin depth is a direct measure of the London depth A, 
independent of the classical skin depth 6 in the normal state of the specimen. 


APPENDIX III 


The Reuter-Sondheimer Correction to the Pippard Effect. 


It is well-known (#1) that the classical theory of the skin effect fails when 
the classically computed skin depth 6 becomes comparable to the mean free 
path / of the electrons in the specimen. Since the classical skin depth 6 enters 
into our calculation of the Pippard effect, and for Pippard’s specimens Ô is 
quite comparable to /, we must investigate the importance of this correction. 
We shall first give a physical argument why the correction is unimportant, 
and shall then indicate briefly how the formula (6.15) for the microwave in- 
ductive skin depth of a superconductor would be changed by this correction. 

At the end of Appendix II, we pointed out that the classical skin effect 
is important only for low values of the integration variable g, namely q less 
than q, formula (IT.12). Qualitatively, q;* is therefore the smallest distance 
over which we need to consider the classical skin effect. Phenomena which 
are associated with faster distance variations are not influenced significantly 
by the skin effect. 

On the other hand, the Reuther-Sondheimer correction is important only 
for effects which vary rapidly with distance. Hence if the non-dimensional 
quantity qi is smaller than or comparable to unity, the Reuther-Sondheimer 
correction may be expected to be unimportant: in the region ¢< q,, where 
the skin effect matters, it is given correctly by the classical expressions; in 
the region q > 4 the skin effect doesn’t matter anyway, and hence a cor- 
rection to it matters even less. 

A typical «impure» specimen of Pippard has, order of magnitude wise: 
A—5:10-°em, I~10%em, 6~5:10 em, A~2-10 cm. This gives 
4 ~2:10-*em and gl~ 0.05. The corresponding numbers for a typical 
«pure» specimen would be: 2—=5:10-6cm, !~10-* em, -d0~ 2-10- em, 
A~2:10-4cem. This gives q-!'~10-4cm and hence gl—1. Since there is 
no appreciable Pippard effect anyway for the pure specimens, we see that 
the Reuter-Sondheimer correction is unimportant for our purposes. 

In order to make this argument more mathematical, let us now turn to 
the modifications which the Reuter-Sondheimer correction introduces into the 
analysis of Sections 5 and 6. REUTER and SONDHEIMER (!*) consider two pos- 
sibilities, « specular reflection » and « diffuse reflection » of the electrons at the 
boundary of the specimen. Since there is no significant qualitative differences 
between these two cases. we choose the one that is easier to work with, namely 
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the specular reflection. This has the advantage that the operators remain 
diagonal in our representation in terms of vector eigenfunctions v,. The only 
change is in the relation between normal current Jn and electric field E; the 
classical relation (5.2) gives, after expansion of both fields in eigenfunctions v,: 


(111.1) lobe, 
whereas the Reuter-Sondheimer formalism leads to 
(111.2) Ine = o(Qr)Er ; 
where 


3 [1 + (ql)*] arctg (ql) — ql 
> (al): 


For small values of q, gl <1, (III.3) reduces to o(g) =o, and hence 
(111.2) becomes equivalent to (IIL.1), as expected. 

By following through the analysis of Sect. 6 leading to equation (6.15), 
we see that the only change is the replacement of the term 6-4 in the deno- 
minator by [0-2S(ql)|?. That is, formula (6.15) becomes 


(111.3) at): == GS (GU) 


oo 


ie Pa g + (4/2)? K(q) 
de a) Le + GARAGE + Lo =S(a 
0 
In «region ii» of Appendix II, i.e., q large, the term 6~! in (6.15) was so small 
that it could be ignored compared to the rest of the denominator. Since S(ql) 
decreases with increasing q, this term is now even smaller and can hence be 
ignored even more thoroughly. 

We have estimated the boundary q between «region i» and «region ii » 
for the particular kernel Æ,(q), which is also the type of kernel which we be- 
lieve represents a superconductor correctly. A very similar estimate can be 
made for the kernel K,(q). 


RIASSUNTO (*) 


La richiesta di una lunghezza di correlazione finita esclude le equazioni convenzio- 
nali di London per i superconduttori. Si propongono e si diseutono altre equazioni. 
Alcune delle conseguenze sono: 1) un campo magnetico non si pud espellere comple- 
tamente da un superconduttore; il campo. a grande profondita x, & proporzionale 
a x} anzichè affievolirsi esponenzialmente. 2) L'effetto Pippard segue come conse- 
guenza naturale dalle equazioni gia proposte. 3) La correlazione di London tra l’espul- 
sione del campo di Meissner e le correnti persistenti negli anelli superconduttori dipende 
da una lunghezza di correlazione infinita e deve pertanto essere abbandonata; le cor- 
renti anulari « persistenti » debbono essere interpretate come fenomeni di rilassamento. 
La spiegazione della vita enormemente lunga non & possibile nel quadro di un attacco 
puramente fenomenologico del problema, e resta uno dei compiti di una futura teoria 
inicroscopica della superconduttivita. 


(*) Traduzione a cura della Redazione. 
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High Energy Nuclear Interactions 
in Lead by Cosmic Ray Protons at 3500 m. 
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Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 12 Luglio 1956) 


Summary. — A multiplate cloud chamber, triggered by G.M. counters, 
has been operated at 3500 metres a.s.l. to collect high energy nuclear 
interactions in lead by cosmic ray protons. A study is made of the de- 
velopment of the nuclear cascade in lead. The angular distribution of the 
secondary interacting particles, the characteristies of the successive inter- 
actions of the cascade, the mean free path for nuclear interaction of the 
secondary ionizing particles have been analyzed. For the shower par- 
ticles produced in high energy interactions (by protons of mean energy 
50 GeV) similar to the jets of nuclear emulsions, the mean free path is 
found to be geometrical. Associated with the 786 interactions seen in 
the chamber, 15 V° and 3 V— particles have been observed. The distri- 
bution of the angles between the production plane and the decay plane 
of the V® is given. 


In previous researches (1?) we have studied, by means of a multiplate cloud 
chamber operated at random, some aspects of cosmic radiation at 3500 m. 
In the present experiment some of those questions have been further inves- 
tigated, in a higher energy region, using at the same altitude the same cloud 
chamber triggered by G.M. counters. The study refers in particular to the 
development of the nuclear cascade in lead, the mean free path for nuclear 
interaction of secondary ionizing particles and the production of V° particles. 


(4) A. Lovarı, A. Mura, G. TAGLIAFERRI and S. TERRANI: Nuovo Cimento, 9, 
946 (1952). 

(2) A. Lovarı, A. Mura, C. Succr and G. TAGLIAFERRI: Nuovo Oimento, 12, 526 
(1954). 
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While the energy region of the nuclear interactions analyzed in (*) and in (?) 
was of a few GeV, the one of the present experiment ranges from a few GeV 
to a few tens GeV. 


1. — Experimental. 

The chamber, of useful dimensions 60 X 50 x 15 cm, contained 5 lead plates, 
each 18gem 2? thick. The chamber was expanded whenever a coincidence 
occurred between one and only one counter of a tray of ten above the chamber 
and at least two of another tray of ten counters below. The latter were shel- 
tered with lead to avoid triggering by u-mesons accompanied by knock-on 
electrons. 

From 10000 photographs we have chosen the 786 ones containing at least 
one nuclear interaction in lead produced by an unnaccompanied ionizing pri- 
mary. Since the material above the chamber (top of the chamber, thermo- 
static box and roof of the laboratory) was only 5g cm, it may be assumed 
that practically all the interactions selected are produced by protons. The 
selection of the counters and the thickness of the plates provide a strong bias 
against the observation of interactions with 0, 1 and 2 penetrating particles; on 
the contrary the events with electronic component or associated with some other 
interactions are lightly favoured. Some of the 786 «primary » interactions 
were associated with one or more «secondary » interactions in lead or with 
stars or decay events in gas. In Table I all the events developped in lead 
have been classified according to the different types of association observed. 


TABLE I. — Classification of the events developped in lead. 
(I means primary interaction, Il secondary interaction, etc.). 


| | I I I I I | | 
| Type of event | II 1.0 Lie, shiek | Total | 
| | In In | 
| No. of events 655 109 18 2 2 786. 01 
| No. of interactions 655 218 54 6 8 941 


In Table II the interactions occurred in the upper four plates of the chamber 
have been distributed according to the number of penetrating shower particles 
(p.s.p.) (). This distribution may give a rough indication of the energy range 


(2) Penetrating shower particle (p.s.p.) has been defined the penetrating particle 
which could be seen to ionize near the minimum-(< twice the minimum) before and after 
crossing the plate just close te the one where the interaction took place. The corres- 
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of the interactions. According to DEUTSCHMANN ({), for instance, a 10 GeV 
proton produces a nuclear interaction in lead with a mean multiplicity of 
3-4 p.s.p., while a 30 GeV proton gives interactions with mean multiplicity 5-7. 


TABLE II. — Distribution of the nuclear interactions in lead according to the number of p.s.p. 


- ou: 

| No. of p.s.p. per inter- 1 3 e x RR N 

| action 0 ! 2 2 4 3) 6 i, 28 Total 

| Primary interactions: 

| No. of interactions TS VOL OST AN OCR ee On oC reel 679 

| 

| No. of p.s.p. 0 81 202 432 384 385 276 252 189 2201 

| x 3 . 7 Ex Ex = we | 

| Secondary interactions: 

| No. of interactions 62-16 10 6 9 0 1 0 0 104 
No. of p.s.p. ROM 20k 180236 0 6 0 Oval 96 


2. — Development of the Nuclear Cascade in Lead. 


Links between primary and secondary interactions. — Nuclear cascades in 
lead were observed in 131 photographs (see Table I). In these photographs 
the total number of secondary interactions is 151. These secondary inter- 
actions were thought to be associated to the primary ones either because an 
ionizing link was observed (68 cases) or because the position and age of the 
secondary interaction indicated a probable, but not identified, link with the 
primary one. In 31 cases it was possible to attribute the probable link between 
primary and secondary interaction to a neutral particle. In the remaining 
52 cases, since the primary event developped with many p.s.p. and (or) with 
rich electronic cascades, any attempt to recognize the link failed. 


Angular distribution of the links. — The angular distribution of the p.s.p. 
produced in primary interactions, with respect to the direction of the incident 
proton, has been determined in order to have some information on the di- 
rection of the cascade development. In Fig. 1 the hystograms (a) and (b) 
show the angular distribution of the p.s.p. produced in the primary inter- 
actions which are associated with a secondary interaction: (a) and (b) refer 
respectively to the p.s.p. that produce a secondary interaction and to the 
other p.s.p. Hystogram (c) shows the distribution of the neutral links. The 


ponding energies for protons and z-mesons are at least 270 and 60 MeV respectively. 
Lightly ionizing particles that connect two interactions in two adjacent plates are also 
considered as p.s.p. 

(*) M. DEUTSCHManN: Zeits. f. Naturf., 9a, 477 (1954). 
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distributions (a) and (ce) appear very similar. The fact that the angular dis- 
tribution of the interaction-producing particles is much narrower than that 
of the non interacting p.s.p. indicates that the particles produced in the core 
of the disintegrations, with higher energy, produce more secondary interactions. 
In consequence the nuclear cascade develops mainly in the forward direction. 


Characteristics of the primary and secondary interactions. — From the ana- 
lysis of the photographs, primary interactions (produced by protons) and 
secondary interactions (produced by r- 
mesons and nucleons) look very similar. 
However the mean multiplicity of p.s.p. 
(see Table II) is very different: 3.2 
and 0.9 respectively. The primary in- 
teractions have also a higher yield of 
electronic component. 


A more direct comparison is shown 
in Table III, where the cascades are 
distributed according to the total 
numbers of p.s.p.+7° of the primary 
and secondary interaction (5). The 
mean multiplicity of p.s.p.+7° of the N(6) 
primary and secondary interactions of 
the cascade is 5.5 and 1.2 respectively. 


Fig. 1. — Angular distribution N(0) of the 
particles produced in the primary inter- 
actions associated with secondary interac- 
tions: (a) p.s.p. that produce secondary in- 
teractions, (b) p.s.p. that do not produce 
secondary interactions, (c) neutral links 
between primary and secondary interactions. The angles 4 shown in the hystogram are 
the projected angles between the direction of the incident proton and that of the 
particle considered. 


(5) As to the number of r°-mesons, interactions with one or two electron showers, 
each of these with at least two particles emerging from the plate just close to the one 
in which the interaction took place, were said to have one 7°-meson; interactions with 
three or four electron showers were said to have two r°-mesons; etc. In the present 
experimental conditions the minimum energy required for a 7°-mesons in order to be 
detected is of the order of 300 MeV. 
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Tagze III. — Distribution of the nuclear cascades according to the numbers of p.s.p.+r° 
of the primary and secondary interaction. 


No. of Primary interactions ‚Secondary interactions 

En T° | A 2 à & total no. of total no. of 

per interaction ONE BRON EME 6 27 interact. | p.s.p.+7° 

| | 

| | 0 IO" "Of EN) A 60 | ages 2 
Secondary | 1 TOTEN 1 1 | 11 11 
inter- 2 OL D'ERREUR 0) 1 3 | 11 22 

actions | 3 Ce NS EE AU LAN dE | 9 2 eee 

| 4 0 oe Oty) a. take ee? CS PRET 

5 EI a a ee | 7 REN, 

| | (104) (121) | 


total no. 
| of inter- | 0 1 JET LS kOe aud Saeco (91) | 
Primary |actions (*) | | 
| inter- nn nn en —— 
| actions [total no. of 0 1 18 35 52 80 108 207 (502) 


| ps.sp.+7° 


(*) The numbers of interactions quoted in this row do not correspond to the sum of the 
numbers of the columns above, due to the fact that some of the primary interactions are 
associated with two secondary interactions. | 


3. — Mean Free Path for Nuclear Interaction of the Penetrating Shower Particles. 


The apparent mean free path (m.f.p.) for nuclear interaction in lead of the 
p.s.p. produced in the primary interactions has been determined and found 
to be 780 ge cm, with an error of about 10%. This value is close to the one 
obtained in an early experiment ($f) and corresponds to a true m.f.p. nearly 
geometric. 

In order to obtain a rough estimate of the variation of the m.f.p. with 
the multiplicity of the primary interaction—observed by DULLER and WAL- 
KER (7) for production of penetrating showers in lead—the ratio of the number 
of interaction-producing ionizing particles to the total number of p.s.p. pro- 
duced in primary interactions has been evaluated for different groups of 
multiplicities. Roughly the same value was found (5.6, 5.3 and 4.6% for 
multiplicities of 2-3, 4-5 and >6 p.s.p. respectively). This result does not 
support the idea that the m.f.p. for nuclear interaction of the p.s.p. decreases. 
at high values of multiplicity of the primary event. 


I 
—_ 


(*) A. Lovati, A. Mura, C. Succr and G. TAGLIAFERRI: Nuovo Cimento, 8, 2 
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Since high multiplicity of the primary interaction does not always imply 
high energy of the p.s.p., we have evaluated the m.f.p. of the p.s.p. for events 
with high energy primary and high multiplicity of p.s.p. These events were 
selected among the primary interactions with > 5 p.s.p., requiring the angle 
containing one half of the p.s.p. produced in the collision to be less than 15°. 
We have found 30 such events. From the spacial reconstruction of the events, 
we have calculated the mean energy of the incident proton following the method 
of Duller and Walker (7). In Fig. 2 the characteristic plot of the method 
FJ(—F) versus tg@ is shown. The 
experimental points seem to fit well N 
with a straight line, thus confirming the 
hypotheses of the method (in particular AN 
the single nucleon-nucleon collision). The 26 
mean energy of the incident proton was | 
found to be about 50 GeV with an error 10 — 
of 10%. The hypothesis of a single colli- dels 
sion seems to be confirmed by the fact Pie 
that the mean multiplicity of evaporation 


tracks of this group of interactions re- a 
sults to be only 1.5 against 4.2 found “ld 
for the other interactions with > 5 p.s.p. ole 
The high number of shower particles, 

their narrow angular distribution and the zn 
low multiplicity of heavily ionizing part- al 


icles are roughly the conditions required 


for a shower seen in emulsion to be clas- — 
sified as a jet. The mean free path for 
nuclear interaction of the p.s.p. of high 
multiplicity and high energy interactions 


Fig. 2. - F plot of the angular distri- 
bution of the p.s.p. of the events of 
high energy selected according to the 
criteria described in Sect. 3 (mean 
metric (the apparent m.f.p. was 800 g cm? energy of the interactions about 
of lead with an error of about 20%). The 50 GeV). F is the fraction of part- 
icles that are emitted within the angle 
§ in the laboratory system: 9 is the 
angle between the direction of the 
incident proton and that of the p.s.p. 
shower particles of jets (®). produced in the interaction. 


under study has been found to be nearly geo- 


result of the present analysis is therefore 
in good agreement with the conclusions 
obtained with nuclear emulsions for the 


(7) N. M. Duzer and W. D. WALKER: Phys. Rev., 93, 215 (1954). 
(8) U. HABER-ScHAIm, F. T. Hoane, L. Scarsr and M. TEUCHER: Suppl. Nuovo 
Cimento, 12. 472 (1954). 
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4. — V°-Particles. 


Associated with the 786 primary interactions in lead we have found 15 V° 
and 3 V* decays. In one case, shown in Fig. 3, the production of one V° and 
one V* has been observed. 

The ratio of the number of V° particles to the total number of p.s.p. pro- 
duced in primary interactions is 0.7%, in close agreement with the uncorrected 
value reported by GAYTHER and BUTLER (*). Following the method of Po- 
DOLANSKI (1) we have been able to identify 4 A° and 6 6°. In the remaining 
cases the identification failed. 

As known, the distribution of the angles between the production plane and 
the decay plane is of great interest for the determination of the spin of the 
V° particles. The analysis of the V° events has given in the present research 
an experimental distribution practically isotropic (5, 4 and 6 events in the 
regions 09-309, 309-609 and 600-900). Previous data have been reported by 
GAITHER and BUTLER (?) for 42 cases and by DEUTSCHMANN et al. (11) for 
34 ones. 
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We are indebted to the Directors of the Laboratorio della Testa Grigia 
(Professors BALLARIO and FIDECARO) for granting us laboratory facilities and 
to Drs. DE PETRIS and Riva for their help in the analysis of the photographs. 
We are particularly grateful to Mr. NICOLAI for valuable assistance in running 
the apparatus. 

Financial helps have been provided by the Istituto di Scienze Fisiche (with 
the contribution of the Amici dell’Istituto and of the A.N.I.D.E.L.) and by 
the I.N.F.N., Sezione di Milano. 


() D. B. Gaytuer and ©. C. Butter: Phil. Mag. 46, 467 (1955). 
(1%) J. PODOLANSKI and R. ARMENTEROS: Phil. Mag., 45, 13 (1954). 

(44) M. DEUTSCHMANN, M. COrestı, W. D. B. GREENING. L. GUERRIERO, A. Loria 
and G. Zaco: Nuovo Cimento, 3, 566 (1956). 
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RIASSUNTO 


Con una camera di Wilson a lastre di piombo sono state raccolte fotografie di 
interazioni nucleari di alta energia prodotte da protoni della radiazione cosmica à 
3500 metri. Vengono studiati diversi aspetti della cascata nucleare in piombo: in parti- 
colare la distribuzione angolare delle particelle interagenti, le caratteristiche delle inte- 
razioni successive ed il libero cammino medio per interazione nucleare dei secondari 
ionizzanti. Per le particelle di sciame prodotte nelle interazioni pit energiche (da pro- 
toni di energia media intorno ai 50 GeV) simili ai jets delle emulsioni nucleari, il cam- 
mino medio libero é risultato quello geometrico. Associate alle 786 interazioni in piombo 
rivelate nella camera si sono osservate 15 particelle VP e 3 V+. Viene data la distri- 
buzione degli angoli tra il piano di produzione ed il piano di decadimento delle V°. 
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Decay Characteristics and Masses 
of Positive K Mesons Produced by the Bevatron. 


R. W. BIRGE, D. H. PERKINS, J. R. PETERSON 
D. H. STORK and M. N. WHITEHEAD 


University of California, Radiation Laboratory - Berkeley, California 


(ricevuto il 14 Luglio 1956) 


Summary. — A large emulsion stack exposed to the positive K beam 
at the Berkeley 6 GeV Bevatron has been used to measure the mass of 
the K-particles and their abundances. The masses for the decay modes 
Ka, K-, and 7 were obtained by measurement of the mean range of the 
secondaries. In addition, masses for all modes compared to the proton 
mass were measured by the range-momentum method. The abundances 
were determined by following and blob-counting secondaries. The data are: 


Abundan 


Type ces | Primary Mass | Mass from 

tee oF | (m,) Secondary Range (m,) 
| | | | 
PAST | 556404 | 966.3 + 2.1 966.1 + 0:7 | 

A 2.15 + 0.47 | 967.7 + 4 = 

or 58.2 +30 | 967.2 4.2.2 965.8 + 2.4 

Ke 284 E871)» I 966.728. 9.0 962.8 + 1.8 

Ru es 28809 969 5 = 

Res 3.28 2.1.30 967 8 ken) 


1. — Introduction. 


In previous communications (1) we have reported on measurements of the 
masses of positive K-mesons by use of the strong-focusing spectrometer of 
the Berkeley Bevatron. The decay modes of a few of the K,’s were identified 

() R. W. BIRGE, J. R. PETERSON, D. H. StorK and M. N. WHITEHEAD: Phys. Rev., 


100, 430 (1955); R. W. BIRGE, R. P. Happvock, L. T. KERTH, J. R. PETERSON, J. SAND- 
WEISS, D. H. Srork and M. N. WHITEHEAD: Pisa Conference Report (1955). 
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by blob-counting the secondaries a few centimeters from the decay point. 
The masses of these identified K’s were then measured by the range-momentum 
method. 

It soon became obvious that any mass difference between the various types 
of K-mesons was so small as to be detectable only by more precise measure- 
ments on identified particles. At the same time the small mass differences 
became of increasing interest as evidence indicated that the K=,(0*) and the 
7-meson could not have the same spin and parity configuration (2). This result 
indicated that they must either be different particles or be genetically related, 
as in the cascade scheme (*), wherein either particle might be the decay 
product of the other. In the latter scheme a range-momentum-type measu- 
rement would give the mass of the parent particle only. The half life of the 
daughter particle is presumed to be so short as to be undetectable. 

From the range measurements of the secondaries from each of the modes 
K 
of the possible « daughter » particle in the cascade scheme. In following and 


Kon x, we have calculated the Q’s of the decays, and therefore the mass 


blob-counting the decay secondaries we have also obtained the relative abun- 
dance of the various modes of decay and the decay spectra of the three-body 
modes involving a single charged secondary, viz. K,,, K,,, and 7’. The details 
of the range-momentum method of measuring the masses of the primary 
K-particles are to be published separately (4). The analysis of the --decays 
obtained in this work has been described previously (). 

The ranges of the secondaries from K,, and K_, particles, the identification 
of the decay modes, the relative abundances, and the significance of the mass 
measurements are discussed here. These data are compared with those given 


by other experimenters. 


2..- General Method. 


21. Exposure. — A nuclear emulsion stack of 95 pellicles, each of thickness 
600 um and area 9 by 17.5 inches, was exposed at the Bevatron to a K-meson 
beam produced in a copper target at 90° to the primary 6.2 GeV protons. 
Details of the strong-focusing spectrometer used to form the K beam have 


(2) R. Dauirz: Proceedings of the Fifth Annual Rochester Conference (New York, 
1956). 

(3) S. B. Treiman and H. W. Wyı», Jr.: Phys. Rev., 99. 1039 (1955); T. D. LEE 
and J. OREAR: Phys. Rev., 100, 932 (1955). 

(4) J. R. Peterson: The Masses of Identified Positive Heavy Mesons (Thesis), 
UCRL-3368, April 1956. 

(5) R. P. Happock: Nwovo Cimento, 4, 240 (1956); also Analysis of One Hundred 
Bevatron ~+ Particles, UCRL-3284, Feb. 1956. 
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been given elsewhere (11), but the general features are as follows. A strong- 
focusing quadrupole magnetic lens forms an image of the target in the stack, of 
at a point about 1 foot behind a bending magnet that serves to separate particles 
different momenta (see Fig. 1). 

STRONG - FOCUSING SPECTROMETER The momentum resolution of 

the system is determined by the 
TARGET magnification of the lens sys- 
tem and dispersion of the bend- 


| RR 
EMULSION STAC. 


WT TTT 
WLLL 


N N 


N 


VERTICAL SECTION OUADRUPOLE Vacuum ing magnet. In our experiment, 
FOCUSING (MAGNETS 7 JUDO this resolution was + 1.2% in 
ANALYZING N X : 
MAGNET \ momentum, which, when com- 
HORIZONTAL TARGET 


bined with the K-meson range 
ft straggling, resulted in a stan- 
j dard deviation of +19 m, in 


SECTION 


the determination of the mass 

of a single K-particle by range- 

momentum measurements. The 

Fig. 1.— Diagram of strong-focusing spectrometer. average proper time of flight 
was 1.4-1078 $. 

22. Scanning. — A swath was scanned in each emulsion just beyond the 
proton range and perpendicular to the beam direction. Each track of appro- 
priate grain density and direction was followed to its end. Observation of 
one or more tracks of secondary particles at the end point identified the primary 
as a heavy meson. The distribution in range of such primary particles shows 
a sharp peak; that of particles with no observed decay is more diffuse but 
also shows a distinct peak at the same range. The areas under the peaks indi- 
cate that about 15% of the secondaries of K-particles escaped detection. 
See Appendix A for discussion of the effect of this loss on relative abundances. 

The heavy mesons thus found were classified by the scanners as 7’s or 
K-particles with light or dark secondary tracks. The subjective category 
« dark » includes roughly all secondary tracks of ionization greater than twice 
the minimum value. 


2°3. Identification of Secondaries. 


1) Systematic following. — The track of each decay secondary was 
followed if its direction indicated that it had 21 cm of emulsion path available. 
In this way it was possible not only to follow to rest secondaries from the 
K,, mode, but also to obtain an unbiased sampling of the decay modes. The 
secondary particles to be distinguished were the x* from K_,-decay, (R=range 


~ 12 cm); u* from K,,, (R & 21cm); r* from alternative decay of the 7, 


. TABLE I. — Path length of non-stopped particles obtained from systematic following 
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Events Secondary 

identified Range 
Ky (em) 
1 6 
? 6 
3 6 
4 7 
5 1 
6 7 
i 9 
Ss 9 
9 9 
10 9 
hl 10 
12 10 
13 10 
14 11 
15 11 
16 1] 
17 | 11 
IS | 11 
19 | 12 
20 12 
21 | 12 
22 | 13 
23 13 
A 14 
25 14 
36.“ 15 
27 19 
Nos 16 
29 17 
30 17 
31 Ley 
OP 17 
33 17 
34 18 
35 19 
36 19 
37 19 
“52.88 20 
39 20 
40 21 


star in flight 
out of stack 


od 


Type 
of ending 


Scseoccoeooooot+ooooSot++omseottimomeottiecotooott 


Secondary 


Events Type 
identified Range of ending 
Keo (em) | 
1 1 * 
2 2 * 
3 ALES > 
4 4 * 
5 5 § 
6 6 * 
7 6.5 + 
8 7 0 
9 7 * 
10 g * 
11 EES 0 
+ = lost 
§ = stopped following 


[= 
| 
| 
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(RS xz 17 cm, assuming 
the decay mode K, > u*+7°+v) 

Of course not all tracks could be followed to the ends of their ranges, 
because some of the z-mesons interacted in ‚flieht, some tracks of all varieties 
were lost out of the stack by accumulated Coulomb scattering, and a few very 
flat tracks were lost between pellicles. All secondary tracks not stopped were 
blob-counted as far along the track as possible, and are listed in Table I. 

For tracks not stopped, the separation of the remaining modes was based 
on the blob count and on the following arguments. The relative yield of K’s 
decaying into the three-body modes such as the K,, and K,, is about 6% (*), 
and in addition only a fraction of their secondary energies are high enough 
to be confused in this analysis with a K,, or K_, secondary. Hence, tracks 
satisfying the ionization criterion for K_, secondaries when leaving the stack 
have been listed as r’s even though they might have been u’s from K,, decay. 

Only four secondaries were classified as K_, in this manner, and therefore 
it is unlikely that one could have been a u. Secondaries making a star in flight 
are also listed as m’s from K_, decay, having been separated from 7’ secondaries 


= 3.8 cm); e* from K,,; and the u* from K,,, (R 


may 


on the basis of blob count. 

The forty tracks leaving the stack at nearly minimum ionization have 
been called u’s from K,,. All had path lengths in the stack greater than 6 cm. 
Of these, 25 had path lengths less than 14cm. We estimate that about 1% 
of these could be LS from K,,, and the only other alternative, the e*, should 
have been easily recognized after 6 cm by its characteristic energy loss and 
associated scattering. Considerable attention was given to the possibility of 
the incorrect identification of those secondaries that left the stack at 6 to 
9 em, which could have been high-energy electrons rather than u-mesons from 


TABLE IL. — Numbers of particles identified by systematic following of secondaries. 
Secondaries 
Brig ec m Ka Ra 
Stars | 
Ending eae Stars | Not | Total 
in stack | in flight | stopped | 
Kos 20 0 40 60 
A | 
Ke 20 | 7 4 31 | 
Kus 2 0 0 2 | 
| IS 2 0 0 2 
| r’ 2 0 0 2 
97 


(*) See Sect. 8. 
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K,,-decay. The data indicate that the possibility of such misinterpretation 
is remote. 

The number of events in each category obtained from the systematie fol- 
lowing of secondaries as described above is shown in Table II. 

Three additional K_, secondaries were stopped out of a group of 75 se- 
condaries described in Sect. 3°1. 


2) Blob-Counting of Secondaries. 


a) Introduction. — The proportion of K,-particles that could be 
identified by following the secondary particles was only of the order of 2.5%, 
and it was felt desirable to attempt the identification of further K-particles 
by other methods. Information regarding the velocity of emission of the se- 
condary particles can be obtained by measurement of the track density close 
to the point of decay. It is known, from the foregoing results, that of those 
secondaries of 6 > 0.7, corresponding to values of the specific ionization below 
1.3 times the minimum value, the great majority (~ 87%) result from the K,, 
and K_, modes of decay. In both cases, the secondary is monoenergetic, the 
ratio of the values of specific ionization being J_,/I,,~ 1.15. If the statistical 
fluctuations associated with the measurement of track density can be made 
sufficiently small, the secondaries may be resolved into one or other category 
with fairly high efficiency. 

In order to specify the ionization of a secondary particle, it was decided 
to measure the blob density in the tracks. The blob density is the number, 
per unit track length, of clearly resolved grains or clusters of grains, and is 
also therefore the total number of visible gaps per unit length. Blob counting 
is particularly suited to tracks produced by particles of ionization close to 
the minimum value, and has the advantages of rapidity of measurement and 
minimum subjective errors. 


b) Calibration. — In order that the measured blob density b may 
be interpreted in terms of the ionization of the particle, it is necessary to refer 
it to that of the track of a particle of known ionization, occurring in the same 
region of the emulsion. The momentum of the particles entering the stack 
was ~ 360 MeV/c. Pions of this momentum have a range of 35 em of emul- 
sion. In order to calibrate the emulsions, it was convenient to make blob 
counts on the tracks of these pions at a depth of 7 cm into the stack, i.e., at 
about the same depth as the end points of the K-particle tracks. At this depth, 
the pions, with a residual range of the order of 28 em, have practically the 
same velocity—and hence tracks of the same blob density—as the K,, se- 
condaries. For convenience, the mean blob density in the track of these pions 
or of the K,, secondaries will be called the standard blob density and denoted 
by bo. 
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The emulsion stack was developed in several batches, each batch containing 
12 consecutive emulsion sheets. All emulsions in a given batch were processed 
simultaneously under identical conditions. Counts were made on pion tracks 
in each emulsion of the development batches used for the blob-count measu- 
rements. The blob densities at different emulsion depths were recorded, and 
hence the variation of development with depth was obtained. Within the 
statistical errors of the observations, this depth dependence appeared to be 
much the same in the different emulsions, and the depth variation assumed 
in the subsequent analysis was that obtained by combining the data from all 
the emulsions calibrated. It was found that the blob density varied trough 
the emulsion depth by some + 6% about the mean value. Relative to this 
mean value, that at any particular depth was determined within a statistical 
error of + 1%. 


The fluctuations of development between individual emulsions of a given 
batch were next investigated. These fluctuations comprise not only variations. 
in sensitivity and degree of development from one emulsion to another, but 
also variations over the surface area of a particular emulsion. In each emul- 
sion, d, was found within a statistical error of 2.5%, and internal fluctuations. 
of b, between emulsions in a particular batch were consistent with this value. 
If real variations within such a batch existed, they were undetectable and 
cannot have been greater than 1%. 

In the absence of such fluctuations, the value of b, for a particular emulsion 

‚as assumed to be equal to the mean value of b, for the batch. As the ana- 
lysis proceeded, more K,, secondaries were identified by tracing them to rest, 
and counts were made on the tracks of these particles in order to check the 
values of b, obtained from the pion tracks. The secondaries were traced from 
emulsion to emulsion in a batch, for distances up to ~ 3 em from the origin, 
small corrections being applied to take account of the effect of slowing down. 
In Table III, the values of b, are given for four development batches in which 
both types of calibration were employed; the data from the pions and from 
K,,, secondaries are displayed separately. The two sets of data are in fair 


TABLE III. — Values of by for four development batches. 
Calibration pions K,,, secondaries 
Batch |) EMISSION Po = - _— Mean 
No. No. No. No. by 
by bo 
| blobs | blobs 
PN m > die | 
| | 
2 15 — 27 13 307 151.5 + 1.3 10711 151.3 + 1.5 151.4 
2 28-36 | 6453 161.3 + 2 8023 | 154.4 +2 157.5 
5 50-60 | 10686 158.0 + 1.5 5 722 161.3 +2 159.6 
6 61-66 | 6 496 174 +2 5 297 178 +2.5 176.0 
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agreement, and the mean, shown in the last column, is the final value of b, 
‘adopted for a particular batch. The statistical error on this value of b, is of 
the order of 1%, and the variations of b, between different development batches 
greatly exceed this figure. This can presumably be aceounted for by the fact 
that the various batches were processed at different times and in some cases 
were made up from different manufacturer’s batches of emulsion. The pro- 
cessing procedure was as nearly as possible the same for the different deve- 
lopment batches. 


c) Blob counts of K secondaries. During the scanning of 
the emulsion stack, the approximate angles of dip of the K secondaries 
were recorded. From the events observed in the development batches pre- 
viously calibrated, those K secondaries were selected which had recorded dip 
angles less than 22°, corresponding to projected track lengths J, > 1.5 mm 
per emulsion. Blob counts were made on these, totaling 183 tracks. It is 
convenient to group the tracks into two categories as follows. 

Class A consists of secondaries of {, < 5mm. The track was followed from 
the point of decay, and blob-counted along its entire length in the next emul- 
sion. If necessary further counts were made in succeeding emulsions, until at 
least 600 blobs were obtained. For the track densities and lengths in this 
category, counts had in practice to be made in one, two, or three emulsions. 
Since the tracks are approximately rectilinear, the blob densities found in 
this way are practically independent of the variation of development with 
depth. The blob density was calculated from the total number of blobs and 
true track length calculated from /, and assuming an emulsion thickness of 
600 um. The average number of blobs counted on Class A tracks was 855. 

Class B contains the remaining secondaries, of 1, > 5 mm. It will be clear 
that, for very flat tracks, the total angle of multiple scattering may become 
comparable with the initial angle of dip. Flat tracks are therefore not even 
approximately rectilinear, and the mean blob density taken over the entire 
length is dependent on the depth variation. The procedure adopted for Class B 
tracks was to count at least 700 blobs, either in the emulsion containing the 
point of decay, if the track length in this emulsion was sufficient, or in the 
next emulsion if it was not. Counting near the top surfaces of the emulsions 
was avoided, since there the depth variation was most rapid. The required 
number of blobs was obtained in practice over a length of about 5 mm, and 
in this interval, as for Class A tracks, the path of the secondary was assumed 
to be rectilinear. The depths in the emulsion of the end points of the count 
were determined, and from the measured blob density and the standard value 
b, appropriate to the mean track depth and development batch, the ratio 
b* — b/b, was calculated. The average number of blobs on Class B tracks 
was 750. 
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d) Total distribution. — The distribution in the values of b* 
so obtained is shown in Fig. 2. In addition, the secondaries were divided into 


three groups: Class A secondaries 
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the emulsion stack 


of length 1.5<7,<3 mm (dip 
angle 22°>9> 11°); the remaining 
Class A secondaries of 3<l,< 5mm 
(dip angle 11° > 0 > 6°); and Class 
B secondaries of 1, > 5 mm and 
0 < 6°. The mean values of b* 
+ for the three histograms 
1.03 + .01; 1.05 + .01; and 
1.04 + .01 respectively. Thus, 
within the limits of dip angle con- 
sidered (0° to 22°), systematic er- 
rors in b* arising from possible 
change in the blob-count con- 
vention with angle of dip appear 
to be of the order of 1% or less. 
This result is in strong contrast 
with that of BARKAS, HECKMANN 
and SMITH (°), who obtain a 10% 
increase in blob density as 9 in- 
creases from 0° to 16°. A compar- 
ison of the histograms for Class A 
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tracks and for Class B tracks also indicates that systematic errors in the assumed 
variation of blob density with depth in the emulsion are equally negligible. 


Included in the histogram shown in Fig. 2, 


the values of b* for a few second- 
aries that were identified indepen- 
dently by following them to rest. 
In order to obtain results of greater 
statistical weight some of the K,, 
secondaries so identified were also 
blob-counted in emulsions 
(the K,, calibration tracks described 
above), and the resulting distribution 


several 


is shown separately in Fig. 3. The 
average of blobs. counted 
for each point in Fig. 2 was 815; 
in Fig. 3, 825. 
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The standard deviation of the histogram in Fig. 3 is ~ 4%. The curves 
in Fig. 2 show the expected Gaussian distributions in b* for 180 tracks, for 
an assumed standard deviation of 4%, a mean value of b* for the tracks of 
K_, secondaries of 1.145, and a ratio of the frequencies of the two modes of 
decay Nx/Nx., of 2.0. For this choice of parameters, the observed and 
expected distributions are in good agreement. It will be seen that the expected 
number of u secondaries of b* > 1.07 is about equal to the expected number 
of x secondaries of b* < 1.07. The observed ratio of numbers of events of b* 
less than and greater than 1.07, excluding identified K_,,’s, in 118/62 =1.90--0.30. 


3. — Relative Abundances of the Various Modes of Decay. 


In computing the relative abundances of the various modes of decay, it 
must be borne in mind that the samples used change with the manner in 
which the secondaries are identified. For example, a blob count at the decay 
point does not distinguish between the K,, and the K,, modes, or between 
a K_, secondary and a u secondary of energy ~ 80 MeV from the K,, mode. 

The data from which the final abundances are derived are displayed in 
Table IV. For each mode of decay, the actual number of events found, and the 
correct sample size, are given. The latter is derived in a manner discussed 
below. 

The total percentages of the 7’ and K,, types have been obtained by 
adding the percentage found by the scanners to the percentage found in system- 
atically following or blob-counting secondaries. The procedure thus utilizes 
all available data and gives a result independent of the variation of efficiency 
or dark-track recognition with secondary ionization. This combining proce- 
dure requires, however, that the efficiency of dark-secondary recognition and 
the efficiency for finding any secondary both have the same distribution in 
dip angle (since only flat secondaries were systematically studied). The dip 
angles of all dark secondaries were measured and compared to the dip-angle 
distribution of 100 other secondaries randomly selected. The distributions were 
found to be the same and corresponded to spatial isotropy. 

As described in Sect. 2.2, the over-all efficiency for detecting a K secondary 
during scanning is 85%. It will be assumed that the efficiency for detecting 
secondaries of ionization greater than 1.3 x minimum (though not necessarily 
recognizing them as such) is 100%. 


31:2, T7, and, K;, Secondaries. 


1) Dark secondaries. — Those +, +’, and K,, secondaries recognized 
by the seanners as being darkly ionizing, were found among a total of 
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1930 K-meson endings. Correcting for the over-all scanning efficiency, we 
have a total 2272 K-mesons. In this sample, there were found 112 examples 
Of 81.08 7, ande ou. Ker. 


2) Secondaries blob-counted and followed. — Ninety-seven se- 
condaries were systematically followed and 183 blob-counted as described in 
Sect. 23-1 and 2°3-2. In addition, a further 75 secondaries were followed for 
a distance of between 5 and 8 cm (a mean of 6.5 em), in order to find additional 


examples of K,, and K,,. Of the 183 secondaries blob-counted, 107 were 


3 
duplicated in the systematic following. The cases of 7’ and low-energy K,, 
(0 to 60 MeV) systematically found came therefore from a sample of 248 K 
secondaries. The samples studied excluded cases of + and 7’, and of K,,, found 
by dark-secondary recognition, which amount to 7.4% of all K’s, and therefore 
represented 92.6°% of an unselected sample of K-mesons. After correction 
for scanning efficiency and for z’s and initially recognized dark secondareis, 
the sample number becomes 320. «This correction has been made in Table LVE 


3) High-energy K,, secon daries.— Those K,,,’s of secondary energy 
exceeding 60 MeV (ionization below 1.3 times minimum) could be found only 
by systematic following. For example, 172 secondaries were followed a dis- 
tance such that a 70-MeV muon would have been identified. After correction 
for K’s with recognized dark secondaries, the sample number becomes 186. 
The K,, data have been grouped in Table IV for several secondary energy 
intervals. The number of K-mesons in the sample diminishes at higher muon 
energies, as the number of secondaries followed out to sufficiently great dis- 
tances to ensure identification becomes progressively smaller. 


S27 KK. 
162 K-meson secondaries, or in a sample of 186 K-mesons of all types. The 


secondaries. — K,, secondaries were found only by following 


shortest distance followed, for which the secondary remained near minimum 
ionization, was 5 em. Ninety-three percent of the secondaries were followed 
6 em or otherwise identified, and 76% of the secondaries were followed at 
least 9 em or otherwise identified (i.e., observation of star in flight, or ionization 
above plateau). Such K,, secondaries as were found were readily identified 
by observing the increase in multiple scattering of their tracks, which typifies 
large energy losses. At 6 cm, 90% of the electrons will lose more than ? of 
their energy, while at 9 em essentially all lose $ of their energy. Thus, we 
estimate that our over-all efficiency for discriminating between 250 MeV electron 
secondaries and K,, secondaries was better than 96%. The six electron second- 
aries in the above samples had pß = 73, 75, 80, 100, 183, and 200 MeV/c. 


33. K,, and K,, secondaries. — One hundred forty-nine K,, and 77 K,, 
were found by the methods described in Sects. 2°3-1 and 2°3-2. From their 
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ratio, corrected for scanning efficiency (Appendix A), and the total percentage 
of K,, and K_,, the percentage of each was determined. 

Additional data obtained from a smaller stack (1) (16A) are shown in 
Table IV. The data from both stacks have been combined in the last column. 


34. Comparison with other data. — In Table V our results are compared 
with nuclear-emulsion-stack results from other laboratories (7-12). The abun- 
dances for the +’ and the K,, in the first three columns have been derived 
from the published data by means of the methods described in Sections 3°1 
and 32. The data of columns 2 and 3 have been corrected for scanning 
efficiencies derived by assuming 100% efficiency for 7’s and a + abundance of 
5.6%. The numbers in columns 4, 5 and 6 are as quoted in the references 
except that we have computed the uncertainties on the Rochester results on 
the basis of the number of events of each type found. Statistics in the table 
are based upon the square root of the number of events and therefore have 
the significance of standard deviations only for those cases with large numbers 
of events. 

In the last five rows of Table V are given the conditions of exposure of the 
nuclear emulsion stacks. With one possible exception there are no significant 
variations in the relative yield of K-mesons of different types under the dif- 
ferent exposure conditions. The one possible exception is the K,,, which ap- 
pears from Table V to be found less frequently under conditions of longer flight 
time. Specifically, the combined short time-of-flight data of GS and EP give 
10 K,, compared to 94 K_, and K,,. The combined long time-of-flight results 
from M.I.T., Dublin, our work give 13 K, compared to 326 K_, and K,,. 
With these data and the equal lifetimes of 1.2:10°° s for the K_, and K,, ("?) 
we can determine the K,, lifetime, assuming the abundances at production 
to be the same under all conditions of exposure. The result for the K,, mean 
lifetime is 0.62-10-* s, with a 90% probability of its lying between 0.47 and 
0.94-10-* s. Conversely, if we assume both that the relative production abun- 


(7) G-STACK COLLABORATION: Nuovo Cimento, 2. 1063 (1955). 

(8) D. Rivson, A. Pevsner, S. Fung, M. Wipeorr, G. T. Zorn, G. GOLDHABER 
and S. GOLDHABER: Phys. Rev., 101, 1085 (1956). 

(*) J. CRUSSARD. V. FOUCHÉ, J. Hennessy, G. Kayas, L. LEPRINCE-RINGUET, 
D. MORELLET and F. RENARD: Nuovo Cimento, 3, 731 (1956). 

(9) F. M. Svrrn. H. H. Heckman and W. H. BarKkas: Composition of a Secondary- 
Particle Beam from the Bevatron, UCRL-3289, March, 1956. 

(1) T. F. HoaxG, M. F. Kapton and G. YEKUTIELI: Phys. Rev., 102, 1185 (1956). 

(2) C. O’CEALLAIGH, ALEXANDER and R. H. W. JoHnston: Proceedings of Sith 
Annual Rochester Conference on High-Energy Physics, 1956. 

(3) V. Fırca and R. MoTLEx: Phys. Rev., 101, 496 (1956), L. W. ALVAREZ, EF. C. 
CRAWFORD, M. L. Goop and M: L. Stevenson: Phys. Rev.; 101. 503 (1596). 
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dances under all conditions are equal and that the K,,, K_,, and K,, have 
the same lifetime, the purely statistical probability of obtaining such poor 
agreement between the short- and long-flight-time K,, abundances is less than 
0.02. Further study is required to resolve this discrepancy or to verify the 
difference in the K,, behavior. 


4. — Range Measurements on K,, and K_, Secondaries. 


41. Method. — The measurement of the range of each particle consisted 
of adding the chords between points where the track made large single scatters 
or accumulated multiple scatters of at most 10°. This range includes the air 
gaps between pellicles and therefore, when multiplied by the gross density 
of the stacked emulsion, gives the range in g em >. 

The gross density was measured by the following procedure. The emulsion 
stack was first clamped tightly, with no tissue paper spacers, between 3-in. 
bakelite plates by means of bolts going through holes punched in the pel- 
licles. All outside edges were machined smooth. The stack density was then 
determined by over-all weight and dimensions to be 3.80 + 0.02 ¢cm-3. The 
error is derived from the fluctuations in the thickness of the stack as measured 
at twelve different places. 

The projected distances (Ar, Ay) between points were obtained by taking 
differences between the microscope stage screw readings. For each chord, Az 
was taken equal to the number of plates traversed multiplied by the average 
apparent plate thickness before development obtained from the over-all thick- 
ness of the stack. Thus the air gaps are included in both the range and the 
density measurements. The individual plates were aligned by brass tabs which 
were glued on the corners with respect to X-ray fiducial marks. 

The range-energy curve used (1) was calculated for an emulsion density 
of 3.815 g cm~*, and the measured ranges must be transformed correspondingly. 


If the difference between this value and our measured density was due only 
to the air gaps in the stack the ranges in centimeters would transform inversely 
as the ratio of the densities. If part of the difference was due to water content 
of the emulsions 


an exact calculation would have allowed for the change in 
stopping power with water content—that is, if the pellicle density, assumed 
to be 3.815, was actually 3.825. For example, in this humidity region the 
density ratios must be corrected by addition of a quantity that is equal to 0.05 


times the relative difference in density (Ao/o) (*). 


(4) W. H. Barxas and D. M. YounG: Emulsion Tables. I. Heavy-Particle Functions, 
UCRL-2579 (Rev.), Sept. 1954. 
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In order to estimate the actual emulsion density, and hence the stopping 
power of our stack, we have measured the ranges of 46 nearly flat secondaries 
from r-u decays, each contained within a single pellicle. These tracks were 
picked with a dip angle such that a 10% uncertainty in the shrinkage factor 
would lead to an error of less than 0.25% in the range of the muon. The 
average muon range obtained was (596.4 + 6) um, which agrees with that ob- 
tained by the G-Stack Collaboration (?) of (597.8 — 2.1) um for a density of 
3.825 g cm *. Thus the uncertainty in stopping power due to the uncertainty 
of water content is less than 0.05%. 


This represents a negligible contri- B ae PCT DER De | 
bution to the errors in the K,, and 7L J 
= S (exp. = 2.7% 
K_, secondary ranges. [ ee 
dE < WAG) Oth, = 2.5% 4 
e | | 
à nn x 
42. Mass of the K,, and K., Sr 4 
: i L J 
from ranges of the secondaries. — The S hay: =| 
range distributions of the 20 muons 4 AA et aller A 
: . 11.0 12.0 cm 
5 9 , Ares the S ; 
and 23 pion secondaries that stopped : PION RANGE 
in the stack are given in Fig. 4. & 
Shown also are the standard devia- 3 5L | Tesp = 26% 
> : Folens = | Oth. = 27% 
tions of the experimental distribu- | 
ä : : 3} 4 
tions, which agree well with the L | 
theoretical range straggling. The 1h 7 PAO J 
= 4 AHA À 
mean ranges for the stack density 200 14 10 one 
of 3.80 g cm? are DON RANGE 
Fig. 4. — Distribution. of K,, and K,, se- 
R, = (20.90 + 0.13 ) em, condary ranges. The dashed line shows the 
position of the mean of the distribution. 
Ji, = (ik) en Gex IS the experimental standard deviation 


and 64 is the theoretical straggling. 
These ranges have been con- 
verted to a density of 3.815 g em”, and the energies computed corresponding 
to these ranges, assuming the decay schemes 
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and are shown in Table VI. 


TaBLe VI. — Ranges and energies of K 
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| 
Secondary range | 2 1 
i : 4 Secondary energy 
Density = 3.815 g em? | 3; 


Kos 20.84 4 0.13 cm 152.36 MeV 
IS, 11.65 + 0.067 cm | 107.67 MeV 
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The K-particle masses are computed from these energies by use of the 
following pion and muon masses (15:16): 


AY Bee EN 


NER; 
jen ln, == HN: 
M „+ = 206.9 m,. 


The results are: 


where the errors given are due only, to the standard deviation of the mean of 
the experimental range straggling. 

Listed for comparison are the mass values from other laboratories, com- 
puted by use of the Barkas and Young range-energy curves (14). 


K,, Re 
G-Stack (7) 962.8 + 4 969.3 £3 
E.P. (8) 952 +4 969 +4 
M.LT. (°) 962.4 + 5 963.6 + 4.3 


The curves from Baroni et al. (7) give consistent values for the K,, mass but 
raise the K,, mass about 13 m,. 


43. Discussion of Results. — Besides the quoted statistical errors the un- 
certainty in the value of the 7 mass contributes to an error of the order of 
= 1 m, in the K mass. The 4% uncertainty in the density becomes + 1.2 m, 
for the K_, mass nad + 2m, for the K,, mass. 

As a check for further systematic errors, we remeasured all the pion se- 
condaries, and found a negligible change in the mean range caused by the 


measurement procedure. 


(>) W. H. Barkas, W. F. BIRNBAUM and F. M. Smimn: Phys. Rev, 101, 778 
(1956). : 
£ (6) W. CHINOWSKY and J. STEINBERGER: Phys. Rev., 93, 586 (1954). 

(17) G. Baroni, C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI and A. MANTREDINI: 
CERN Report BS9. 
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There is also the question as to the reliability of the range-energy relation. 
Recently BARKAS et al, (18) have made an experimental determination of the 
ranges of pions of known energy for five values of energy up to about 100 MeV. 
They have recalculated the Barkas-Young values normalized to these exper- 
imental points. In the region above the last experimental point, the curve is 
extrapolated theoretically as before. With this new relation our mass values 
becorne 
= (965.8 + 2.4) ms , 


My, = (962.8 + 1.8) m, . 


For comparison, the mass of the + (5) computed from the Q of the decays 
in this stack, and frem one other stack treated in a similar manner, is 


M — 966.1 +07. 


5. — Primary Mass. 


The masses of the various types of K particles have also been measured 
by the primary range-momentum method. Measurements were made only on 
those tracks whose secondaries had been identified. Ranges of the K particles 
were measured along the track by the same method as were the secondaries. 
The momentum of each particle was determined from its entrance position 
in the stack, by measurement of the range of the protons entering the same 

position and hence their momentum. In the case of the protons, the measured 
ranges were actually projected ranges, and a correction to account for the 
range shortening due to multiple scattering effectively increased the K-meson 


TABLE VII. — Masses by Range- Momentum Method. 


Type Mass (m,) No. Measured 

= 966.3 + 2.1 77 | 
A 967.7 + 4 21 

Kys 967.2 + 2.2 96 

Bo 966.7 + 2.0 54 

Kıs 969 +5 12 

Kr VE 6 


? (8) W. H. Barkas, P. H. Barrerr, P. Cüer, H. H. Heckman, F. M. Suivi 
and H. Tıcno: High-Velocity Particle Ranges in Emulsion, UCRL-3254, Jan. 1956, 
and W. H. Barkas: private communication. 
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mass by about 2m,. In addition, the different energy loss of K’s and protons 
in the air path through the deflecting magnet and subsequent field-free region 
ahead of the stack requned a mass correction of from 6 to 8m, on each par- 
ticle, varying slightly with the incident momentum. Details of these and other 
corrections appear elsewhere (?). 

The final corrected values of the masses, with the number of particles 
measured for each variety, are showu in Table VII. 


6. — Conclusions. 


We have measured the masses of the various decay modes of positive K- 
mesons by two independent methods. The first is the measurement of the ( 
of the decay for the K,,, K_,, and 7; the second is the range-momentum method 
applied to the primaries. In the first method, the largest mass difference, that 
of M.— M,_,, is (3.3 + 2.4)m,. The error inciudes (a) +1.9m,, statistical 
standard deviation; (b) + 1.4m,, for possible variation in stack density; 
and (c) + 0.6 m,, for the uncertainty in pion masses. If the uncertainty of 
the range-energy relation is included the significance of the small mass dif- 
ference decreases. 

In the second method the magses are all the same within experimental 
error. In particular M_— M,,, is (— 0.4 + 2-9) m,. 

It is shown in Sect. 3 that our data on the relative abundances are the 
same as those taken under entirely different conditions of exposure and flight 
time, with the possible exception of the K,,. If we also consider the equality 
of the masses it appears that we are observing different decay modes of the 
same particle. 

However, this conclusion is in strong contradiction with the most likely 
spin and parity assignments of the t-meson (0- or 27), which configurations are 
not possible for a K_,. Various theoretical and phenomenological descriptions 
have been proposed in order to resolve this dilemma, none of which are really 
satisfactory. For example, the cascade scheme (?) demands at least 10m, 
difference between the + and K_, to account for the observed half life for a 
0 — 0 spin transition. This mass difference is well outside our experimental 
errors. Furthermore, neither the K_, (*°) nor the 7 is believed to have spin 
one, hence transition 0 — 1 and 1 — 0 are not considered. 

Transitions from 0 — 2 or 2 — 0 demand about 3m, to account for the 
observed half lives. The experiment of ALVAREZ et al. (?) shows that any 


(9%) B. J. Moyer and J. OSHER: Private communication. 
(2) L. W. ALVAREZ, N. ©. CRAWFORD, M. L. Goop and M. L. STEVENSON: Pro- 
ceeding of Sirth Annual Rochester Conference on High-Energy Physics, 1956. 
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y-rays accompanying the transition + — K_, must be less than 1m, total 
energy, thus ruling out spin changes of — 2. The possibility of the reverse 
transition, viz. K_,>7<-+y, is not excluded by the above experiment. In 
addition, a 2° >27 transition requires only a 6 keV mass difference to give 
the observed half life, and no experiment to date has had sufficient sensitivity 
to detect a mass difference this small. However, we believe that the zero spin 
assignments are the most probable and therefore the cascade scheme is un- 
satisfactory. 

Other suggestions (?1-*%), while accounting for the mass degeneracy, must 
rely on an accident of nature to -explain the half-life degeneracy. A more 
recent proposal, now being studied by BLUDMAN and RUDERMAN (2), has 
been to postulate the existence of a scalar 7° in addition to the usual pseudo- 
scalar 7°, with the result that the neutral and positive K particles have dif- 
ferent parity. Then the positive + and K_, could both be 0-. 

The reader is referred to the proceedings of the 1956 Rochester Confe- 
rence (?°) for discussions of other theories that would have the + and K_, be 
the same particle. 


This experiment has been carried out with the guidance and encouragement 
of Professor CHAIM RICHMAN. It could not have been successfully completed 
without the help of many other people. Our thanks are due to Mr. C. WALLER 
and the group at Ilford Ltd. for their co-operation in making the large emulsion 
stack used. Dr. EDWARD LOFGREN and the members of the Bevatron staff 
aided in the successful exposure of the stack. Mr. LEROY KERTH aided in the 
design and setup of the strong-focusing spectrometer 

The emulsion were mounted on glass supplied with a grid co-ordinate 
system developed by Mr. PHILIP CARNAHAN. The processing of the stack was 
a group effort, with many late shifts taken by Mr. JACK SANDWEISS. 

Some of the secondaries were followed by Dr. LUDWIG VAN ROSSUM and 
Dr. STANLEY LEONARD. 

One of the most important phases of the work, that of scanning the stack, 
was done by Mrs. BEVERLY BALDRIDGE, Miss IRENE D’ARCHE, Mrs. EDITH GOOD- 
WIN, Mrs. MARILYNN HARBERT, and Miss KATHRYN PALMER. Kange measu- 


(A) DT. D. LEE.änd C. N. YANG: Phys. Rev 102, 290 (1956); M: GELL-MANN: 
private communication. 

(22) S. BLUDMAN: Interpretation of K-Meson Decays, UCRL-3217, Jan. 1956. 

(%) M. LYNN STEVENSON: The Ratios of Lifetimes of Heavy Mesons and Hyperons 
as Predicted by Phase Space, UCRL-3275, Feb. 1956. 

(74) S. BLUDMAN and M. RUDERMAN: private communication. 

(25) Proceedings of Sirth Annual Rochester Conference on High-Energy Physics, 1956. 
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rements of primaries and + and z-u decays were done by Mr. Victor Cook, 
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APPENDIX 


Effect of Efficiency of Detection of K Secondaries on the Relative Abundances. 


| As mentioned in Sect. 2°2, the over-all efficiency for detection of K secon- 
daries by the scanners is 85%. Since 8% of the K-particles yield secondaries 
of ionization exceeding twice the minimum value, for which the efficiency is 
presumably 100%, this implies that 16% of the lightly ionizing secondaries 
escape detection. We shall consider how this loss affects the relative abun- 
dances of the predominant decay modes K,, and K,,. (The statistical errors 
on the frequencies of the rare modes K,; and K,, are at present so large that 
small effects due to scanning inefficieney will not be considered). 

A K,, or K,, secondary may escape detection for two main reasons. 
(a) Fluctuations in grain density oceur, and a chance absence of grains close 
to the point of decay can lead to failure to pick up the track. (b) The stopping 
point of the primary particle may be close to the emulsion surface, so that 
if the secondary is directed outwards, its track may be missed because of its 
shortness, or the somewhat lower grain density near the top surface of the 
emulsion, or the presence of surface markings at the glass interface. 

In (a). the probability of detection depends on the mean grain density, 
which is 15% greater in the tracks of K,, secondaries than for K,,. The 
scanners scrutinize a roughly spherical volume, of — 50 um radius about the 
end point of each stopping particle, for evidence of a secondary. Assuming 
a random distribution of grains along the secondary tracks, we have calculated 
the expected detection efficiency for each decay mode, on the simplifying 
assumption that some minimum number of grains must occur along the first 
50 um of track in order for the secondary to be detected. For a given value 
of the true ratio Ru = Nx,,/Nx,., we can then find the expected ratio À in 
terms of the total efficiency e for detecting both types of secondary. We find 
that S = R/R, varies almost linearly with €, and that for the measured value 
of e=84%, S — 0.89. Thus, for R = 1.93 + 0.29, the true ratio becomes 
R, = 2.12 4: 0.30. We feel that this value of R, will be, if anything, an over- 
estimate, for the reasons given above: (a) it is certain that fluctuations of 
grain density over distances less than 50 um will (in many cases) be of impor- 
tance in detecting the track; and since these fluctuations will be greater than 
those over 50 um lengths, the bias in favor of K,, secondaries will be corres- 
pondingly less. (b) surface effects may account for a 5% to 10% loss. 
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RIASSUNTO (*) 


Per misurare la massa delle particelle K e la loro abbondanza si & esposto un gTOSso 
pacco di emulsioni al raggio di K positivi del bevatrone di 6 GeV di Berkeley. Le masse 
per i modi di decadimento Kys; Kz. e 7 si sono ottenute misurando il range medio 
dei secondari. Si sono inoltre misurate col metodo range-momento per tutti i modi di 
decadimento le masse rispetto alla massa del protone. Le abbondanze si sono determi- 
nate seguendo le tracce dei secondari e col conteggio dei blob. I dati sono esposti nella 
seguente tabella: 


, Abbondanze Massa del primario Massa del range 

Tipo | a (m,) del secondario (m,) 
= 5.56 #041 | 966.3 + 2.1 966.1 + 0.7 
T! 2.15 + 0.47 967.7 + 4 — 
Kye | 68.2 + 3.0 967.2 + 2.2 965.8 + 2.4 | 
Kira. detre 22,7 966.7 + 2.0 962.8 + 1.8 | 
Kus | 2.83 + 0.95 | 969 +5 — 

PR 3:23 130 | 967. 4.8 = 


(*) Traduzione a cura della Redazione. 
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Evaluation of the Scattering Lengths 
in Pion-Nucleon Scattering. (*). 


J. OREAR 


Columbia University - New York 


(ricevuto il 16 Luglio 1956) 


Summary. — All the pion-proton scattering data below 60 MeV which 
provide values and errors for the phase shifts have been used to obtain 
the s-wave scattering lengths. The results are a, = + 167+ .012 and 
and a, = — 0.105 + .010. The value (a, —a,) = 0.26 + .04 as obtained 
from recent photoproduction results and Panofsky r ratio values was also 
used. The scattering length for &; becomes a3, = 0.22 + .03 if one as- 
sumes the linear Chew-Low energy dependence up to 170 MeV. 


A considerable amount of new data relevant to the low energy phase shifts 
in pion-nucleon scattering were presented at the CERN Symposium, June 1956. 
The quantity of data is now sufficient to make an accurate determination of 
the s-wave phase shifts at low energy. In this determination we assume 
% = a up to 42 MeV and & = as up to 58 MeV where 7 is the pion mo- 
mentum in the center of mass system in units of wc. The Carnegie Tech data (1) 
at 150, 170 and 220 MeV justify this assumption of linearity at low energies. 
In fact it appears that «, remains fairly linear up to 220 MeV, but that a, 
departs from linearity and becomes fairly constant with energy from 150 to 
220 MeV (1). 

A least squares determination of a, and a; is made to all pion-nucleon 
scattering data in this low energy region. Because the errors of the phase 


(*) Supported by the joint program of the United States Office of Naval Research 
and the United States Atomic Energy Commission. 

(4) J. Asnxin, J. P. BLASER, F. Ferner and M. O. STERN: Phys. Rev., 101, 1149 
(1956) and private communication from J. ASHKIN. 

(?) J. OREAR: Proceedings of the CERN Symposium, in press. 
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shifts must be known in order to obtain a least squares solution, we use only 
those data which quote both phase shifts and their errors. For an ideal least 
squares analysis, the various laboratories should use the same criteria in 
evaluating their errors. The 65 MeV Columbia x” scattering results were not 
used because they are in need of revision due to the change in the Panofsky 
ratio and because no error analysis has been made (°). 

In addition to the pion scattering results, we used the value of (a, — 4;) 
at zero energy obtained from the most recent photoproduction and Panofsky 
ratio results. The evaluation was made at threshold by the same method 
described previously (+). The value o = (1.43 + .02)-10-87 em? was used for 
the s-wave total cross-section at threshold for y+P — N-+Ext (556), The value 
Yo = 1.87 + .13 was used for the threshold ratio of x to r+* photoproduction 
in deuterium (5). Unfortunately it is still a matter of guesswork how much 
Coulomb correction to use. This author prefers a (10 + 10)% threshold cor- 
rection which raises 7, to 2.08. BERNARDINI pointed out that a 10% cor- 
rection at threshold means a Coulomb correction significantly less than 10% 


in the energy region where the deuterium experiments were performed (°). 
The value 1.42 + .20 was used for the Panofsky ratio. This is the average 
of the two new values given at the CERN Symposium (78). An additional 
10% error is given to the result (a,— 43) = 0.26 because of the arguments 
of Noyes (°). He shows that if one chooses rather extreme models for the 
s-wave pion-nucleon potential, the failure of isotopic spin conservation can 
affect (a — a3) by as much as 10%. 

Table I shows the 9 experimental values (1-7) used in making the least 


(5) A. Sacus: private communication. 

(4) J. OREAR: Phys. Rev., 96, 176 (1954). 

(5) M. BENEVENTANO, G. BERNARDINI, D. CARLSON-LEE, G. SroppiNi and L. Tau: 
Nuovo Oimento, 4, 323 (1956). 

(6) We wish to thank G. BERNARDINI for carefully checking this evaluation. 

(7) J. M. Casseus: Proceedings of the CERN Symposium, in press. 

(8) A. W. MERRISON: Proceedings of the CERN Symposium, in press. 

(#) H. P. Norns: Phys. Rev., 101, 320 (1956). 

(0) M. C. Rixexrart, K. C. Rogers and L. M. LeperMaN: Phys. Rev., 100, 883 
(1955). 

(1) D. NAGLE, R. HıLDEBRAND amd R. PLANO: Proceedings of the CERN Sympsium, 
in press. 

(3) W. Spry: Phys. Rev., 95, 1295 (1954); J. TınLor and A. Ropers: Phys. 
Rev., 95, 137 (1954). 

(4) S. L. Wuetstone and D. H. Stork: Phys. Rev., 102, 251 (1956). 

(15) J. OREAR, W. SLATER, J. J. LORD, $. L. EILENBERG and A. B. WEAVER: Phys. 
Rev., 96, 174 (1954). 

(6) J. OREAR, J. J. Lorp and A. B. WEAVER: Phys. Rev., 93, 575 (1954). 

(17) D. Bopansky, A. SACHS and J. STEINBERGER: Phys. Rev., 90, 996 (1953). 
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squares determination of a, and a,. The result is 


(1) A0 LTÉE Ol. ad; = — 0.105 =. .010. 


The least squares sum evaluated at the solution is M= 3.24. This agrees 
well with the expected mean value M= 7 in the case of 9 experimental values 
fitted with 2 independent parameters. The small value of M is an additional 
confirmation of the assumption of linearity. 


TagLe 1. - List of all low energy x-p scattering data containing s-wave phase shifts with errors 


a, is %,/n and ag is &/n. 

| Energy Reference | dy (@ —Q) | (2a, +4;) 
| | = —= 
| | | | 
| © MeV (x capture) this paper —- 0.26 +.04. | — 
| 2.5430 MeV n- | (lo) | = | == 0.251705 
| 1080) MeV = (21) = = 0.23 + .04 

10+35 MeV r+ (22) ON 35 035 Æ = 

20, 30, 40 MeV x- (aan = 0.274.038 | = 

22 MeV rt (4) — 0.098 + .0146 -- — 

26 MeV = | (15) | m | = | 0.152 + .087 
| 45 MeV x ES 5 70 13827403 = | ob 
| 58 MeV x: | (27) 01002200 = | = 
| | | | 


A least squares fitting of the level shifts in pi-mesic atoms gives a, = 
= 0.145 + .02 and a, =—0.11 + .014 assuming the effects of individual 
nucleons are purely additive (1°). These results were not used in the deter- 
mination of a, and a, because they depend on the assumption of additivity. 
However, now that a, and a; are well known from the scattering data, a com- 
parison can be made with the pi-mesic atom results to check the assumption 
of additivity. The assumption appears to pass the test quite well. 

Our previous evaluation (*) of the scattering length for « assumed the 
energy dependence 33 = ds? up to 80 MeV. This gave the result a, = 0.235. 
However, if the two parameter energy dependence suggested by CHEW and 
Low (1) 


3 3 D * 
(2) T_eot Ass = a(t = 


had been used with exactly the same data, a lower value for a, would have 


(8) M. B. STEARNS and M. STEARNS: Ænergies of n-Mesonie X-rays, in Phys. 
Rev., in press. 
(9) G. CHEw and F. Low: Phys. Rev., 101, 1570 (1956). 


{ 
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resulted. From a purely empirical point of job 
view the energy dependence given by Hq. (2) 
fits the values of x, up to 170 MeV re- 
markably well when the values f? = 0.087 
and «, = 2.17 are used. This is seen in Fi- 
gure 1. The straight line of Fig. 1 corre- 
sponds to 4, = 0.22 + .03 at On ale 


Fig. 1. — Chew-Low plot of 2%; showing experi- 

mental values and their errors at 45, 58 80, 113, 

124, 150, 170 and 220 MeV which are given in 

references (1617520212022) and (2) respectively. The 

line has the value 4.6 at w*—1 which corresponds 
to &%—= 0.227% at threshold. 


The author wishes to thank Professors PUPPI, BERNARDINI and STANGHEL- 
LINI for helpful discussions and is grateful for the hospitality extended to him 
during his visit to the University of Bologna. 


(2°) G. Quarsnı: Proceedings of the CERN Symposium, in press. 
(21) J. Ornar: Phys. Rev., 96, 1417 (1954). 


RIASSUNTO (*) 


Tutti i dati sullo scattering pione-protone al disotto dei 60 MeV che forniscono 
valori ed errori per gli spostamenti di fase sono stati usati per ottenere le lunghezze MS 
di scattering delle onde s. I risultati sono a, = 0.167 + .012 e a, = — 0.105 + .010. 
Si & anche usato il valore (a, — a,) = 0.26 + .04 ottenuto da recenti risultati di foto- 
produzione del rapporto di Panofsky. La lunghezza di scattering per %3 risulta 
ign — 0.202.083 assumendo la dipendenza lineare dell’energia di Chew-Low fino a hr 


170 MeV. iR 


(*) Traduzione a cura della Reduzione. 
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Quantentheorie der Felder als Distributionstheorie. 


W. SCHMIDT und K. BAUMANN 


Institut für theoretische Physik der Universität - Wien 


(ricevuto il 16 L:uglio 1956) 


Zusammenfassung. — Die Distributionstheorie von L. SCHWARTZ wird zu 
einer mathematisch konsistenten Formulierung der Quantenfeldtheorie 
verwendet. Die Einführung von Distributionen impliziter Funktionen 
gestattet es, viele Formeln mit geringfiigigen Änderungen in den strengen 
Formalismus zu übernehmen. Die Annahme, daß es eine raumzeitliche 
Feldoperatordistribution gibt, führt auf einen von WIGHTMAN angege- 
benen Hlilbertraum. Er ist durch eine Folge von Distributionen, die 
Vakuumerwartungswerte der Theorie, bestimmt. Diese werden für die 
freien Felder (Schrödinger-Gordon-Feld, Maxwellfeld, Diracfeld) aus 
einfachen Annahmen hergeleitet. Beim Maxwellfeld ergibt sich zwang- 
los, daß die Metrik nur in dem durch die Lorentzbedingung einge- 
schränkten Hilbertraum definit ist. Die Definition einer Dichte-Distribu- 
tion, welche den üblichen Doppelpunktprodukten entspricht, erweist 
sich auch in dieser Fassung der Quantenfeldtheorie als möglich. 


1. — Einleitung. 


Es gibt bisher anscheinend keine allen Anforderungen mathematischer 
Strenge genügende Formulierung der Quantenfeldtheorie. Die Darstellung von 
FRIEDRICHS (!) dürfte nicht leicht auf Felder mit Wechselwirkung zu verall- 
gemeinern sein; auch wird der Distributionsbegriff nicht benützt und die 
Kovarianz geht durch die Verwendung von Raumintegralen verloren. Ähn- 
liches gilt für eine Arbeit von Cook (?). 

Eine befriedigende Fassung der Theorie gewinnt man, wenn man raum- 


1) K. O. FrigpricHs: Mathematical Asnects of Quantum Field Theory (New York, 


2) J. M. Cook: Trans. Am. Math. Soc., 74, 122 (1953). 


: 


) 0 
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zeitliche Distributionen (*) von Feldoperatoren als Grundgrößen einführt. Man 
gelangt so dazu, eine Feldtheorie durch die Vakuumerwartungswerte der Pro- 
dukte aus den Feldoperatoren, also ebenfalls gewisse Distributionen, zu 
definieren. Obwohl in dieser Arbeit diese Distributionen nur für die wichtigsten 
freien Felder tatsächlich aufgesucht werden, liegt damit ein für beliebige — auch 
wechselwirkende — Felder gültiger Rahmen vor. Es verbleibt noch die Auf- 
gabe, Integralgleichungen zu finden, deren Lösungen die Vakuumerwartungs- 
werte der wechselwirkenden Felder sind und in welchen keine unendlichen 
Renormierungskonstanteh auftreten. Dieses Problem wurde ebenfalls schon 
behandelt (*). 


2. — Der Begriff der gemäßigten Distribution. 


Der von SCHWARZ eingeführte allgemeine Begriff der Distribution ist für 
uns zu weit, da er keine Fouriertransformation zuläßt. Wir wollen uns auf 
die gemäßigten Distributionen (5) (g. D.) beschränken, die eine Fouriertrans- 
formierte besitzen. 


Der Raum S der Testfunktionen. — Sei f(x, 4, ..., æ,) eine reelle oder kom- 
plexe Funktion der n reellen Variablen &,, &%, ..., æ,, die beliebig oft in be- 
liebiger Reihenfolge differenzierbar ist. Wir schreiben 


On Om On 


- ho) YU y 9a tin — gt 
—— oe f= CU ELT ant In — A. 
Ca Orr:  OX?n 2 

L 2 ma AE 


Dann ist f eine Testfunktion (Tf.), wenn für alle p = (py, .…, Da), 4 = (Gry ++) In) 
von ganzen, nicht negativen Zahlen |af™| beschränkt bleibt im ganzen R”. 
Man kann in © eine Pseudotopologie P(S) einführen durch die Festsetzung: 
eine Folge von Tf. f, konvergiert gegen die Tf. f, wenn für alle p, q die Folge 
of” im ganzen R” gleichmäßig gegen xf” strebt. Man kann zeigen (*), daß 
es eine abzählbare Folge von Tf. g, gibt, so daß es zu jedem fe S eine Teil- 
folge der g, gibt, die im Sinne von P(G) nach f strebt. Daher kann man sagen, 
«g, ist dicht in ©, S ist separabel im Sinne von P(G) >», wenn man diese Aus- 
driicke fiir die Pseudotopologie bentitzen will. 


(2) L. Schwartz: Théorie des distributions, I, II (Paris, 1950); I. HALPERIN: Lntro- 
duction to the Theory of Distributions (Toronto, 1952). 

(*) J. G. VALATIN: Proc. Roy. Soc., (London), A 222, 93, 228 (1954); A 225, 535 
(1954); A 226, 254 (1954); H. LEHMANN, K. Symanzik und W. ZIMMERMANN: Nuovo 
Cimento, 8, 205 (1954). 

(5) « Distributions tempérées », L. SCHWARZ, 1. c., Kap. VII, insbes. $, 3, 4. 

(6) Eine ausführliche Behandlung dieser Fragen wird in einer mathematischen 
Arbeit von W. ScHMIDT erscheinen. 
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Der Raum & der Fouriertransformierten der f eS besteht wieder aus genau 
allen ‘Tf. Konvergiert f, >f in P(S), so gilt für die Fouriertransformierten 
fs if ul TAG) 

Beispiele für Tf. sind g(x) = exp [— a] oder 


een 
ee, 


L / 


1/n 


hte) exp 


für a< x <b, 0 sonst. Mit feS, ge ist auch af+bg eG. 


Der Raum © der g. D. - © ist der zu @ duale Raum. Er besteht aus allen 
Funktionalen 7, die den feS eine komplexe Zahl 7[f] zuordnen und die 
Eigenschaft haben, daß Tfaf+bg] = aT[f]+bT[g], sowie daß T[f,] gegen 7[f] 
konvergiert, wenn f„—f in P(©). 

Die Nullmenge einer Distribution 7 ist die Menge jener Punkte x, die im 
Inneren eines offenen Intervalls J liegen, so daß 7[f] = 0 für alle feS, die 
f(z) =0 für € I erfüllen. Die dazu komplementäre Menge heißt Stützmenge 
M(T). Die Nullmenge ist offen, die Stützmenge abgeschlossen. 


Distributionen über 0. — Sei O eine konvexe offene Menge. ©, soll der 
Raum der Funktionen g sein, die in © beliebig oft differenzierbar sind und 
für die |ag™| in O beschränkt ist. g, konvergiert gegen g in der Pseudo- 
topologie P(S,), wenn wg” — wg gleichmäßig in O. Ohne Beweis bringen 
wir den Satz (°): Zu jedem geS, gibt es ein fES, das in O mit g überein- 
stimmt; strebt g, —g in P(G,), so gibt es f, und ein feS, so daß f, > fin 
P(S) und f, bzw. fin O mit g, bzw. g übereinstimmen. 

Ist M(T)c0O, so kann man T![g] für alle geS, durch 7[g] = T[f] defi- 
nieren, wobei feS, f=gin O. Ist also g, >g in Go, so gilt T[g,] > TI[g]- 
Die Definition ist eindeutig. 


Ableitung einer g. D. — Unter OT/0x, versteht man jene g.D., die der 
Testfunktion f(x) die Zahl T[— 0f/0«,] zuordnet. Ableitungen nach verschie- 
denen Koordinaten sind vertauschbar. 

Jeder quadratisch-Lebesgueintegrierbaren Funktion /(x) entspricht eine 
g. D. I[f] = |1(@) f(x) dx. Ein anderes Beispiel ist die Diracsche Deltafunktion 
mit ölf] = fo). 

Da& mit S und auch P(S) mit P(&) übereinstimmt, kann man jede g. D. 
auch als g. D. im Impulsraum ansehen. Zu jedem TEe&’ gibt es daher eine 
Fouriertransformierte lee =, so daß vita == INT AL 


Direktes Produkt von g. D. — Seien S, T beide aus ©’. Dann kann man 
S(2)x T(y)[f(æ)g(y)] = SIf]Tfg] definieren. Es ist möglich zu zeigen: 


1) Die endlichen Summen ) f,(æ)g,(y) liegen dicht im Raum €, der Tf. 
in 2 Variablen im Sinne von P(G,). 
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2) Aus diesem Grunde existiert eine eindeutig durch SN, - bestimmte 
eg. D. S(x) X T(y), die für alle f(x, y) ES, erklärt ist und die für f(x)g(y) gerade 
S[fIT{g] ergibt. Analog sind direkte Produkte zu verstehen, wenn pte TU 
Be sind. Zum Beispiel ist die Deltafunktion o[f(7, ..., 2.)] = 
nV ) das direkte Produkt der eindimensionalen D nel Das. 
dette ve wird bei SCHWARTZ ausführlich behandelt. 


Distributionen impliziter Funktionen (?). — Seien 7 eine Distribution in m 
Variablen und 9(& 5 …, Un); ---) Im(&ıy ---> ©) feste Funktionen. Wir wollen nun 
eine n-dimensionale Distribution T(g,, ..., m) Fl, ---, æ,)] definieren. Wir 
bilden 


(1) ln) ) = fran … de 


«(06 . 
9 j(æ) SS Y5 


Die g; müssen so gewählt werden, daß d beliebig oft differenzierbar und 
(Yıy +++) Ym) = O/ Cy, ... 0/0yn d eine Tf. in ©, ist, wenn fe&,„. Weiter soll 
e, >ein P(S,) aus f„—fin P(S,„) folgen. Diese Bedingung für die g, soll 
hier nicht näher untersucht werden (5). T(g,, ..., 9.) ist nun durch 


Tg, + Im F] = Te] 


—~ 
bo 
= 


definiert. Jedes 7T[f] kann man nach dieser Definition 7(a, ..., 2„)[f] schreiben. 
Ein triviales Beispiel ist T— 6, g = 2 — x, also d(æ— x'[f(x)] = f(a’). Wir 
betrachten als weiteres Beispiel T = 6, g = x? — m?, wobei x = (@°, x}, x?, x), 
ao? = (2°)? — x?. Hier ist 


(x + m2 + u)® 
(3) d(yı) = | face ddr dr | | far dr? du | flo’, … æ?) da . 
CEA N, =0 Ve tm? +08 


Ist m?+-y, > 0, so ist die Ungleichung x?+-m?+y, > 0 von selbst erfüllt, man 
muß nur noch nach den Grenzen der x°-Integration differenzieren und hat 


even), een, 
Var met y = gan ME 


Für m?-++-y, <0 ist auch noch nach den Grenzen der x-Integration zu dif- 


(7) Ähnliche Betrachtungen bei 8. ALBERTONT und M. Cuartant: Nuove Cimento- 
8, 874 (1951); 10, 157 (1953). 
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ferenzieren. Das gibt Terme, für die x?+m?-+y,= 0 ist, so daß das #°-Integral 
null wird. Somit ist (4) stets erfüllt und man sieht 


6(e?— m)[f] = > | lee dx — : | le 2 dx; u: = x? + m». 


— 
Ot 
= 


Es ist klar, daß 6(a2?— m2)[f(Ax)] = Ô(x? — m2)[f(@)], wenn A eine Lorentz- 
transformation bedeutet. Man kann endlich zeigen ($): 


1) Alle lorentzinvarianten Distributionen, also solche mit 7[f(A&)] = 
= T{f(x)], haben die Form T= $(x?)+R, wobei R eine Linearkombination 
von Distributionen (D2)®ö ist (k = 0, 1, 2, ...). 


2) Alle gegen Lorentztransformationen ohne Zeitumkehr (0. Z.) inva- 
rianten Distributionen lassen sich schreiben T= S(x?)+60(H°)S,(#?2) +R. Dabei 
hat S,(y) die Stützmenge in y > 0. 


6(a°) — 1 für x > 0, 0 sonst, weiter schreiben wir e(æ°) = 6(x°) — 6(— xt). 
9(x°) S,(@?) bedeutet, daß man in (4) für e(y,) nur das erste Integral nimmt, 
0(— w°) S,(#?) heißt, daß nur der zweite Term einzusetzen ist. 

Der Beweis (5) folgt am einfachsten durch die Tatsache (?), daß, wenn man 
nur Tf. betrachtet, die außerhalb eines festen beschränkten Intervalles ver- 
schwinden, jede g. D. als höhere Ableitung (im Distributionssinn) einer stetigen 
Funktion dargestellt werden kann. 

Unter Distributionen 0,(7,— 2) ö(@7 — m*)[f(%, %)] und ähnlichen Aus- 
drücken soll folgendes verstanden werden: Man bildet zuerst das direkte 
Produkt d,(y)ö(2) und setzt die impliziten Funktionen y = #,—«, und 
2 = n2 — m ein. 


Konvergenz von Vektoren und Operatoren. — Sind u, v Vektoren im Hilbert- 
raum, so bezeichnen wir mit (w,v) ihr inneres Produkt, mit || die Norm. 
Eine Folge w, konvergiert stark gegen u, wenn lim||w,— u|| = 0. Eine Folge 
von linearen Operatoren O, konvergiert gegen O, wenn es einen linearen, überall 
“dichten Teilraum À gibt, der zum Definitionsbereich fast aller O, und von O 
gehort, so daß O,u — Ou im Sinne der starken Vektorkonvergenz für alle « 
aus À. 


Gemäfigte Vektor- und Operatordistributionen. — Eine gemäßigte Vektor- 


(Operator)distribution ordnet jedem fe@ einen Vektor u[f] (oder einen Ope- 
rator O[f]) zu. Eine Vektor(Operator)distribution ist linear, d.h. u[ af +-bg]— 


(8) Eine andere Methode zur Behandlung lorentzinvarianter Distributionen bei 
P. D. MerunE: Comment. Math. Helv., 28, 225 (1954). 
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=au[f|+-bulg] und stetig, d.h, aus f, > f in P(&) folgt u[f,] stark konvergent 
nach «[f] (bzw. O[f,] — O[f]). 

3. — Die A-Distributionen. 


Die Distributionen Alf), Alf} AT], AT] in fa, 21, x, 2°) sind gegeben 
durch Integrale 


> 4 = 1 in 2 
(6) T[f] = ns a, 


über dk = dkdk:dk?dk. 
Dabei treten bei den beiden 
Hyperbelästen — k?-+ m?=0 
Singularitäten auf. Man 
hat in der komplexen k°- 
Ebene längs der durch 


Fig. 1 veranschaulichten 
Fig. 1. 


ee ore em nn 


Kurven zu integrieren. Die 
Integration über kt, k2, k? 
verläuft im Reellen. Die gegebene |Integrationsvorschrift setzt voraus, daß 
/(k) für komplexe k analytisch ist. Dies wird durch die Definition f(k) = 
= (27) | f(x) exp [— ike] dx gewährleistet. 


A a2 = : 
Für Tf. feS konvergiert das Integral, 
7% auch die Limeseigenschaften sind erfüllt. 


Die Distributionen A, 41, At, A 
erklären wir ebenfalls durch Integrale 
der Form (6). In der komplexen #°-Ebene 
werden die beiden Singularitäten nach 

Fig. 2. Fig. 2 umfahren, während k1, k?, x: 
reell bleiben. 
Folgende Relationen sind unter anderem leicht zu beweisen: 


[ AA = A], AT = A], A] =— AI 2), 


(7) 
| ALA = Alt +] = AN + AS]. 

Dabei ist 

(8) f"(@) = 2a) | (It) dk . 


0 > 
220 


An sich ist ff keine Tf., A[f’] heißt nur, daß man f* in die oben erklärten 


Integrale einsetzen soll. 


re 4 
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Direkte Auswertung von A*{f] mit dem Residuensatz gibt 


(9) AT] = 


Ÿ 


2a 1 ji Vk2+ m?) 


277) 


1 A 
OW = oe 0(k°) ö(k? — m2)[ f(k)] . 


Vk?+m? - 


is 


Analog ist 
(10) (A), A, At, 47) = I Sk — m2) (1, e(k°), OUR), — 0(—h9)) . 


Daraus sieht man, daß diese Distributionen lorentzinvariant sind. Auch A ist 
lorentzinvariant, da man den Hauptwert als 


a | f(k) dk 


=O) OU k? ar m? 
| —k?+m?|>n 


invariant definieren kann. Da die restlichen A-Distributionen sich hievon nur 
um invariante Distributionen unterschieden, sind auch sie invariant. Direkt 
kann man die Invarianz so einsehen: Jeder Integrationsweg über Æ°, kt, k2, k? 
im Komplexen, der durch Anwendung einer Lorentztransformation 0.2. aus 
dem angegebenen Weg entsteht, umfährt die Singularitäten k?= m? in topo- 
logisch gleicher Weise, so daß die Beiträge infolge des Residuensatzes gleich 
bleiben. 
Gesucht sei eine Distribution @, die 


(11) (2+ m2)G[f] = 0 


löst und die invariant gegen Lorentztransformationen 0.2. ist. Dies führt auf 
G[(E2+m?)f] = 0 bzw. Gee k2-+ m2)f] = 0. Dies wird offenbar von den Distri- 
butionen (10) erfüllt. Umgekehrt: Ist @ invariant gegen Lorentztransforma- 
tionen o.Z., so auch G. Also hat @ die Gestalt G =G,(k*) +0(k°)G,(k2) +R. Soll 
noch die Schrödinger-Gordon-Gleichung erfüllt werden, so muß à — a Ô(k2— m?) - 
+4,9(kP) ö(k?— m?)+a3,6 sein (a; = 0, außer m — 0), 


N2> 


i N A 
= 0(k® — m?2)(c,0(k°) — H(—K®)) + as0= ¢,At + AT + a0. 

ZIT 
Demnach hat die allgemeinste invariante Lösung der Schrödinger-Gordon- 
Gleichung die Gestalt (5) 


(12) GA = AEA) + GATE + es | fe de. 


c, muß Null sein, außer m = 0. 
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Die inhomogene Gleichung 
(13) (D?+m2)@[f] = T[f] 


kann u.a. dann gelöst werden, wenn f' eine beliebig oft differenzierbare Punkt- 
funktion ist. Da?’ eine'g . D. ist, muß es ein Polynom als Majorante haben (?), 
so daß i (k)T ies k) eS. Nas setzen wir 


N 


(14) af = er iM]. 


Ist etwa T= 6, also T= (2x), so ist G[f] = Aff. 

An Stelle von À kann man auch A ry, 4”, A™ nehmen, die sich nur um 
Lösungen der homogenen Gleichung von À unterscheiden. 

TAKAHASHI (?) hat die A-Distributionen nach anderen Gesichtspunkten be- 
trachtet. Außer den Gleichungen (11), (12) wurden noch « Anfangsbedingungen » 
gestellt. Das heißt, es its möglich, die A-Distributionen für Funktionen f zu 
betrachten, welche die Form f = g(x)ô(æ) oder g(x)0'(x) haben, genauer, 
man kann (Kk) = (2x) 3g(k) bzw. — ik®°(2x)*g(k) formal in das Integral (10) 
einsetzen. Diese Integrale konvergieren und man erhält 


2 Nr oA N Fi LA 4 En 
1) ALG) = 0, 5 = AL— m4 ()] = ay] 900 ak = 910) 
Diese beiden Gleichungen entsprechen «A = 0 für # = 0, 0A/cx® = 6(x) für 


x —=0». Das zusammen mit (11) legt aber A fest, da aus (11) folgt 
A_A A ns A UN TE 
(16) Alf(k)] = SUf(k, VR®+m2)] + TIf(k, — Vk?+m2)]. 


Man kann nun in den Anfangsbedingungen fur f(k, 446/ k?+-m?) = (27) ~*a(k) 
ein beliebiges a(k) einsetzen, so daß die beiden Distributionen S, 7 festgelegt 
sind. 

A(2— y)[ f(x, y)| bedeutet offenbar Ale(z)], wobei e(2) =(f(e+t, t) dt. Man 
hat 


(17) Ale — y)lie, yy] = (2m)Älfk, —)], 
weil @ = (2m)?f(k, —k). Es ist auch möglich, 
(18) Ale li, y)] = (2m)rÄlk)ötk + DICK, D] 


(?) T. TAKAHASHI: Progr. Theor. Phys., 11, 1 (1954). 
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zu schreiben. Auch gilt 
(19) A(x— y)f(@)g(y)] = Alf (x) * g(— y), 


wobei der Stern das konvolutorische Produkt bedeutet. Offenbar ist 


(20) A(v— ylf(a+a, y+a)] = A(x— ya, y)] - 
Weiter gilt 

A(e—y) fg] = At(«—y)f9l, 

A@w— yf yt] = A (@— y)[fg] =— At@— y)lal] ; 


(21) A+(e@—y Gf] = — Are — y)lig] , 
Ar ee A (Ca) gt 
| = At(2— y)[fg] — AH@— y)[gf] - 


In Abt. 6 wird gezeigt werden, daß A*(#— y) eine Punktfunktion ist und 
A(x— y) verschwindet, wenn x» und y raumartig zueinander liegen. Wegen 
A(a— y) (f(a, y)] = AL [fe +t, t) dt] folgt, daß A+[f(x)] und folglich auch 47, 
A, A! Punktfunktionen sind, wenn x raumartig ist, sowie daß A für raumartige # 
verschwindet, d.h. Alf] = 0, wenn f(x) = 0 für æ > 0. 


4. — Der Hilbertraum % von Wightman. (1°) 


Ein Punkt aus dem Teilraum BC YW ist gegeben durch eine abbrechende 
Folge 


(22) f = {os hl), Polti, V2), +} 


Dabei ist f, eine komplexe Zahl, f, eine Tf. in 4r Variablen, x, steht an Stelle 
von 2 =ct,, æ;, ©, a. Addition und Multiplikation mit einer Zahl ist 
erklärt durch 

(23) Tod, eo 90, VE RG ION ye =e 


— {fo 2100 fi + dis sey Ie Es 05,0, 0 seo} 


(24) CNA PRRs AU ln un pry are 


(1%) A. S. WIGHTMAN: Phys. Kev., 101, 860 (1956). 
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Das innere Produkt ist durch eine Folge von Distributionen F,, PNR ES 
gegeben, wobei F,— 1 und F, eine Distribution in 4r Variablen bedeutet; ist 
f = tho» fry ++. fry 0,...} und g = 9, …, gs, 0,...}, so setzt man 


(25) (f, 9) = > > Bs ral, dr, wey Ly) Im i419 +++) Litm)] 5 
1=0 m=0 


wobei Fl f09o] = Fofogo = fogo: 


Damit (f, g) = (g, f), muß sein 


(A) Pulli. Ln) = Pit mys +) %)]. 


Damit (f, f) > 0, muß 


(B) \ > > Fr fil Hy, ces Li) fm(Pisry +++) Lym) | > 0 


Lom 


sein für alle fEW. Elemente f mit (f, f) = 0 sind Nullelemente. Elemente (hr 
die sich um Nullelemente unterscheiden, sind als gleich zu betrachten. Das 
ist zulässig, weil dann alle ihre Skalarprodukte mit anderen Vektoren gleich 
sind: Wenn g—h —f, so ist 


|g, @) — (h, a) =|, a) | <|f} a] = 


3” sei jener Teilraum aus ®, dessen Folgen spätestens nach dem k-ten 
Glied abbrechen: f, = 0 für j>k. % ist die Erweiterung von ®* zu einem 
vollständigen Raum, ebenso YW die Erweiterung von ®. XB" heiße endlicher 
Teil von YW. 

YW? ist separabel. Man braucht nur die Folge g, zu nehmen, die « dicht 
istin P(&)». Falls eine Teilfolge In, — f in P(S), so konvergiert g In, — f auch 
im Sinne der Metrik von %. Daher ist Jn dicht in 31, daher auch in Wr, und Ys? 
ist separabel. Ebenso ist W” separabel für jedes k, so daß auch % selbst se- 
parabel ist. 


5. — Die physikalischen Postulate. 
Wir formulieren die allgemeinen Postulate hier der Übersichlichkeit halber 
zunächst für ein reelles Skalarfeld. 


1) Raumzeitliche Mittelwerte des Feldskalars sind Observable. Es gibt 
Operatoren g[f] in dem zu bestimmenden Hilbertraum, die der Messung des 


we 
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« Mittels von m mit der Gewichtsfunktion f» zugeordnet sind (11). g[f] möge 
eine gemäßigte Operatordistribution sein. Es muß hermitisch sein für reelle f, 
woraus man 


(26) elf) = elf]. 
folgert. 


2) Es gibt eine Darstellung der Gruppe der inhomogenen Lorentztrans- 
formationen (a, A). Dabei bedeutet (a, A) die Ausübung einer homogenen 
Transformation A, gefolgt von einer Translation a. Jedem (a, A) ohne Zeitum- 
kehr wird eine unitäre (d.h. U'=U~ oder (Uf, Ug) = (f, g)) Transformation 
U(a, A) zugeordnet, jedem (a, A) mit Zeitumkehr eine antiunitäre (d.h. 
(Uf, Ug) = (f,g)). Zwischen g[f] und U(a, A) besteht die Relation 


(27) | (a, A)p[f]U a, A) = pl f( AT (@ — a))]. 
3) Es gibt einen Vakuumzustand 2, für welchen gilt 
(28) GAN DE OR 


4) Die Kausalitätsbedingung: g[f] und g{g] ie vertauschbar, wenn f 
und g raumartig zueinander liegen, d.h. wenn f(æ)g(y) — 0 für (æ— y}? > 0. 


5) Energie-Impuls-Operator P; und Drehimpulsoperator J,, sind die 
mit 7 multiplizierten Erzeugenden von Translationen bzw. homogenen Lorentz- 
transformationen. Es soll keinen Zustand negativer Energie geben. 


Aus den Postulaten folgt, daß es neben 2 noch Zustände o[f]2, olfı pl }:]2;, 

Oh) fJ2 und Summen darüber gibt. Der Zustand f,2+ 9[f{JQ+ 
offer flo +...9[f2]..-p[f"7J2, wobei f, eine komplexe Zahl ist, soll in der 
Form 


i = Ye, Aa), Kia) fl), Ren fi (a) RZ LAURE 


geschrieben werden. Konvergiert 


k=1 


("!) Genau gesagt handelt es sich um Messungen mit Hilfe eines Probekörpers mit 
der « Raumzeitdichte » f(x); s. N. Bomk und L. ROSENFELD: Phys. Rev., 78, 794 (1950). 


<> # VER 2 "A >» a 
ee > 
: a 
3 
= < = 
Er 


QUANTENTHEORIE DER FELDER ALS DISTRIBUTIONSTHEORIE 871 
in P(S,) gegen f,(a,, …,æ,), so setzen wir 
1 à 
DO ee TED, Fal pores 24), D, RS 


k 


An Stelle von {0, 0, ... f,(x,, … æ,), 0, ... wollen wir kurz f,(x,, ..- #,) schreiben. 
Das innere Produkt im Hilbertraum können wir 


(29) (CAC Le Ln); Im (&1 5 se A) = Pont Falé 2) fn(En+a DOC Lntm) | 


schreiben, wobei F,, eine Distribution in 4(n+m) Variablen ist und Fn fofm |= 
= Prrlfmfn|. Da offenbar 


(30) AL Vo Grea) = f(a) fae: Saga) 


und wegen (26) gilt 


(31) (fn: alien) = (Fn + 9m) 
und 
(32) Kin mal ft ne. Ly) f(x n+ +41) Im Un+2 PIRE ES) À = 


LE Hs. mL} (2 Vn+1 AG u .. Hy) Gm(& Vn+2 see ne - 
Daher ist Fy, „+ = Fr4m und man kann F,, = Fri, setzen. Wir haben daher 
einem Raum % vor uns, der zu % zu erweitern ist. Die F, müssen den Be- 
dingungen (A) und (B) von Abt. 4 gehorchen. Weitere Bedingungen (C), 


(D), (E) können aus den Postulaten gefolgert werden: 
Aus 2), 3) folgt 


(33) U(a, A)plfil --- p[f.]2 = pl (AH — a))] PLA — a)]2. 
Dasselbe gilt auch für Summen darüber ae somit allgemein 

(34) HAE Aa) Ae, 0) > 
Wegen der Unitaritat von U ist 


(35). (U2, Uolf] … Pfr Q = (2, PL (AT — a)) ] . Ol fn(A*(@n — à) ‚IE 
= (2, offi] --- 9412) 


und wir erhalten die notwendige, aber, wie man leicht sieht, auch hinreichende 


6 - Il Nuovo Cimento, 
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Bedingung 
(C) F,[f(A (a — a) ... Aa, — a))] = F[ f(t... #,)] fir Ao. Z. 


Falls A eine Transformation mit Zeitumkehr ist, muß 


(or) FA — a). A7 (4, —20))] = Fi rl 
sein, damit U antiunitär ist. 

Aus Fl f(&, — a, ... %,— à)] = Flffai ... 2,)] folgt F(a, ... ©.)[f) = Plata, ... 
t,+4)[ f].i Es gibt. ein Z, so daß P(x, 2, 2) = Hl, me 9... 2, — fie 


Dieses H erfüllt H(x La, & — 2%, m; —- af] = Ha, a — %,... m —)lf}, 
so daß H(x,, 2, — 21, ... 2. — u) f]| = Gt — 2, L,—4,)[f]. Also ist 


(36) Ff] = @la,— 0,5. af. 


Direkte Berechnung ergibt hier e(yı ... Yr_1) = lilt, t+y,,...t+y, 4) dt, somit 
ist ff] = GL[f(t, tn, + ns) dE]. 

Falls fa ... @n) = h(a)g(@ ... @n), ist Pf] = GL h(t) gl y, Lynn) HS 
= | h(t) GT g(t+y, ... £+Yn_1)] dt, wie aus der Stetigkeit in t von g(t+y,, …, ty») 
und Glg(t-+y,, ty, )] folgt. Aus diesem Grund ist F[h(x,)g(æ, ... æ,)] bei 
festem g eine Punktfunktion in z,. Ähnlich sieht man ein, daß F,[h(a,)- 
“G(@y ... Lj4 2544... Ln)] eine Punktfunktion in x, ist. Folglich kann man die 
Matrix p(x) durch 


(37) (fis pa 2) Gm) a Het 200 Ly) Im (Ente eee Grim) Zu] 


definieren. Doch ist p(x) (im allgemeinen) kein Operator. 


Die Bedingung 4) besagt jetzt, daß, wenn g(x)h(y) = 0 für (x— y}? > 0, so 
(38) FIf(.. %;) h(#544) — h(a;) g(@j4)} U...)] = 0 
oder 
(D) Eier 0% 


falls 1) f antysimmetrisch in &;, &,u ist, 2) f = 0 für (x, 2;,,,)2 >). 
Aus 5) folet 


(40) TE) id (x eee & = an) el 
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Es gilt [P,, g{f]] = iglef/ex’} oder in dem in Abt. 6 noch zu besprechenden 
Impulsraum 


M PH = kt), (Poy gtd T) = hf], 
(42) Pj, — — 53 kf, à Pi, = 5 hf , 


Fragen wir nach den Eigenzuständen von P,. Zunächst ist © ein Eigenzustand 
mit dem Eigenwert Null. Weitere Eigenzustände können nur auftreten, wenn P 
eine ö-artige Singularität bei irgendeinem k-Wert besitzt. Wegen der Lorentz- 
invarianz kann dies höchstens bei k — 0 eintreten. 

Weiter sagt die Bedingung 5), daß die F, so beschaffen sein müssen, daß 
zu negativen Energien gehörende f die Norm 0 haben. 

Sowohl die Zustände f als auch die Operatoren P,, J,, sind unabhängige 
von der Zeit, so daß die Erhaltungssätze gelten. 

Die Operatoren U, P, Ju, gif] sind im in % dichten Bereich BY erklärt, 
man kann sie abgeschlossen machen. Ist neben C — (tes ices) Env 
C; = (0, tht, ft, … ffi, 0...) eine Cauchyfolge, so ist für das abgeschlossene 
elf]: glfJU — C;. Aus den Stetigkeitseigenschaften der F, folet, daß die 
f(x, ...x,) Vektordistributionen und die af] Operatordistributionen sind. 

Die Existenz aller Zustände aus % folgt aus den Postulaten. Doch kann 
es weitere Zustände geben und YW Teilraum eines umfassenderen Raumes sein. 


6. — Übergang zum Impulsraum. 


_ Wie schon in Abt. 2 erwähnt, ist mit fe © auch die Fouriertransformierte ('2) 
feS und umgekehrt. Zu jeder g. D. F gibt es eine Fouriertransformierte P, 
die FIP] = F[f] erfüllt. Man kann daher jeden Zustand fe, 


Tan tn, 050,28 


auch durch die Folge der Fouriertransformierten 


À N À À ER ; 
T= thes Tar «++ Ino Os 0, --+} 


(1?) Wir setzen für die Fouriertransformierte 


A > 
f(k®, ..- 8) = (2x) 2] f(a, ... 2) exp [tka] dx, 

in 

flo) = Ex)? | Hk) exp [ker] dk. 
N À PR, 
Etwa (x — xl) = (2x)? exp [ikx']; Ö(29) = 1-1- 
A 1 
wegen 1 = (27)#0. 


À À 
1-d(x°) = (27) 0(x)(2r) À = 2nö(x) 


Sf 
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charakterisieren. Das innere Produkt ist durch 


N A A 
Rise Hie 1a ... 
und 
A À ps A À 
(43) É Im) =F, F nl k, QE A key) Gin (Kniss sve Knim)] 
gegeben, weil 


(44) FRONT) ef EL ET). 


Einige der Bedingungen (A) bis (E) sollen nun auf den Impulsraum über- 
tragen werden. So lautet jetzt (A) 


A_A AA 
(A) PTT Ge. Kn)] = PH ky. — kl] . 
Es wurde gezeigt, daß P[f] = @le(yı ... Yu-ı)]. Man findet (key En) = 
= (nf by 1. — Kay Kay oe bya); daher 
4 PAIN à NEN 
(45) FLT (Ky ++ %)] = OR — ... — ln Ba, Bey oo kn) - 


Man kann dafür auch schreiben 
(46) À = (b+... +R) Tilly... By) « 


Eine hinreichende Bedingung für Lorentzinvarianz 0.2. ist: F', ist eine 
Summe von Distributionen der Gestalt 


/\ 


(47) 7, = (by +... + hn) LT Hai, +... + ak) Sky km, £(K2)) - 
t 


m 


f, soll Nullelement sein, wenn es nur Frequenzen mit > 4° < 0 besitzt. Für 
solche f, wird daher bei beliebigem g, Fe 


A À N 
(E) Ho OCR loan 07 


Die Distribution F, hat daher ihre Stützmenge nur in 4#ÿ+k5,,+..+k> 0, 


oder, was wegen (46) auf das selbe hinauskommt, in k}+...+h)_,<0. Aus 
der Lorentzinvarianz schließt man, daß P, nur dort die Stützmenge hat, wo 


kı +... + k;, im positiven Lichtkegel, 
(48) 


| k; +... +k, im negativen Lichtkegel. 
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Sei {4} = {as Mas + mn} eine Folge von Vierervektoren, so daß 
(49) Mi — 9, im positiven Lichtkegel. 
Die Funktion 
(50) À — (An)n exp [— tk, (2, — im) — … — then On — tM) 


ist keine Tf., da aber km+...+kun. > 0 für alle k,, die (48) erfüllen, verhält 
sie sich auf der Stützmenge von F, wie eine solche. Die Menge der 
(0, — nus ee En — tn), mit (49) ist konvex und es gibt offenbar eine sie enthal- 
tende offene Menge 0, so daß hes, und man fh] definieren kann. Wir 


erklaren nun 
(51) Pe, 2) = Pla, ty in.) = PU): 


P(g, ...2,) isb eine Punktfunktion, wenn die 7, (49) erfüllen und ist, da der 
Differenzenquotient von h in P(S,) gegen die Ableitung von h strebt, analy- 
tisch in diesem Gebiet. 

Es ist 


Das Integral kann man in die Distribution hineinnehmen, weil h in @, stetig 
x \ Na fe 5 
in den x; ist. Da fexp — (kt... +Kkun)A] > 7 in P(S,) für A — 0, ist 


| F(f] = if) = lim PIF exp [-- Alkım + … + kumm)]] 


ÀA— 0 


(53) 
| — hm | F(a, — Ms ces En — Ann) Fr ++ Un) A +. din. 


2—0° 


F ist genau dann lorentzinvariant, wenn F(Az, ... Ar) = Flaı … 2,). Aus 
der Translationsinvarianz folgt F(2, ... 2,) = Myers) Mit era — 
L ist analytisch, wenn — Im, im positiven Lichtkegel liegt. Es gilt der 
Satz (2): Ist Lid: ... Cn) analytisch, wenn — Im, im positiven Lichtkegel 
liegt, und invariant gegenüber Lorentztransformationen o.Z., dann ist L eine 
analytische Funktion in den Skalarprodukten ¢,-¢,, in dem Gebiet, über wel- 
ches C,:C, variiert, wenn ¢,, Cm im obigen Bereich variiert. 

Dann ist aber L eine analytische Funktion in den Quadraten von Summen 
aufeinanderfolgender ¢;, also ist L eine analytische Funktion in den (2 — 2m)? 
auf jenem Gebiet @, über dem (¢, — 2,)? variiert, wenn die z (49) befriedigen. 
Das ist gerade der Bereich, in dem — Im (2, — 2„) im positiven Lichtkegel liegt. 
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@ besteht aus allen Punkten der komplexen Ebene außer der positiven reellen 
Achse. 

Sei nun f eine Funktion, die verschwindet, wenn zwei ihrer Argumente 
raumartig zueinander liegen. Es gilt 


| F{f] = lim [fa ... 2.) F(a, — ty … Dy — taj) Am... de 
a 2-0 
> | — lim | fa, ....©,) L((& — 2m — iA — Nm))?) Oa, z+. de, « 


20° 


Ist nun #,— x, raumartig, so liegt (2, — x,,)? auf der negativen reellen Achse, 
wo JL analytisch ist, daher existiert au L( (4, — nm — iM — Nm))?) = 
= L((#, — %»)?) und 


(55) PU] = Mes Pa) LA Op egy) der. der, 


Für paarweise raumartig gelegene Punkte ist daher # eine beliebig oft dif- 
ferenzierbare Punktfunktion. 

Für reelle, raumartige 2 —2, bleibt L((2, —2,)) wegen der Kausalitat 
bei Vertauschen zweier Indizes gleich. Nach dem Identitätssatz muß daher 
L((2;-—2,)?) überall bei Vertauschen zweier Indizes unverändert bleiben. Die 
F, erfüllen daher, wenn die übrigen Bedingungen gelten, (D) identisch. 

F,[fg] = — iA+(«@— y)[fg] erfüllt alle Bedingungen. F,[fg] = F;[gf] (A) gilt 
nach (21). (B), (C) und (E) folgen aus der Impulsraumdarstellung. Daher ist 
A*(x— y) für raumartiges «— y eine Punktfunktion und die Vertauschuungs- 
regeln (D) werden automatisch erfüllt. Das bedeutet, daß 


(56) Ae— y)lig) = Aw — y) fa] — Ar@— y)Lof] = 9, 

wenn f(æ)g(y) =0 für (œ— y}? > 0. A(x— y) verschwindet daher für raum- 
artiges æ — y. 

7. — Das Schrödinger-Gordon-Feld. 


Um die Theorie des freien Schrödinger-Gordon-Feldes zu erhalten, fordern 
wir zusätzlich zu den in Abt. 5 gemachten Annahmen: 


1) [olf], gl] ist eine Zahl T{fg]. 


2) (C®+ m?)g[f] = 0. 


Aus Abt. 5 schließt man, daß wegen (2, [elf], op g]]2) = Tlig] die g 
T[fg] lorentz- und translationsinvariant ist. Aus der Translationsinvarianz ak 
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wie früher 7{[f(, y)] = H[ [f(x +t, t)dt]. Da H eine invariante Lösung der 


Schrödinger-Gordon-Gleichung sein muß, ist wegen Abt. 3 H[l(x)]—cA TI] 
+ GA [1] +6 ve) dz. Nun muß aber mit T auch A schiefsymmetrisch sein, 
so daß H = cA, T= cA(a,— x,) sein muß. T erfüllt nur dann die Bedingung 
(B), wenn ¢ auf der negativen imaginären Achse liegt. Wir normieren so, dal) 
T=—iA(&— y). - Folglich ist 


(57) T( fg] = F.lfg]— F.[gf] = — iA@— Lig] - 
Da PF, Lf (k Y(k,)] seine Stützmenge wegen (48) innerhalb k, > 0 und k, <0 
haben muß, . F[fg] = — 1A+(a,— a )[fg] + af(o 0)9(0). Für m0 muß we- 


gen 2) a — 0 sein. Im Falle m = 0 muß man die zusätzliche Annahme machen, 
daß man stets 


3) golf] = Pl) + Pl] 


setzen kann, d.h. daß @ in k'= 0 keine 6-artige Singularität besitzt. Dies wird 
bei m +0 durch 2) von selbst garantiert. Daraus folgt. 


(58) F,=1, F,=0, F[f(#1, %)] = — AH 1 — %)[f(X,, 22)] - 
Allgemein eilt 
(59) rl Pole == Pf fi Fee fe] + Pelle fi]. 


Die Summe ist über alle Paarbildungen k,<1,, ky, < kyı, der ersten 27 natür- 
lichen Zahlen zu bilden. Für beliebige f(x, ... ,,) ist F,; durch das .direkte 
Produkt gegeben; im allgemeinen Fall kann man die Integrale in den A*-Distri- 
butionen nicht mehr unabhängig ausführen, sondern es treten mehrfache 
Integrale auf. Der Beweis für (59) folgt durch Induktion nach n: 


FU + fal = Palfite ee fn) 5 
wegen 
FL fefs eee Bell; QU FA = 
= Fr, Malle Il AT (a, — Ih Pralh + letras 


und F,[f. …f,fi] = 0 kann man f, nach rechts durchziehen und erhält 
n 
(60) Bith + In] = ZF al fifi] Pn fo Taf ce fn] 


2 
z 
- 
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woraus (59) folet. Die Fouriertransformierten kann man schreiben 


(61) Pan (2)? > LIL +m?) ok, + k,) PROBE m?) ölk,, =e k,) 2 

Prüfen wir nun die Bedingungen (A) bis (E) nach. (A) folgt aus (61), 
(C) und (E) sind offenbar. In Abt. 8 wird gezeigt werden, daß jedem Zustand 
aus ® ein abbrechende Folge f = {f, -.. Jr, 0, ...Y entspricht, deren f, nur ne- 
gative Frequenzen enthalten. Für solche f ist 


(64) = EG). 


Um (B) einzusehen, genügt daher Bee RAS A 1] > 0, wobei f7 = J,; 
f; = f,. Funktionen mit negativen Frequenzen darf man untereinander ver- 
tauschen, ebenso solche mit positiven. Aus diesem Grund ist es hinreichend, 
zu zeigen, daß F,,[f(&;.....0,) f(x, ….æ,;)] > 0, wenn f nur negative Frequenzen 
besitzt und symmetrisch in den x, ist. Ein Term aus (64) hat aber für solche 
f die Gestalt 


5. (1 (ft kn. VE Em, ... — kj, —V £m) f(— ky, VE me, …) 
en (5) | 


- ne —— Ahr ..ndk,: 
IR VIE +m... VIE + m? 


J 


Da A(x, — #,)[fg] = 0, wenn f und g raumartig zueinander liegen, ist auch 
die Kausalitätsbedingung erfüllt. 


8. — Die Partikeldarstellung. 


Jedes f = {fo,... fi, 0, ...} ist äquivalent einem g = {go, ... 95, 0, ...}, dessen 
g, nur negative Frequenzen besitzen. Am einfachsten beweist man dies durch 
Induktion nach j. Ist g; = hy(a,) ... h,(&;) = g{hlh(m) ... h,(æ;), so darf man 
voraussetzen, daß As, hs, ..., h; nur negative Frequenzen enthalten. Daher ist 


95 = li] + Ply othe Nhs «by = 
= a we, a Ng (Ww Wn) AW le ane Ws 


Der erste und dritte Term der rechten Seite ist in der gewünschten Form, den 
mittleren kann man nach Voraussetzung in einen äquivalenten mit negativen 
Frequenzen umwandeln. Jedes f, kann man daher als Summe von g, darstellen, 
wobei k die ganzen Zahlen von gleicher Parität wie j zwischen 0 und 7 durch- 
läuft. 
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Ein Zustand g; (x, ... v;) ist als einer mit j Teilchen zu deuten. Die Distri- 
bution F,;[ f(x, ...2;) 95 (241 ---2,)] ist in #1, ... x, eine Punkfunktion, sobald die 
ty, ... £; paarweise raumartig zueinander liegen. Die Funktion 


(62) Dia ...%) = Fy dy, -.. £55 95 (Mis 5)] 
ist die Wellenfunktion von 9; (#1, ...2,). Es gilt 


(63) (D? + m2) = 0, 
® ist symmetrisch in den #,. 
/ In der Partikeldarstellung ist das innere Produkt besonders einfach: 


(64) G, gh = > TT dl 


Nicht abbrechende Folgen f liegen in YW, wenn )» F,[ff,] konvergiert. 
Es gibt also Zustände, die aus Zuständen mit beliebig hoher Teilchenzahl 
zusammengesetzt sind. 

Man kann einen Teilchenzahloperator N einführen durch 


(65) TT 


N ist für den ganzen endlichen Teil von YW erklärt. 

Zunächst liegen alle f in S. Dadurch, daß man den Raum vollständig 
macht, kommen alle f- hinzu, für welche die 3r-fachen Integrale in F,[f,f,] 
existieren. Es gibt Elemente in 8’, die man durch Punktfunktionen nicht 
mehr darstellen kann. Eine Darstellung aller Elemente aus YW! geben die 
di = 2 ee 0a, ‚deren js auf k? = m? definiert und Lebesgue-integrierbar 
sind, und für die P,, konvergiert. Dementsprechend ist g[f] für solche f 
erklärt (J — 1). 


9. — Das elektromagnetische Feld. 

Zur Beschreibung des elektromagnetischen Feldes haben wir unter sinn- 
gemäßer Verallgemeinerung der in Abt. 5 aufgestellten Forderungen 1) und 2) 
zu verlangen, daß es vier Operatordistributionen p“[f,(7)] gibt, die bei Lorentz- 


transformationen in 


(66) U(a, A)p[f,(x)JU-(a, A) = 3 A, PU (A (x — @))] 


übergehen. Es ist sinnvoll, die Feldoperatoren nun als Linearform im Raum 
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der Quadrupel f(x) darzustellen : 
(67) gLf,()] = > PU ()] 
u 
Diese transformiert sich gemäß 
(68) U(a, A)g{f,(æ) JU (a, A) = el AP, (æ— a))]- 
Durch wiederholte Anwendung von (67) auf © und durch Summation gelangt 


man zu einer Darstellung der Zustände durch 4” Testfunktionen in 4n Variablen, 
und es eilt 


(69) Ua, AME, fas fans eu = Ey (ADP (AT — a)), ….}. 


Ergänzen wir die in Abt. 7 gemachte Annahme 1) durch die Forderung, 
daß der Kommutator nicht nur dem Einheitsoperator im Hilbertraum pro- 


portional sein soll, sondern auch dem « Einheitstensor » g“”, und behalten wir 


2) und 3) bei, so wird 


(70) [elf [9,1] = 1D (x; — 2,)[f,9*)- 


Die Metrik ergibt sich dadurch zu A, =1, F, — 0, 


71) alfa Fay) = 4S PO PO IP OR FSD Pag Pe 


und ist offenbar indefinit. 
Zum Einbau der Lorentzbedingung in die Theorie rechnen wir mit einer 
Partikeldarstellung im Impulsraum. Wir verlangen 


(72) ok, Flo. = 0. 


6 À Te - ae ee Bt ae Ne R A N . 
Die linke Seite von (72) wäre für beliebige 9, | irgendeinem #; , gleich. 
mn iy ps es ht 


(72) heiBt also 


(helle Be) Kuh eye 
= I Bath. Tena oo» Ka) ey f*(Kn) Gy», (Ent see Ben) = 
Me) — (= (2m) (8) (RE) OURS) ORNE CE — i) 
f(a) I ge, (— Ba, ku); 
pl) ie 


wobei P(l) alle Permutationen (/,,.../,) von (1,...n) durchläuft. Da A und f 
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beliebig sind, bedeutet (73), daß neben © nur solche CAE (k, ... k,) zugelassen 
sind, welche die 4-1 Gleichungen 


(74) a a 
) 


zu den 4"-1 (n—1)-tupeln (1, ..., 4n_,) erfüllen. 
In dem durch (74) eingeschränkten Raum ist die Metrik definit. Es ist 
nämlich 


(75) VOR) 8 (HE)... (19) OLG (Eh) 9G (— Ihr, = 


pay A 
= eS, NE L 
= (=) (RD 0084)... [I m Ban) BG Bey) = 
n Pim) Pi x 
= (—)"0(k®) (KE) ... [Gr k, ... — Kn) Guo, re En) | ; 
(74) bedeutet 
WG ars | [pec ha) = OF 
Da @ symmetrisch ist, folgt hieraus 
(76) ki Gate ee 0: ln ES 
Wir behaupten nun 
(7) ee, nt 


und beweisen es durch vollständige Induktion. Es sei 


Gb G 
(—)'G He dun © 0. 


Das Koordinatensystem sei so gewählt, daß %k,., in die #,-Achse fällt. Dann 
sagt (76) fir Jj=!-+1 


7 == (G; 
HU My MLM talen 
und wir bekommen 
Hit 1 0 
( ) G ee ae Er 


Der durch die Lorentzbedingung eingeschränkte Teilraum ist daher ein 
echter Hilbertraum (#). Durch wiederholte Anwendung der Feldoperatoren 


(3) Er muß erst vollständig gemacht werden. 
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F „fl = @,Lef/ex’]—@,Lef/ex*] kann man diesen Raum aufbauen. In ihm 
werden die Maxwellgleichungen für die F,, als Operatorgleichungen erfüllt. 
Die Anwendung der ¢,[f] führt aus dem Hilbertraum hinaus; sie sind also keine 
Operatoren im Hilbertraum. 


10. — Das Diracfeld. 


Wir führen Operatordistributionen y[f], y'[f] ein, die den Integralen 


vn [wieiiae, pin | met ar 


entsprechen sollen. Wir nehmen im Integranden stets den hermitisch konju- 
gierten Operator, weil dies dem Skalarprodukt im Hilbertraum entspricht. 
Ist À ein beliebiger auf Koordinaten oder Indizes wirkender Operator, so ist 


(78) Apfl=yAN, (yf = YA. 
Folglich ist 

(79) PA = OLA = viLIAL~ | vale) folerBaede 
wobei B = B', By'B = y, und 


(80) vr] = v*[f8-]. 
Es gilt 


(81) vif} = y'[f]. 


Das Postulat 2) aus Abt. 5 ist für A 0.2. durch 


[ U(a, A)y[fJU-(a, A) = er «))] 
| U(a, A)y*[fJU-(a, A) = y*[f(4>(@— a))S"*] 


(82) 


zu ersetzen, wobei S!= BS-1B-1, SS = Ay. Für A mit Zeitumkehr ist 
rechts f zu nehmen. An Stelle von 4) sollen nun die Antikommutatoren ver- 
schwinden, die man aus y und y* bilden kann, wenn die Tf. raumartig zu- 
einander liegen. 3) und 5) werden übernommen. 

Wir nennen 


(83) PACE ose A le a 


Durch fortgesetzte Anwendung von y und y* erhalten wir die Elemente eines 


on eue 


ce 
: 
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Raumes % (4) in der Gestalt 
£(3;) S30 > à 
Î ea {fos if? (71), % : (2, La); +++} 5 


wobei s; = +; f, ist noch eine Matrix ihe (Pro En), %j = 17. 4 Mor das 
ay 
innere Produkt machen wir den Ansatz 


(84) (Q, gee) = Fy[ge]. 
Wegen (80) und (81) ist 


GP, aa) == (wf flQ; ge") = 
= (Q, pp gee) = Fl) get]. 


Ähnlich sind alle inneren Produkte durch die F, gegeben. Diese haben wieder 
(A) bis (E) analoge Bedingungen zu erfüllen. 
Nach den Bedingungen des Abt. 5 sind nun jene aus Abt. 7 zu modifizieren: 


1) Die Antikommutatoren sind Zahlen und Skalare. 
2) (0—m)y[f]=0, y*(0+m)[f]= 0 oder y[(e *__m)f]=0, p*[f(o'+ m)]= 04 
Daraus schließt man ähnlich wie in Abt. 7 und Abt. 9 auf 
rl, viel; = {v*[fl, v*Lgl} = 0, 


(85) À {y[fl, v*ig} = Siig], 
Sli] = — Aw — y)[g(y)(@ +m)fa)] = — Ale — y)g(y)(— à, + m)f(x)] - 


Tatsächlich ist 


(6, — m) S[f(x)g(y)] = SI — m)f(x)g(y)] = 0. 
S[f(æ)g(y)1(0, +m) = S[f(w y)(O;+m)] = 0. 


Aus dem Fehlen von Zuständen negativer Energie schließt man 


(86) FI =0, EHI SS ot, FO = 8 (ofl - 


(4) Wir behalten trotz der Unterschiede gegenüber Abt. 4 der Einfachheit halber 
die Bezeichnungen %, B*, W... bei. 
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Allgemein schließt man durch Induktion auf 


(87) PA 199] = man an PALI fn) … Bal foe gee?) 


analog (59). AE ist 1 für gerades P(m), — 1 für ungerades. Man kann 
zeigen, daß die #, allen Forderungen genügen. 

Jeder Zustand f(7,....7,) kann als Summe von Vektoren mit Tf. in höch- 
stens 4n Variablen mit nur negativen Frequenzen dargestellt werden. Der 
Teilchenzahloperator N und der Gesamtladungsoperator Q sind in dieser Dar- 
stellung gegeben durch 


(88) Nena...) = nf m (X...) ; 
n 
(89) Ge ay) = Def (0) 
j=1 


p{fJ2 ist ein Elektronenzustand, y*[f|Q ein Positronenzustand, umgekehrt 
wie bei w(x) und y*(x). 

Wenden wir uns nun der Einführung eines Stromdichteoperators j[h] zu, 
der für alle aus Tf. gebildeten Vierervektoren h = (h(x), ... h(x)) definiert 
werden soll. j[h] entspricht dem Ausdruck e|y*(@)yh (2)y(®) dæ der her- 
kömmlichen Theorie. Da es kein y(x) und w*(æ) gibt, muß man indes anders 
vorgehen. Man kann formal schreiben 


= | ew™ (x) yp#h, (21) 6(&ı — %) p(x) dx, de, = 


— 6 | p'(2,)Py4h, (a) (4, — 2) pit) dr, de, = 
= epy'[Pyth,(#,) 6% — 2,)] = epp*[yth(a,) dt — a) ) . 


Diese heuristischen Überlegungen sind die Richtschnur für die Definition 
der Matrixelemente von j[h] durch folgende Vorschrift: 


1) Man bildet die Matrixelemente von y[u]yp*[v]— (2, y[u]y*[v]Q), das 
sind die Matrixelemente von y[u]y*[v] ohne jene Terme, in welchen S+fwo] 
vorkommt. 


2) Man geht mit u(a,)v(®) — eh(a,) 0(@,— %,)y' bzw. À (k,)Ô(E;) — 

— (2x) *eh(k; + k,)y'. yt hat die nötigen 16 Komponenten. RH) ist keine 

Tf., doch existieren die Impulsraumintegrale, wenn nur h(k) bzw. h(a) Tf. ist. 
Als Illustration berechnen wir (2, y*[f]j[A]y[g]Q2). Zunächst ist 


(2, y*Lylaly*Lr]yl]2) = — STuf]sIge]— STgf]S* Eur] . 
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Der zweite Term ist wegzulassen, der erste ergibt 


(27)29(— k8)O(— KO m2)5(k2— m2)[F (— ke) (kyyt mA (ROC hey) (kay +2) (Ie). 


Setzen wir an Stelle von u (kw, — k,) hier (27) zeh(k, — h)y}ps so erhalten wir 
28 (— K})0(— K2) ö(k} — m’) 6(k2 — m°)[f(— kı)lkıyt + m)A( — he) yoy + m)ölk)] 
Le ‚(os ky)(kyy* + Em vu} + m)g i(k GE a. 

Hierbei ist k? = — (k?-+ m*)? einzusetzen. 
Man überzeugt sich leicht, daß (ff, j[h]gi-'») gleich (f/"%, [kg tn) 


ist, wenn f, mit f, und g, mit g, äquivalent ist. fas die Vorschrift, daB 
(f, 1[k]g) linear in g, antilinear in f ist, kann man (f, j[h]g) für alle f,ge® 
erklaren. Zusammenfassend gilt fiir diese Matrix: 


a) (f, ihlg) = (f, ilhlg'), sobald f mit f und g mit g’ äquivalent ist. 


b) (f, j[h]g) läßt sich auf alle Elemente f, g übertragen, die in W’ liegen 
und ist stetig in W’ in der Metrik von %. 


ec) (f, 5 ij hg,,) = 0, außer die Zahl der Elektronen in f unterscheidet sich 
von der Zahl der Elektronen in g um + 1, und ebenso die der Positronen. 


Es soll angedeutet werden, wie man zeigt, dab j[h] nicht nur eine Matrix 
ist, sondern auch ein Operator. b) bedeutet, daß (f, jg) für alle f, g aus dem 
endlichen Teil von % erklärt werden kann. Nach €) kann aber f beliebig in 
YW sein, wenn nur g im endlichen Teil liegt, da es, wenn ge YW", nur auf die 
Komponenten von f in Y"*? ankommt. Aus dem gleichen Grund ist (f, j[h]g) 
stetig in f. Jede stetige, antilineare Funktion in f hat die Form (f, d). Daher 
ist j[h] ein über dem endlichen Teil von YW definierter Operator, der dem Ele- 
ment g das Element d zuordnet: j[ hlg = d. ; 

Im Grenzfall h(x) — (ô(x°), 0, 0,0) bzw. h(k) — (2rö(k), 0, 0, 0) existieren 
die Matrixelemente, wie man sich durch Einsetzen überzeugt. Einige Rechnung 

zeigt, daß sie mit den Matrixelementen von Q übereinstimmen. 


U Pa 
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RIASSUNTO 


Viene applicata la teoria delle distribuzioni di L. Schwartz nella formulazione della 
teoria quantistica dei campi onde risulti matematicamente consistente. L'introduzione 
di funzioni di distribuzione permette di ottenere molte formule nel formalismo rigoroso 
e con cambiamenti semplicissimi rispetto alla formulazione corrente. Facendo Vipotesi 
dell’esistenza di un operatore di campo spazio-temporale avente laspetto distribuzio- 
nale, si arriva alla formulazione di uno spazio Hilbertiano introdotto dal WIGHTMAN: 
tale spazio @ metricamente definito da una successione di distribuzioni le quali altro 
non sono che i valori medi del vuoto risultanti dalla teoria. Vali valori vengono otte- 
nuti con sempliei ipotesi per i campi di Schrödinger-Gordon, di Maxwell, di Dirac. 
A proposito del campo elettromagnetico si osserva che la metrica è definita solo in un 
sottospazio dell’intero spazio di Hilbert definito dalla condizione di Lorentz. Infine 
si rende possibile la definizione di densità di corrente nella struttura della teoria, densità 
che corrisponde all’abituale. 
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Étude de la dissolution des grains d’argent 
des plaques nucléaires épaisses dans le fixateur. 


G. THURO et M. Paré 


Institut Ruder Boskovié 
et Institut de Physique de la Faculte des Sciences - Zagreb (Yougoslavie) 


(ricevuto il 18 Luglio 1956) 


Resume. — Par suite d'un grand nombre d'expériences il a été constaté 
que l’oxygène atmosphérique facilite considérablement la dissolution des 
grains d'argent dans le fixateur. C’est pourquoi la dissolution des grains 
d'argent des plaques photographiques dans les solutions d’hyposulfite 
de sodium contenant des réducteurs — soit du bisulfite de sodium, soit 
du sulfite de sodium en présence d'acide acétique — a été étudiée. Sous 
condition de diminuer, par ébullition prolongée de l’eau, la quantité 
d'oxygène dans les solutions, il est possible d'empêcher, par de faibles 
concentrations de ces additions, la dissolution de l’argent. Ces résultats 
ont été appliqués au fixage des plaques nucléaires de 400 et 600 um 
d'épaisseur. Des domaines de concentration en bisulfite de sodium, ou en 

{ sulfite de sodium en présence d’acide acétique, pour lesquels il n'y a ni 
dissolution de l’argent ni turbidité gênante des plaques nucléaires, ont 
été déterminés. Un fixateur contenant, en plus de l’hyposulfite de sodium, 
du sulfite de sodium et de l'acide acétique, est proposé. 


1. — Introduction. 


La dissolution, dans le bain de fixage des grains d'argent qui forment les 
traces des particules ionisantes des émulsions nucléaires est un phénomène 
fréquent, lorsqu'il s’agit des émulsions épaisses, particulièrement gênant et 
jusqu'à présent incontrolable (14). Ayant eu nous mêmes des déboires avec 


(1) A. Bonermi et G. OCCHIALINI: Suppl. Nuovo Cimento, 11, 222 (1954). 

(2) R. W. BIRGE, L. T. KertH, CH. Ricuman, D. H. Srorx et S. L. WHETSTONE: 
Berkeley, California, UORL - 2690 (1954). 

(5) G. MEULEMANS: Suppl. Nuovo Cimento, 12, 410 (1954). 

(4) M. TEUCHER: Ergebnisse d. exakt. Naturwiss., 28, 407 (1955). 
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le fixage des émulsions nucléaires, nous avons décidé d’élucider ce phénomène, 
de trouver, si possible, sa cause et d’y remédier. 

Nous avons étudié d’abord l’action du fixateur sur l’argent finement divisé 
des plaques photographiques ordinaires. Ces plaques ont été préalablement 
développées et fixées suivant le procedé habituel en photographie. La disso- 
lution de l’argent à été appréciée photométriquement. Ayant trouvé la com- 
position des bains de fixage dans lesquels l’argent ne se dissout pas, nous avons 
fixé dans ces bains des plaques nucléaires épaisses. L’examen de l’image micro- 
scopique nous a permis de choisir la composition du fixateur qui tout en ne 
dissolvant pas les grains d'argent n’altere pas la qualité de l’image microscopique. 


2. — Appréciation photométrique de la dissolution de l’argent. 


Des plaques photographiques panchromatiques (FK Univerzal Pan) ont 
été exposées à la lumière, développées, fixées, lavées et séchées suivant la pra- 
tique photographique habituelle. La dimension moyenne des grains d’argent 
de telles plaques a été de 0.5 um environ. La densité optique log (/,/I) de 
chaque plaque a été determinée à l’aide d’un microphotomètre. Elle était de 
0.7 environ. Les plaques photographiques ont été ensuite immergées dans des 
solutions à étudier et abandonnées là pendant 4 jours, à la température de 
5 °C. C’est le temps nécessaire pour terminer l’operation du fixage d’une emul- 
sion nucléaire de 600 um d'épaisseur. Après ce laps de temps les plaques ont 
été lavées à l’eau courante, séchées et photométrées. La quantité d'argent 
mise en contact avec le fixateur a été toujours très faible par rapport au volume 
de fixateur: 250 cm? environ de fixateur pour une plaque de (3x3) cm?, déjà 
fixée. 

Dans le cas où la même densité optique a été retrouvée, il n’y avait pas 
de dissolution d'argent, et le rapport ö des densités optiques après et avant 
l’action du bain est égal à 1. La valeur 6 inférieure à 1 indique une dissolution 
de l’argent et ö supérieure à 1 montre l’augmentation de l’opacité de la plaque 
consécutive à la formation d’un depôt ou à la coloration de la gélatine. 


3. — Action de l’oxigène atmosphérique. 


Pour dégager les facteurs essentiels qui influent sur la dissolution de l’argent 
dans la solution d’hyposulfite de sodium un grand nombre d’expériences a 
été effectuée. Dans celles que nous allons mentionner il s'agissait de l’action, 
dans des conditions de température et de durée déjà indiquées, d’une solution 
d’hyposulfite de sodium (Na,8,0;:5H,O) «pur pour analyse » de 360 g/l, dans 
Peau distillée. Voici les résultats de ces expériences. 
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Lorsque la solution d’hypolsfite de sodium est préparée avec de l’eau dis- 
tillée froide et l’action a lieu dans un récipient ouvert il se produit une forte 


dissolution de Vargent (6 = 0.21 + 0.12). Si la solution remplit entièrement 
le récipient fermé, moins d’argent se dissout (0 = 0.44 + 0.14). Le rempla- 
cement de l’air atmosphérique par l'azote a pour effet une certaine diminution 
de la dissolution (6 = 0.29 au lieu de 0.21 en présence d’air). Si l’azote est 
barbote de temps à autre à travers la solution, 0 augmente de 0.29 à 0.37. 

La solution étant préparée avec de l’eau distillée, bouillie 30 min environ, 
dans un ballon en verre chimiquement résistant, l’action dissolvante de la 
solution en récipient ouvert est plus faible (6 = 0.28 + 0.14) que lorsque 
l’eau n’est pas bouillie. 

L'amélioration devient nette si la solution remplit entièrement ou presque 
le récipient (6 — 0.94 993). Un faible courant d’air à travers la solution ainsi 
préparée, maintenu pendant l’action sur la plaque, fait tomber à à 0.1, ce 
qui correspond à une dissolution presque complete de largent de la plaque. 
Si l’on ne dissout pas le fixateur dans l’eau chaude, immédiatement après l’ebul- 
lition, mais seulement après l'avoir laissé refroidir, bien que le récipient dans 
lequel l’action a lieu soit entièrement rempli, il y a dissolution (0 = 0.4 —- 0.14). 
Le filtrage de la solution d’hyposulfite encore chaude détruit l'avantage de 
l’ebullition préalable, même si l’action se fait en récipient clos et rempli entiè- 
rement ( = 0.46 + 0.2). 

Ces expériences montrent que c’est oxygène de l'air qui favorise la dis- 


solution de l'argent et que l’ébullition préalable de l’eau, servant à la prépa- 
ration du fixage, la diminue considérablement, bien qu’insuffisament. 

Le milieu oxydant favorisant la dissolution de l'argent on pouvait espérer 
de l'empêcher en ajoutant à la solution d’hyposlfite de sodium des réducteurs 
entrant habituellement dans la composition du fixateur, à savoir le bisulfite 
de sodium (Na,8,0,;) et le sulfite de sodium (Na,SO,). 


5 


4. — Action du bisulfite et du sulfite de sodium. 


En ajoutant des quantités croissantes de bisulfite de sodium à des solutions 
d’hyposulfite de sodium préparées à partir d’eau distillee n’ayant pas été préa- 
lablement bouilli, la dissolution de l’argent de la plaque photographique à 
été favorisée dans quatre cas sur cinq et entravée dans un cas (Fig. 1). L’in- 
constance de l’action du bisulfite a été signalée par MRULEMANS (°). 

Pour diminuer la quantité d'oxygène dissous, nous avons préparé le. bain 
de fixage avec de l’eau distillée bouillie pendant 30 minutes. Cette eau, retirée 
du feu est immédiatement versée sur la quantité nécessaire d’hyposulfite de 
sodium placée dans des flacons à poudre de 250 cm*, pour obtenir une teneur 
de 360 g/l. A cette solution on ajoutait, au besoin, du bisulfite et du sulfite 
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de sodium, préalablement dissous dans l’eau chaude bouillie. Les flacons sont 
bouchés à l’&meri et placés dans le frigidaire à +5 °C. Lorsque la solution 
a atteint cette température, les pla- 
ques à examiner y ont été immer- 
gées. 

Les résultats obtenus avec les 
plaques photographiques déjà fixées, 
de dimensions (3x3) em? en pré- 
sence de bisulfite de sodium sont 
representés sur la Fig. 2a. On voit 
que la solution d’hyposulfite pur 
tout en étant préparée à partir 
d’eau bouillie, dissout des quantités 
notables d'argent. Dès que Von 
ajoute une faible quantité de bi- 
sulfite de sodium (0.3 g/l) la dis- 
solution de l’argent est complète- 
ment empêchée, sous condition d’o- 
Fig. 1. — Rapport 6 des densités optiques pérer en flacon plein et bouché, ce 
des plaques photographiques développées, qui a été surtout réalisé dans les 
après et avant l’action à 5 °C, des solutions de Pale ER : 
Vhyposulfite de sodium (Na,$,0,:5H,0: expériences à faible teneur de bisul- 
360 g/l), en fonction de la teneur en bisulfite fite. Il semble que des quantités 
de sodium. Durée de l’action: 4 jours. L'eau élevées de bisulfite de sodium (30 g/l) 
servant à la préparation des solutions n’a pas favorisent la dissolution de l'argent. 

ut. Si en plus du bisulfite de sodium 

on ajoute une quantite constante 

de sulfite de sodium, 5 g/l (Fig. 2b) ou 10 g/l (Fig. 2c), on observe une aug- 
mentation de l’opacite des plaques qui n’est pas souhaitable. 

Pour nous rendre compte de l’influence du bisulfite et du sulfite de sodium 
sur la qualité de l’image microscopique des émulsions nucléaires, nous avons 
utilisé des émulsions pelées Ilford G5 de 600 et 400 um d'épaisseur, préalable- 
ment collées sur verre et développées suivant le procédé de Dilworth, Occhia- 


0 4 8 12 16 20 24 


Bisulfite de sodium (Na, 5,0,) ga 


lini et Vermaesen (°). 

Les emulsions nucléaires ont été soumises à l’action du fixateur de la même 
manière que les plaques photographiques. Il y avait toujours un grand excès 
de fixateur: 1 cm? environ d’émulsion nucléaire pour 11 de fixateur. Après 
lavage à l’eau courante et séchage à l’air libre calme, les émulsions nucléaires 
ont été examinées au microscope. Les résultats de l'examen microscopique 
au grossissement 1000 sont représentés sur le Figs. 3 « be. Sur l’axe des or- 


(5) ©. ©. DILWORTH, G. OCCHIALINI et L. VERMAESEN: Bull. du Centre de Phys. 
Nucl., Bruxelles, 234 (1950). 
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données sont portées les valeurs se rapportant à la qualité de l’image micro- 
scopique des traces, exprimée en «notes » allant de 0 à 10, données par deux 
observateurs. Les notes ont les significations suivantes: 0, plaque complète- 
ment opaque, inutilisable; 1, presque complètement opaque, inutilisable ; 
2, très opaque, pratiquement inutilisable; 3, les traces près de la surface de 


Na S0, : 5 g/l 


Bisulfite de sodium g/l 
Fig. 2. — Valeur ö des plaques photographiques développées immergées quatre jours, 
à 5°C, dans des solutions de Na,S,0,-5H,0 (360 g/l), en fonction de la teneur en 
bisulfite et sulfite de sodium. L'eau servant à la préparation des solutions a été bouillie 
pendant 3 h. 


a plaque peuvent être distinguées : 4, les traces peuvent être discernées aussi 
dans les régions plus profondes, mais il est difficile de compter les grains; 
5, la plaque peut être utilisée pour les mesures, mais dans les régions profondes 
Pimage microscopique des grains n’est pas très nette, l'observation et les me- 
sures sont fatiguantes; 6 et 7, les caractères généraux de la plaque restent 
pareils à ceux mentionnés en liaison avec la « note » 5, mais le travail d’obser- 
vation et de mesure devient plus facile qu'avec une plaque ayant cette « note»; 
8, 9, 10, les plaques caractérisées par ces «notes» élevées ont des qualités 
optiques très satisfaisantes: l’image près du fond de la plaque est presque, 
ou tout à fait aussi nette et contrastée que près de la surface et ces qualités 
- ne sont pas dues à une clarification de l’image due à la «corrosion ». L’interval 
des notes allant de 8 à 10 est hachuré sur les graphiques. 

Des faibles additions de bisulfite de sodium, allant de 0.3 à 2 g/l permettent 
d'obtenir des images de bonne qualité (Fig. 3a), sans apparition de la « cor- 
rosion ». Des teneurs plus grandes de bisulfite de sodium provoquent la tur- 
bidité et rendent difficile l'observation microscopique. 
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L’addition de 5 g/l et de 10 g/l de sulfite de sodium (Fig. 3b et c) en plus 
des quantités croissantes de bisulfite de sodium augmente la turbidité et n’est 
pas à recommander. 


LCL 
© 


Na,S0,: 0 9/ 
it 1 1 


l 
L ie 


UME 


1 1 1 


l'image 


Qualité de 


Na,S0, : 10 g/t 
° 


pe ie Lo 
0 10 20 30 


Bisulfite de sodium g/t 


Fig. 3. — Qualité, notée de 0 a 10, de l’image microscopique des traces nucléaires dans 


m 


les plaques nucléaires, fixées à 5°C dans des solutions de Na,$,0,:5H,0 (360 g/l), en 
fonction de la teneur en bisulfite et sulfite de sodium. Rapport du volume de l’&mulsion 
nucléaire et du volume de fixateur: 1/1000 environ. Pas d’agitation. L'eau servant à 
la préparation des solutions a été bouillie pendant + h. Les cercles barrées se rapportent 
aux plaques de 600 um d'épaisseur les autres cereles aux plaques de 400 um. 


5. — Action du sulfite de sodium en présence de l’acide acétique. 


Des additions de sulfite de sodium à la solution d’hyposlfite de sodium 
préparée avec de l’eau distillée non bouillie, peuvent empêcher la dissolution 
des grains d'argent des plaques photographiques comme le montre la Fig. 4. 
Malheureusement la turbidité des plaques nucléaires augmente considérable- 
ment avec la quantité de sulfite de sodium ajoutée. Lorsque cette quantité 
est suffisante pour protéger complètement l’argent de la dissolution, la plaque 
nucléaire devient opaque, done inutilisable. Cette observation est en accord 
avec une remarque de WALLER (°). 

Si l’on prépare les solutions d’hyposulfite de sodium à partir d’eau distillée 


(5) BRAUN, ÜORNIL, G. MEULEMANS: Congrès International sur le Rayonnement cos- 
mique, Bagnères de Bigorre (1953). 


ÉTUDE DE LA DISSOLUTION DES GRAINS D'ARGENT DES PLAQUES NUCLÉAIRES ETC. 


893 


bouillie, des plus faibles quantités de sulfite de sodium sont suffisantes pour 


empêcher une forte dissolution de l'argent (Fig. 5). 


Toutefois la protection 


nest pas complète, à moins d'ajouter jusqu'à 10 g/l de Na,SO, ce qui augmente 


la turbidité des émulsions nucléaires. 


Sultite de sodium (Na2S03) gyı 


Fig. 4. — Valeur ö des plaques photographiques développées immergées 4 jours, 2.5.06, 
dans des solutions de Na,8,0,:5H,0 (360 g/l), en fonction de la teneur en sulfite de 
sodium. L’eau servant à la préparation des solutions n’a pas élé bouillie. 


En acidifiant, même très légèrement, la solution 
d’hyposulfite de sodium additionnée de sulfite de 
sodium, la protection contre la dissolution de l’argent 
devient très bonne: déjà 0.2 cm? acide acetique 
glacial par litre en présence de 0.25 g/l de Na,SO; 
agissent nettement dans ce sens (Fig. 6a). La quantité 
d'acide acétique que l’on peut ajouter à la solution 
d’hyposulfite de sodium (360 g/l), croît avec la quan- 
tité de sulfite de sodium préalablement ajoutée. En 
absence de sulfite la moindre quantité d’acide acé- 
tique décompose déjà Vhyposulfite. La plus forte 
teneur en sulfite de sodium ajoutée a été 10 g/l en 
présence de 16 cm? d’acide acétique par litre. Dans 
cet interval étendu de teneurs en sulfite de sodium 
et en acide acétique la dissolution de l'argent a été 
empêchée, comme le montre la Fig. 6. 


0 5 10 
Sulfite de sodium g/l 


Fig. 5. — Valeur ö des 
plaques photographiques 
développées, traitées de 
la manière 
la Fig. 4, mais lessolutions 
ont été préparées à partir 


indiquée sur 


d’eau distillée bouillie pen- 
dant 3h. 


La Fig. 7 permet de relever la composition des fixateurs donnant de bons 
résultats, dans les conditions où nous avons opéré, à Savoir: 
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1 
Me a Na, 50, : 0.25 g/l © 
0.9 


0 2 4 6 8 10 12 14 16 
Acide acétique glacial cm}! 


Fig. 6. — Valeur 6 des plaques photographiques développées, immergées 4 jours, à 

5°C, dans des solutions de Na,$,0,:5H,0 (360 g/l), en fonction de la teneur en sulfite 

de sodium et en acide acétique glacial. L’eau servant à la préparation des solutions 
a élé bouillie pendant + h. 


Na,5,0;::5H0 (g/l) NaSO, (g/l) CH; : COOH (cm?/l) 


360 0.5 0.4 à 1 
360 1 (0.4) à 2 
360 3 0.6 à 3 
360 5 3 


La quantité de 0.25 g/l de sulfite de sodium n'empêche pas complètement 
la dissolution de l’argent, tandis que 10 g/l de sulfite de sodium provoquent 
la turbidité. 
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F 
Na, SO, : 0,5 it @ 
5 2203 9/ 


Acide acétique glacial cmt 


Fig. 7. — Qualité, notée de 0 à 10, de l’image microscopique des traces nucléaires dans 

les plaques nucléaires, fixées dans des solutions de Na,$,0,-5H,0 (360 g/l), en fonction 

de la teneur en sulfite de sodium et en acide acétique glacial. Rapport du volume de 

l’&mulsion nucléaire et du volume de fixateur: 1/1000 environ. Pas d’agitation. L'eau 
servant à la préparation des solution a été bouillie pendant 4h. 


6. — Influence du récipient. 


Les essais déscrits jusqu'à present ont été effectués avec des plaques de 
petites dimensions ((2 x 2) em?), sans agitation du fixateur et dans des récipients 
en verre bouchés à l’émeri. Toutefois le plus souvent on utilise des plaques 
nucléaires beaucoup plus grandes et le traitement a généralement lieu dans 
un récipient métallique à travers lequel circule le fixateur. 

Un essai avec 6 plaques nucléaires ((5 X10) em?) de 600 um d'épaisseur en 
récipient entièrement en acier inoxydable, avec circulation du fixateur, préparé 
avec de l’eau bouillie, contenant NaS,0,:5H,0: 360 g/l, NaSO;: 6 g/l et 
CH,;:COOH: 5 cm?/1, et en atmosphère d'azote a donné des résultats satisfaisants, 
bien qu’il y ait eu une faible diminution de la valeur 6 (0.92). Le rapport du 
volume de l’émulsion nucléaire et du volume de fixateur était 1/500 environ. 
Deux autres essais, avec des plaques nucléaires (400 um) et des plaques 
photographiques de petites dimensions, dans le même récipient entièrement 
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plein et fixateur immobile, contenant Na,S,0,:5H0: 360 g/l, Na,$,0;: 0.6 g/l, 
ont montré que le récipient métallique peut favoriser la dissolution de l'argent. 
En effet, la valeur 6 des plaques photographiques ainsi traités a été de 0.37 
dans un essai et 0.23 dans l’autre, tandis que les traces dans les plaques nu- 
cléaires ont disparu sur une épaisseur de 15 um environ. Dans des récipients 
en verre bouchés à l’&meri le même fixateur ne provoquait pas de «corrosion ». 


7. — Quelques remarques complémentaires. 


Les plaques nucléaires ont été en général exemptes de coloration rougeätre, 
sauf dans le cas où le lavage, après le bain d'arrêt, a été prolongé pendant 
une nuit. 

La transparence des plaques nucléaires traitées ne dépend pas seule- 
ment du traitement subi, mais aussi de leur fabrication. Ainsi des plaques de 
600 um étaient parfois plus transparentes que des plaques de 400 um traitées 
simultanément (Fig. 3 et 7). 

Lorsque la plaque photographique ne montre aucune dissolution des grains 
d'argent, la plaque nucléaire traitée simultanément n’en montre pas non plus: 
la densité linéaire des grains d’une trace nucléaire ne diminue pas lorsqu'elle 
atteint la surface libre de l’émulsion. 


8. — Conclusions. 


Les expériences que nous avons effectuées nous permettent de conclure, 
qu'il est possible d'empêcher la dissolution des grains d’argent des plaques 
nucléaires sous condition d’éliminer autant que possible la présence d’oxy- 
gene atmosphérique et de protéger le bain de fixage soit avec des faibles 
quantités de bisulfite de sodium, soit, en présence d’acide acétique, avec des 
petites quantités de sulfite de sodium. Il est alors possible d'obtenir des plaques 
nucléaires transparentes, sans dissolution des grains d’argent. 

Puisqu’il est difficile d’operer en absence complète d’air et puisque le sulfite 
de sodium en milieu acide protege mieux contre la dissolution de l’argent que 
le bisulfite de sodium, nous proposons d'utiliser le bain de fixage contenant 
du sulfite de sodium en quantité aussi grande qu’elle ne provoque pas la tur- 
bidité de l’image. Dans ces conditions le récipient métallique ne paraît pas 
particulièrement gênant. 
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9. — Fixateur proposé. 


Nous proposons le fixateur suivant: 


Hyposulfite de sodium (Na,5,0,:5H,0) .. 360 g 
Sulfite de sodium anhydre (Na,SO;) . . . DE 
Acide acétique glacial . Le. 2. "=. 4 em? 
Bauzdistilleespouilker rn 4) a0. o..S:.p. 000 em? 


Tous les produits chimiques «purs pour analyse ». 

Pour préparer un litre de ce fixateur on procède de la manière suivante. 
Un litre d’eau distillée est chauffé dans un ballon de verre à l’ébullition pendant 
}h environ. L’hyposulfite de sodium est mis dans le récipient d’un litre faisant 
partie du dispositif de fixage. Le sulfite de sodium et l’acide acétique sont mis 
chacun dans un bécher. L’eau bouillante (600 em? environ) est versée sur l’hypo- 
sulfite et sur les deux autres produits (50 cm? environ sur le sulfite de sodium 
et 100 cm? sur l’acide acétique) dans chaque bécher. Dès que l’hyposulfite 
et le sulfite sont dissous, les deux solutions sont mélangées (on évitera toute 
agitation superflue des liqueurs). L’acide acétique et la quantité d’eau néces- 
saire pour faire un litre sont ajoutés. Le fixateur ainsi préparé est placé im- 
médiatement dans la glaciére à +5 °C. Dès qu'il est froid il est prêt à être 
utilisé. 


RIASSUNTO (*) 


In seguito a un gran numero di esperienze si à constatato che l’ossigeno atmosferico 
facilita considerevolmente il dissolvimento dei granuli d’argento nel fissatore. Per questo 
motivo si ¢ studiato il dissolvimento dei granuli d’argento delle lastre fotografiche nelle 
soluzioni d’iposolfito di sodio contenenti riduttori — bisolfito di sodio, o solfito di sodio 
in presenza di acido acetico. A condizione di diminuire per ebollizione prolungata del- 
l’acqua la quantita d’ossigeno nelle soluzioni, ¢ possibile di impedire, con deboli aggiunte 
di tali additivi, il dissolvimento dell’argento. Questi risultati sono stati applicati al 
fissaggio delle lastre nucleari di 400 e 600 ym di spessore. Si sono determinati dei tassi 
di concentrazione del bisolfito di sodio, o del solfito di sodio in presenza di acido ace- 
tico, per i quali non si ha né dissolyimento dell’argento nè torbidità fastidiosa delle 
lastre nucleari. Si propone un fissatore contenente, oltre l’iposolfito di sodio, solfito 
di sodio e acido acetico. 


(*) Traduzione a cura della Redazione. 
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On Gravitational Motion. 


B. BERTOTTI (*) 


Dublin Institute for Advanced Studies - Dublin 


(ricevuto il 30 Luglio 1956) 


Summary. — The problem of gravitational motion can be fruitfully tackled 
by using an alternative perturbation method, in which the « quasi-statio- 
nary » assumption is replaced by a more general one, fast motion being 
allowed, although the field is still weak. A simple rigorous property of 
spherical symmetry is assumed for each body, which is described by a 
suitable distribution of energy and momentum. The equations of motion 
which one gets for the two-body problem at the first approximation are 
nothing but Einstein’s equations [see (1)], except for the two terms which 
are non linear in the masses. 


1. — On the Approximation Procedure. 


The approximation technique usually adopted in general relativity is based 
on the « quasi-stationary » assumption, which demands that the time-derivative 
of any field quantity be much smaller than the space-derivatives; that is to 
say, physically, bodies move slowly with respect to light signals (*). 

We propose first to comment systematically on an alternative procedure 
in which a more general condition replaces the ordinary assumption, as one 
will see later, and is fully Lorentz-invariant. Although of course the usual 
method seems to be quite sufficient for any astronomical problem, a full use 


(*) On leave of absence from the Istituto Nazionale di Fisica Nucleare, Sezione 
di Milano. 

() We quote here the main papers concerning the problem of gravitational inter- 
action: A. Einstein and L. INFELD: Can. Journ. of Mat., 1, 209 (1949) (here quoted 
as EI); A. PAPAPETROU: Proc. Phys. Soc., A 64, 57 (1951); L. Inrerp: Acta Phys. 
Pol., 18, 187 (1954). 
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of the concepts of restricted relativity is certainly more suitable to approximate 
generally covariant equations, and allows for more general results. 
The gravitational equations 


(1) R,, + Ait, —g,T)=0 (:) 


‘an be solved in successive approximation by assuming the metric tensor to 
be an analytical function of the gravitational constant k: 


(2) Inv = I © kG wy + Kg iy At 
0 


A similar development is also assumed for 7”, or for the quantities as a 
function of which 7'” is defined. In general, the number written underneath 
a symbol shall mean the corresponding coefficient in the k-series. 

The Galileian metric with signature — 2 will be taken as zero-order ap- 
proximation: 


(3) IR 
0 


(no natural curvature!). Denoting with N the terms in the contracted cur- 
vature tensor N which are non-linear in 


(4) Ruy = Iu rae Naw ? 


(1) can be written 


yA = — 8nk(2T „— 9,7) —2N,. 


(5) uv,oo Love Lo,ua “oo 


Equating the coefficients of k in both sides, the problem is reduced to the 
successive solution of sets of linear equations: 


hig = — 8a(2T 


I 
her BE 
(5 ) uv,oo [OVO Er Too, uv Diy 
n = n = n = n n-1 


uv ? 


BON 


n-1 


in each set unknown quantities and quantities known from the previous ap- 
proximations are separated in the two members. 


(?) The notation: Greek indices run from 0 to 3; the comma and the stroke (/) 
signify respectively ordinary and covariant derivatives. 

() We agree that we underline an index when we want to «raise» or «lower » 
it with the 7-symbol: 


vu v= 
(Pasa ies — Nuo* 
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satisfies iden- 


It is easily seen that the left-hand side of (5) —call it 2L,, 


n 


tically 


(6) Di a TaN 


therefore the right-hand side must fulfil the same relationship. It can be shown 
that this is so when the field equations (5) and the conservation law 


(7) TH, = 0 


fv 


are satisfied up to the order n—1. The proof runs very much on the same 
lines as Einstein’s proof of analogous relations (see EI, § 7). Remembering 
the identities 


(8) (QR GR), = 0, 


one envisages 


(8) + 162k (7) 


at the n-th order, for which (7) is required only up to the order n— 1. The 
theorem easily follows from taking into account the field equations (5) up 
to the order n— 1. We skip further details, and conclude that each approx- 
imation step—the n-th, say—consists in 


a) solving the field equations (5’) for which 7 and h, 
up to the (n—1)-th order, and 


are needed only 


v 


b) restricting the choice of 7“ with the condition 


(7!) TH = 0, 


which insures the integrability of the next order field equations. 
The integration of (5') is easily performed in a frame in which 


(9) 2h 


(5') then acquires the well known form 


(10) h 
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and its general solution is a superposition of waves and retarded potentials. 
The condition (9) has to be imposed on the free waves; but the retarded (or 
advanced) potentials—to which we will confine ourselves—necessarily fulfil (9), 
since the right-hand side of (10)—the « source »—fulfils, because of (7), the 
same relation. 

A generic frame of reference can be restored by an n-th order change of 
co-ordinates: 


(11) 2 -> me = a + ae 
tha a° being arbitrary functions. The new h’s are 
n n 


(12) hip = er RE 


In order that this formal procedure should be useful at all, the order of 
magnitude of any quantity occurring here must correspond to its order in the 
k-development: that is to say, an n-th order quantity must be much smaller 
than a quantity of the order n—- 1. We require this to be true at least in 
one inertial frame; since any Lorentz-transformation is allowed, it might not 
hold in all the other ones. %k being a constant, this hypothesis has the im- 
portant consequence that if a quantity and its co-ordinate derivatives oceur 
in the scheme, they must be of the same order of magnitude. Moreover, the 
very recurrent nature of the approximation process tells us then that our 
condition holds good if simply 
(13) Ir,|<1 


~ 


uv 


at least in one inertial frame. 


2. — The Structure of the Body. 


We will be concerned with bodies represented by a suitable, regular distri- 
bution of energy and momentum, following Papapetrou’s line (see~ (*)). - In 
this respect Infeld’s work shows clearly that Einstein’s approach, based on 
the empty space field equations with singular metric, is equivalent to postu- 
lating sources of the field, endowed with a definite structure, and obeying 
the conservation law. In the present incomplete state of the theory we deem 
the matter-tensor but a necessary and very useful evil. 

The usual expression for a perfect fluid 


(14) TE? = (0 + p)v%v’ — pg” 


902 ; B. BERTOTTI 


will be assumed to describe each body; here o and p are taken positive in the 
interior and nil outside; and v” is a time-like unit vector field (the «stream 
lines »). They shall also be endowed with the following rudimentary property 
of spherical symmetry. We assume that a «central » stream-line 


(15) La = y“(s) 


exists such that the pressure p, in every three-dimensional infinitesimal neigh- 
bourhood orthogonal to J, is a function of the Riemannian distance from I 
alone. If p is continuous with its first derivatives at /!, this means 


(15) Dr Pe, = 0 one, 


since the distance from / is a quadratic function of the differentials dx". 
A simple calculation now shows that the conservation of (13) implies 


(16) (o + p)o",,v°— (p#— pv) = 0 ; 


therefore our assumption (15) has as a consequence the geodesic character 
of 1, and vice-versa. 

One might wonder whether it is always possible to demand on each body 
this property (15). Let us notice that our power-series procedure is such that 
the conservation law (7) is imposed at each step on the quantities 0, p and v” 
alone, the g-field being known already with the necessary approximation: one 
has therefore only to demand at each stage that ! be any geodesic of the known 
field. 

Furthermore, once (15) is agreed upon, the motion of the «centre» and 
hence the motion of the body if its size is negligible, depends at each step on 
its structure only as far as the previous approximations are concerned. In 
this way the drawback in this formulation, of dragging in academic 
complications of structure, is partially relieved. Moreover (15) brings about 
a simplification in the calculations: at the last step, instead of going through 
the explicit form of (7'), one has only to demand for / the geodesic principle 
at that order of approximation. We choose for it the form: 


dy“ dy” 


(17) 5 Ja.) de = 0, 


t being an arbitrary parameter (‘). To complete the scheme, we add that 
the bodies shall be very small relatively to the reciprocal distance, and their 


(4) See T. Levi-Civira: Absolute Differential Calculus (London, 1927). p. 330. 
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density o shall be low enough to allow for the condition (13) to be true every- 
where. Moreover, according to the actual astronomical conditions, the pres- 
sure p will be taken as small as of the first order. 

The uncertainty in the frame described by (11) can be taken into account 
simply by considering the world-line / of each body as undefined by the small 
amounts a” at each order. 


n 


3. — The First Order Approximation. 


As an elementary and illustrative application we now go over to the first 
approximation step for the case of two bodies. Denoting them with the 
indices 1 and 2, and writing for simplicity h,, for kh,,, @ and v" for 9 and v", 
the field equations (10) read, for n — 1: : ‘ 


À Dre 7 Dat aye A 
(18) ER = — 8nk[o,(2v;v;— Mo) + 0,(205 0; — Nur) | 2 
We must remember that now whenever k appears no corrections of any sort 
are needed: geometrical terms—distance, orthogonality, ete.—can be written 
with their usual Minkowskian meaning, and the pressure can be neglected. 
The integrability conditions (7'), now reading 


gH ayy 1 )) 
(0,07%, r 0,0, 
amount to saying that the constituent particles are conserved and move uni- 


formly. We agree to take v” constant throughout the bodies, and for o a 
function of the orthogonal distance from / alone. The solution of (18) is then: 


(19) = — 2 U — m) 2 — N) à 
where 

RB 

"© gs. 


are four numbers and y, is the potential solution of 
(20) Pu. = 4rcko, ; 
that is, the Lorentz-transform of the ordinary Newtonian potential km,/r, 


(and similarly for the other body). 
We see now the meaning of our condition (13): in the rest-frame of I, for 


58 - Il Nuovo Cimento. 
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instance, we must have: 


een) : e J: 
th ys = 29, + 29,(2¢—1)«1, 


where 
(21) I= Ys 


is the (hyperbolic) cosine between the zero-order velocities. This condition 
suffices for averring (13): if a time-like vector, like the y’s, has a very small 
time component, the spatial part must be very small too. We conclude that 
everywhere 1) the potential 9, must be very small and 2) the potential of the 
other body must satisfy 


(22) pri € 1. 


In quasi-stationary conditions q is nearly one, and the smallness of y, and g; 
is enough; but (22) shows that q is allowed to grow bigger and bigger—the 
bodies to move faster and faster—provided they go far enough apart. 

The small deviations from its uniform motion that the first body suffers 
because of gravitation is described by the variational principle (17). Intro- 
ducing in (19) an arbitrary parameter 7, in the place of s,, we write 


(19’) hi, ae a 29, (2y54,— 7,1) "u 29,259; Tis Nun) ? 
where 
(23) = yıy, 


shall be taken equal to one after the variation (this being a first integral 
of (17)!). The Lagrangian in (17) then becomes 


(24) L = I— 29,1 — 2929 — 1), 


understanding now g, and 9, as the potentials computed at /,. 

It is immediately seen that the self part y, does not contribute: on one 
hand, being a function of the distance from I, alone, it has there vanishing deri- 
vatives; on the other hand, being of the first order, it allows as a factor only a 
zero-order quantity, hence a constant yt. We are then left with 


(25) = T= 29,029 —1)* 15 
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the corresponding Euler equations read: 


= Y +92 — 1) — 29,29; — yt) = 0 


I having been taken equal to one. 

Do our equations of motion (26) contain anything new? The answer is no. 
ETS equations of motion, among their 73 terms, contain two which are quad- 
ratic in the masses and can not he expected te be included in (26); but as far 
as all the other ones are concerned, (26) is nothing but their Lorentz invariant 
expression. But at the same time we conclude that EI’s equations in this reduced 
form have a wider validity than was generally assumed, holding good under 
the weak field condition (22); in other words, although EI’s method could 
have possibly missed terms linear in the masses but of degree higher than 
the second in the velocities, we see that such terms do not exist at all. We 
would like also to point out the clear improvement of the present derivation 
with respect to EI as far as simplicity and technique are concerned. 

To prove our assertion, we must replace the proper time s, in (26) with «° 
as independent parameter, and introduce the ordinary velocities 


; de i 
DM we) == © = = 
( ) 1( ) dr? UM 


(latin indices running from 1 to 3); it is also convenient to take a Lorentz 
frame in which at =° = 0)—say—the second body is momentarily at rest 
(although accelerated): 


(28) 2.0) 0% 
Then, at == 0, 


0 
(29) ee 


ern (1 — wii) , 
al 


and from (26), for u — 0, we get 


Mines 


are 
dx 20: 


Using this and (29) in (26) for v =i, and dividing by g?, we get 


dui Per; Are 
(30) in 9, + mu) + 4p, uiui = 0; 
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in which one can easily recognize the EI formula (12.11) (with & = 0) as 
far as the terms linear in the masses are concerned (5). 

The advance of the perihelion, being essentially a second order effect, can 
not be correctly described by (26); but the deflection of a light ray near a star 
(the double of the Newtonian one) can be read at glance from (30) taking 


ae 
uu; —1, 


which we know now to be allowed. 


The necessary preparations being made, one can now pass over to the 
second step of our approximation: the equations of motion one will get will 
certainly be more accurate than HI’s, in the same way as our equations (26) are 
more accurate than Newton’s. 


(5) The full EI equation can be got from (3) (except for two terms) with a Lorentz- 
transformation. See B. BERTOTTI: Nuovo Cimento, 12, 226 (1954), Sect. 3. 


RIASSUNTO 


Il problema del moto gravitazionale pud venire utilmente attaccato usando un 
procedimento perturbativo in cui l’ipotesi di « quasi-stazionarieta» © sostituita da 
un’altra più generale: benché il campo sia ancora debole, nessuna restrizione & posta 
sulla velocità dei corpi. Ciascuno di essi & descritto da una conveniente distribuzione 
di energia e momento, e si suppone dotato di una proprieta semplice e rigorosa di 
simmetria sferica. Le equazioni di moto che si ottengono per il caso di due corpi al 
primo stadio di approssimazione coincidono con le equazioni di Einstein [vedi (')}, 
eccezion fatta per i due termini che non sono lineari nelle masse. 
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Basic Principles of Unified Field Theory. 


R. S. MISHRA 


Department of Mathematics, University of Delhi - Delhi 


(ricevuto il 30 Luglio 1956) 


Summary. — In this paper the basic principles of Einstein’s, Schrödin- 
ger’s and Bonnor’s unified field theory have been studied. Originally 
the field equations were given in terms of contracted curvature tensor R,,; 
Here the relations are obtained between R,, and some other tensors like 
Einstein’s tensor, transposed tensor and the tensor T%,,, and the field 
equations are modified in terms of these tensors. Incidentally it has been 
shown how these tensors are obtained in a number of ways in Ricci iden- 
tities when the covariant differentiations are performed taking into con- 
sideration the nature of the indices. 


1. — Introduction. 
Einstein’s ("?) Unified Field Theory is based on three principles (HrA- 
VATY ()): 


(i) The basic tensor y,, is non-symmetric. 


(ii) The connections /7,, are defined by 


Og, al & 
(EL) au: == ae Al AE Gl on = 0, 
a 1 & oe 
(1.2) S; = Six Ss (Ee a2) — 0. 


(1) A. EixsreiN: The Meaning of Relativity, 3rd ed. (Princeton). 
(2) A. Einstein: The Meaning of Relativity, 4th ed. (Princeton). 
(8) V. Hravary: Journ. Rational Mech. Analy.. 3(1), 103 (1954). 


dr > 
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(iii) In order to get g,, a set of intrinsic conditions are imposed which 
can be condensed into 


Ci 
(1.3) Tea = ap ea ’ 


where P,, is the Einstein’s tensor (12) given by 


a in a 
© a x gp 1 i C3 C a x JB 
(1.4) Pin = A PT EN ope 5 \ ane" 40 + ph HS eae ER 


and À A are the symmetric and skew-symmetric parts of A,, and X, 


(aß)? [ofl 
is a gradient or a vector. 
The object of this note is to express the conditions (1.2) and (1.3) in dif- 


ferent ways. 
2. — Transposed Einstein’s Tensor. 
The tensor ee transposed to P,, is given by 


à 
C C 


~ Re IE RUES ae 
(2.1) aan = ; — Tél ne ae CE réa zu) Pal ap) = pe 


se 2 OA 5 


by virtue of (1.4). 
Hence the condition (1.3) may be replaced by 


E nike 
(2.2) Fi Pau = tata» 


From (2.1), we get the results, 


~ 


Pu => Paw ? 
and 

Es ate Puna =0. 
Hence: 


The symmetric parts of the Binstein’s tensor and its transposed tensor are 
equal and the sum of their skew-symmetric parts vanishes. 


2 - x 4 à À = 
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_ 3. — Curvature Tensor and Transposed Curvature Tensor. 


The coefficients 7%, and I in the coordinate systems w* and y’ are related 
by the equations 


02% 32 CMP Oa = — 00 


TE Ou ae PE "agi 


Substituting for c?*/ey" cy’ from (3.1) in the condition of integrability 


0. f 020° 0 ( 020° 
(3.2) 1 =) = x le 
Cy? \ oy" dy? oy? \Cy? ext 


of the equation (3.1), one finds that KR}, given by = 


x Q x Q où x wo x o 
(3.3) GVO ax By dar Bô SS as By — _ wy pô ’ 


are components of a tensor. The tensor 2, is called the curvature tensor 
of the connections 77%. 
If (TODESCHINI (*)) 


Ou 
and 
A 
R ov A 
(> Qu BEL ne ’ 


2 
4 2 ana. ar 
+ + Lee + 80 5 
(3.4) D NO Biba LS roti ER 
2 À 
2 2 À 
GE TE : 
pr + ses + 80 { u pos 
(3.5) Win ae OT en ZUNE ores 
À À 
+ + 
+ + — alt Pa 
(3.6) Of ea? os = Re 


(4) B. Topescæini: Atti Accad. Naz. Tincei, Rend. cl. Sei. Fis. Mat. Nat., ser. 8%, 
14, 495 (1953). 
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Hlavaty (°) has shown that if R,,(— R7,,) and V „(= R},) be the contracted 
curvature tensors of the connections /75,, then 


(3.7) Le L Ri, = Bhs y 
and 

: à te 
(3.8) J AE 2 On (ua 2 


By virtue of (3.7) and (3.8), the conditions (1.2) and (1.3) taken together 
may be replaced by 


(3.9) een 
CURE 
(3.10) Rua =F uta » 


taken together; though (1.2) is not equivalent to (3.9), whereas (1.3) is equi- 
valent to (3.10). From the equations (3.1) and their conditions of integrability 


0 | Ba | 024° 
dy? \oyr cn) Oy" \ays 77) 
one finds that the quantities given by 


A 
S 
5 0 


© fad œ [a o x wo 
(3.11) Po = a3 l ip — a 108 + Tool yp — Lol op » 
are also components of a tensor. 
Comparing (3.3) with (3.11), it is easy to see that 


The tensors RE, and Ro, are mutually transposed tensors. 


The transposed curvature tensor R%,, may also be found to occur in the 
following identities 


À 2 À a DEA 
2 JE > 7 re Ra ne 

(3.12) Ve te ne BD EAU 
À À À gy CE) 

A Ne ER ER len 

(3.13) l .VG v RG av pes v Lies 
+ a 

€ À À x À 

(3.14) Ay BAAN MATE 


‚vo pov 'avo ” 
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From (3.11), the transposed tensor of R,, is given by 


a A 


i. ~ ~ (6) ; [el 
(3.15) Big = Rie = ae Im 


a2. TX o 02 o 
Art 1 1 A y uw xh An 1e ahs 


From (1.4) and (3.15), it is easy to prove that 


D: D 1 e [ad 0 18 c Y | Q T® 
(3.16) Pay a | amt Tan Apa Go) er, + Done 
But, since (HLAVATY (?), p. 119) 
5 CES CH 
(3.17) api L'on a Ian. 0} 


the equation (3.16) assumes the form 


(3.18) P,,— Ra =— 8 


sh ° 


The transposed tensor of V,,, is given by 


oN 
~ Co ; (a) 
7 x oe 
Via, œÀ leu) 


which by virtue of (3.17), assumes the form 


(3.19) Va Er S; S, =2 a Sn a Va , 


by virtue of (3.8). 
Using (1.2) in (3.18) and (3.19), we get 


Io, = Ru 
and 
Va == ((), 


Hence the condition (1.2) and (1.3) taken together may be replaced by 


~ 


(3.20) v,=0 
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taken together. Here again (1.3) is equivalent to (3.21) but (1.2) is not equi- 
valent to (3.20). 

4. — The Quantities 7°, and Their Transposed Quantities. 


It is easy to calculate that 


+ A CS RR 2 2 
(4.1) Ve = One 200% a vo oS ae yo 4 209 Sil fs + VHT So » 
ar x ae 
where 
4 D] m © fee A a Tee ! TER TS Tee 
(4.2) By) = Bag Br Bayt 68 À À By spl ye - 


The transposed quantities of 7%, are given by 


a hk a eee | 
(4.3) Pie = Lo ne Tia + Dial Tl 


which may be found to occur in the following identity 


: 2 a 
4 ite o aÀ 2 n° ),.o 72 vr 
(4.4) Vu U, = 28,8 a ae 2 28 dar v° + 20 SEN BE rl 7 ar S 


Comparing (4.2) with (3.3) and (4.3) with (3.11), we find that: 


+ 


The quantities T3, are obtained by replacing the negative terms in Re, by 
their transposed anal and similarly T%,, are obtained by replacing the ne- 
gative terms im Res by their transposed quantities and vice-versa. 


From (4.2) and (4.3), it is easy to see that: 
The skew-symmetric parts of Tr, and 1 in the last two indices are equal. 


Summing (4.2) with (4.3) and (3.3) with (3.11), we find 


~ 


(4.5) Vers ce Le == = Ra, | Be Ne DT 6) = 2 Tue: * 


From the equations (4.5) we deduce the following properties: 


(i) Though the quantities Pos and T3, are not components of tensors their 
sum and their skew-symmetric parts in the last two indices are components of 
tensors. 


SK = \ Fig Si 
BASIC PRINCIPLES OF UNIFIED FIELD THEORY 913 ‘ x 
es > 
(ii) The sum of P39 and To 8 the same as the sum of the curvature tensor à 
with respect to 1%, and its transposed tensor. Both these sums are separately 2 
equal to twice the skew-symmetric part of T*, or T*.. in the last two indices. = 
y ? Byô B>5 $ 
Interchanging y and 6 in T7,, and adding to (4.2), we find that = 
is 
mx œ ce ") 
(4.6) Piya + Tas, = 0, 
whence 
x ae ax 
Types = L'étys » | 
a result already established, and fg 
ALT I ma = AR 
(4.7) Try + Pics = 0: os 
Hence: 5 
The sum of the symmetric parts of Ts and Ths in the last two indices vanisnes. : 
The last result could also be established from (4.5), since À, and Riv 
are both skew-symmetric in the last two indices. Putting Wis = T*, and = 
Fir Mit: = x Der 
Ws = Pis We have from (4.5) 
ir if 7 == S30 fe D) 
(4 8) h yô Wis = } yd J yo 2W [y6] 2W [yd] 0 ? 
by virtue of (3.19). 
Also contracting (4.5) with respect to the indices, we have ‘ 
7 T LR ail es D — yy NE Ma : z 
Ty Sir T py 25 Rz, j Vo, SR 2T yo] * } = 
Putting the values of R,, and R,, from (3.10) and (3.21) in this equation, we oy 
have me 
è a = 
7 ‘ 7 ¢ OX Dye 6 
Ben + rn ve = 2Pyoss 
or De 
1x ER ma ue Ve 
en GE T'épyos =, 9 
Hence, the equations (1.2) and (1.3) taken together may be replaced by | 
(4.9) Wiys Wis = 0; z 
and 5 
y x ie: LE \ . 
(4.10) Te 20 iB 


taken together. 
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Thus we see that: 


In Einstein’s Unified Field Theory the transposed tensor P,; of Hinstein’s tensor 


Pa, the contracted curvature tensor Ri, and its transposed tensor Ri, play roles 
analogous to Einstein’s tensor P,,, whereas the tensor T? 


Unified Field Theory as @,, (Ricci tensor) plays in General Theory of Relativity 


‘ipa, plays similar role in 
for empty space. 

To summarise, the field equations (1.2) and (1.3) may be replaced by 
(4.11) S,=0 
0 
ex 


(4.12) Pu = 5. Xa- 


The equations (1.2) and (1.3) taken together may be replaced by 


(4.13) Pen 
ê = 

(4.14) Ru = An 
or 
(4.15) Wa) 

+ D 0 me 
(4.16) Ry = wa ay 
or 
(4.17) my 
(4.18) Toon FE Lee == Oi. 


taken together. 
From the above equations it is clear that the condition (1.3) may also be 
replaced by one of the following equations 


S CD 
€ D x a a = —. e 
(4.19) P joua OP dort ne 


TR NÉE EN. 


Blyal Bly) 
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5. — Schrôdinger’s Field Equations. 


In Schrödinger’s theory, the field equations (1.1) and (1.2) are the same, 
but the equations (1.3) are replaced by 


Poy == RG um 


JE +P 


Palau ie a, >= A Jura ie nee ia aura] i 


> 
LuAl,x 


These two equations may be condensed into 
(5.1) Piero = 


where Y, is a vector. 
From the above considerations, condition (5.1) may be replaced by one 
of the following equations 


Te Olan OB, ONE OG yt 


Au 


x Le ma fg 
T zu To = X um 2 


ulAx] 


6. — Bonnor’s Field Equations. 


Similarly in Bonnor’s theory, the field equations (1.1) and (1.2) are the 
same, but the equations (1.3) are replaced by (°)) 


Run is PU ur = 0 
and 


> ais ae PAU CAT 
Ru 7% Re, 1 Roma pP Bin | Un, u l 


(mal 
where 
1 
T — (vk RE vk 
U 179 ue Guam 0 ND Ia 15 g i Ger ua fs 


(5) W. B. Bonnor: Proc. Roy. Soc. lond., A 226, 336 (1954). 
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These two equations, as before, can be condensed into 


(6.1) Rua + Daun = 


where Z, is a vector. 
Condition (6.1) can, therefore, be replaced by one of the following equations 


0 


ä D ADN = 277 
In OT Ra or Ray, or Jey, = udn — PU 


~ 


a 2D Us: ah Ae TT 
L > Potion FE) p U (pa) * 


ulaæ] 


RIASSUNTO (*) 


Si studiano nel presente lavoro i principi fondamentali della teoria del campo uni- 
ficato di Einstein, Schrôdinger e Bonnor. Originalmente le equazioni di campo erano 
date in termini del tensore di curvatura contratto R,,. Qui si ottengono relazioni tra 
Ra e aleuni altri tensori, come il tensore di Einstein, il tensore trasporto e il tensore 
Tr e Si modificano le equazioni di campo in termini di tali tensori. Si mostra anche 
come questi tensori si ottengano in vari modi nelle identità di Riccı se si eseguono le 
derivazioni covarianti tenendo conto della natura degli indici. 


(*) Traduzione a cura della Redazione, 


IL NUOVO CIMENTO Vou. TV, N. 4 1° Ottobre 1956 


A V°-Decay with an Electron Secondary. 


C. D’ANDLAU, R. ARMENTEROS, A. ASTIER, H. C. DESTAEBLER, B. P. GREGORY, 


L. LEPRINCE-RINGUET, F. MULLER, ©. PEYROU (*) and J. H. TINLOT (=) 


Laboratoire de Physique de l'École Polytechnique - Paris 


(ricevuto il 6 Agosto 1956) 


Summary. — Description and discussion of an anomalous V°-decay of 
particular interest discovered in a survey of photographs taken in the 
Ecole Polytechnique magnet cloud chamber. 


We report in this note on a V°-event (1) which appears to be of particular 


interest since both secondaries can be identified: one as à low energy electron 
(from momentum and a visual ionization estimate), and the other as a r-meson 
because it decays. The event (no. 59647) was noted during the course of a 
survey of anomalous V° decays photographed in the Ecole Polytechnique 
magnet cloud chamber (2). As shown in Fig. 1, and in the photograph, a V® 
appears approximately in the center of the chamber (track a, b) and is ac- 
companied by 4 penetrating shower particles emerging from the lead above 
the chamber. Since these 4 particles do not seem to come from a unique 
point in the lead, we cannot assign an origin to the V°-event. Track a leaves 
the illuminated region at the back of the chamber. Track b is deflected by 


(*) Now at Berne University, Switzerland. 

(*) Now at Rochester University, U.S.A. 

(*) A preliminary report was presented at the Sixth Annual Rochester Conference 
on High Energy Physics (April 1956). 

(?) The experimental arrangement is described in B. Gregory, A. LAGARBIGUR, 
L. LEPRINCE-RINGUET, F. MULLER and C. PEyrou: Nuovo Cimento, 11, 292 (1954). 
(The magnetic field for most of the recent work has been increased to 5000 gauss). 
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an angle of 4.90 + 0.5° at V, and then, as track c, leaves the illuminated region 
at the front. As it is seen from the data in Table I, the decay dynamics do 
not fit any of the known two-body decay schemes except that of the A°. But 
as if will be shown, this last interpretation is ruled out by the identification 


of the negative particle. 


TABLE I. 
Parole Sign Momentum Estimated en. 
i (MeV/c) ionization (1/1;) 
|] —— es SIT 
a) - 39.5 + 1.5 | } <3 
h) + CODE | il 
| 
e) + Se a 1 
0, = 83° + 1° 0, = 4.99 + 0.50 


Let us consider first the negative particle. Its momentum is 
(39.5 + 1.5) MeV/c, and its trajectory makes an angle of about 50° with the 
plane of the cloud chamber front glass. The relative ionization (J/J,) of an 
electron of this momentum in argon gas is 1.3. Because of the inclination 
the apparent ionization would be 2.0 for an electron, 5.9 for a u-meson and 
9.0 for a n-meson. We consider that the apparent ionization of the track is 
less than 3.0, and therefore that the particle is most probably an electron. 
In-as-much as visual estimates of ionization are notoriously subjective, we 
have considered an argument based on the depth at which the trajectory 
leaves the illuminated region. The point of disappearance may be expected 
to depend upon the ionization of the particle, since the limits of the illuminated 
region are not sharply defined. The form of this dependence was approximately 
determined by making use of a number of secondaries from A° decays found 
in the same group of photographs. In a few cases, the proton secondary 
(whose ionization is well known) leaves the illuminated region in the same 
general region as does track a. It was found in this way that tracks having 
relative ionization 3 should be visible about 2 cm deeper than the point of 
disappearance of track a. This observation means that we have not grossly 
understimated the ionization by visual estimation, and supports the conclusion 
that @ is an electron. 

The positive trajectory b is short, and the momentum cannot accurately 
be determined by curvature measurement (p, — 6097333 MeV/c). However, 
the deflection at V suggests that b is the track of a m-meson which decays 
into a p-meson, track c. Although admittedly the errors in the measured 
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Fig. 1. — Drawing of event 59647. Track a is negative and track b is positive 


if the partieles travelled downwards. 
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Fig. 2 — Photograph of event 59647. 
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momenta are large, this interpretation is in agreement with the measurements 
and to proceed with the analysis we assume that it is the correct one. 

Under this assumption we may compare the measured angle and momenta 
with the known dynamies of r-u decay and determine a new value of the 
momentum of track b for use in computation. To the measured value of the 
angle at V, 4.99 + 0.50, corresponds a maximum value of x momentum 
(480 + 55) MeV/c; we shall take 535 MeV/c as an upper value for the mo- 
mentum of 6. The r-u dynamics do not give a very meaningful lower mo- 
mentum for b, and therefore we take this to be given by the measured sagitta 
increased by one standard deviation and obtain Pr = 409 MeV/c. The 
measured momentum of ¢, interpreted as the u-meson, is consistent with these 
two values of p,. 


From the measured electron momentum and the lower and upper values 
of the x momentum we obtain Q (z+, e-) values of 83 and 101 MeV. We note 
that the Q (n',x-) values corresponding to these values of », are 121 and 
161 MeV and therefore the event cannot easily be interpreted as a 0° or as a 
neutral + decay even if we neglect the information obtained from the ioniz- 
ation of the negative track. 


TABLE II. — Q-values for two-body decay calculated under various assumptions. 


Da Pp $ h calculated Q 
MeV/c MeV/c | particle a | particle b MeV 
| see rn en _ ET 3 
| 39.5 5352 (&) r-meson electron 101 
| | 
| 39.5 409 (*) r-meson electron | 83 
mean. OS electron | electron 205710 
| | 
| 39.5 535 (*) r-meson | r-meson | 16] 
39.5 409 (*) r-meson | T-Meson | 121 
(*) The upper value is set by the r-w decay dinamics, the lower value by curvature 
measurements. 


Let us consider the possibilities for alternative interpretations of the event. 
One might first assume that it does not represent the decay of a neutral par- 
ticle, but rather a V-event with an identified electron secondary produced by 
an upward moving charged particle (*). We then note that in approximately 


(3) The possibility that b-a represent a y-c event is ruled out since the maximum 
allowed momentum of track b would be 84 MeV/c given the angle at 0 and the measured 
electron momentum. 
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50000 photographs taken in the same conditions, in which about 300 charged 
V-events were detected, no case of electron decay, or of double deflection, 
has been observed, and that all of the charged V primaries and the vast majority 
of all shower particles enter the chamber from the upper hemisphere. It thus 
seems highly unlikely that the event is a charged V-decay although the validity 
of statistical arguments based on the observation of one event is admittedly 
doubtful. 

As another alternative, one might suggest that tracks @ and b are those 
of a pair of electrons, one of which is scattered at V. There are only two 
evident mechanisms for producing an isolated electron pair in the gas: pair 
production by a «real » photon, and internal production by a « virtual » photon 
produced locally, such as by the decay of a 7°-meson. In discussing either 
case, it is very helpful to consider the expected distribution of «Q-values » for 
two-electron decay, where the Q-value is simply the sum of the total energies 
of the two electrons in their center of mass system. Its value evidently can 
range up to the r°-mass for « virtual» pairs, and up to the energy of the 
photon for «real» pairs. The distribution for «real» pairs, as given by BOR- 
SELLINO (*), has its maximum slightly above 1 MeV, and falls off approx- 
imately as Q-° for values above a few MeV. The distribution for « virtual » 
pairs from 7°-decays can be obtained from the work of KRoLL and WADA (5) 
One finds that this distribution also has a maximum slightly above 1 MeV 
but only falls somewhat faster than Q-1 for larger values; for example, there 
is an 8% chance of finding Q above 50 MeV, and 1% above 80 MeV. Since 
the value of Q (e+, e-) for the event presented here is (205218?) MeV, (see Table II), 
the probability of its being a « virtual» x° produced pair or a «real» pair is 
exceedingly small. 

We thus reach the conclusion that the event represents the decay of a 
V°-particle into a negative electron and a positive particle which is most likely 
a m-meson. Since we do not know the line of flight, we cannot find out whether 
or not one or more neutral secondaries were produced in the decay, and we 
can only say that Q (z+, e-) is most probably between 83 and 101 MeV. 

The strong similarity between our event and that obtained by Cowan (°) 
has to be noted. Although the ionization-momentum measurements of the 
negative secondary of his event were consistent with either a proton or an 
electron, we may assume that the electron interpretation is the correct one 
and hence that Cowan’s event and ours represent the decay of the same 


(*) A. BORSELLINO: Phys. Rev., 89, 1023 (1953). 

(5) N. KRoLz and W. WaDpa: Phys. Rev., 98, 1355 (1955). See their equation (3); 
the Q-value is denoted by +. 

(6) FB. W. Cowan: Phys. Rev., 94, 161 (1954). 
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V°-particle. If this is so and since the Q (rt,e-) of Cowan’s event was 
(225 + 20) MeV, (to be compared with 92 + 9 for our event) the presence 
of one or more neutral secondaries in the decay is necessary. This conclusion 
might be reinforced by the two events obtained by Brock, HARTH and BLE- 
VINS (7) in which one branch of a V°-event could be identified as a low energy 
electron, while the other was not identified. However, the Q (e+, e-)-values 
for these two events are about 73 and 110 MeV so that the possibility that 
the two events represent r°-decays cannot be eliminated. 


(7) M. M. Brock, E. M. Harrı and M. E. Brevins: Phys. Rev., 100, 959 (1955). 
A fuller account of the work of the Duke has group appeared in Nuovo Cimento, 4, 
46 (1956). 


RIASSUNTO 


Descrizione e discussione di un decadimento V® anomalo di particolare interesse, 
scoperto durante un esame di fotografie prese nella camera a nebbia magnetica 
dell’Ecole Polytechnique. 


Etude des déformations d’une lame de suspension élastique. 


J. E. PLAINEVAUX 


Université Libre de Bruxelles 


(ricevuto il 3 Agosto 1956) 


Résumé. Le présent travail développe une méthode générale de calcul 
des déformations planes d’une lame isolée de suspension élastique. La 
méthode permet. en particulier, la détermination du raccourcissement 
vertical d’une lame dont les tangentes aux extrémités de la fibre neutre 
ne sont pas parallèles. Les formules obtenues présentent de l’intérêt pour 
le calcul d’une lame de suspension raidie dans sa partie centrale ainsi que 
pour l’étude de suspensions qui ne sont plus symétriques et symétrique- 
ment chargées. L'application de ces formules à l’étude du tangage (bec- 
cheggio, pitching) d’une suspension et à la détermination de la hauteur 
optimum de poussée d’une platine est prévue pour un travail ultérieur. 


Dans des études précédentes (1) nous avons déterminé quelques propriétés 
et indiqué des procédés de calcul applicables aux suspensions élastiques sy- 
métriques à compensation munies ou non d’un asservissement. De tels systèmes 
proviennent de la combinaison de montages en U et en U renversé. Toutes 
ces études étaient limitées à des suspensions symétriques et symétriquement 
chargées. 

Une excellente bibliographie sur l’état de nos connaissances concernant 
les suspensions élastiques est due à P. J. GEARY (?). 

Nous nous proposons de montrer ultérieurement qu’il est possible d'étudier, 
tout au moins approximativement, Veffet de certaines dissymétries de la sus- 
pension et de la sollicitation, en nous bornant aux cas de déformations planes. 

Sur cette question particulière, nous ne connaissons qu'un article récent 
de JONES et YOUNG (?). 

Avant d’étudier les suspensions dissymétriques, il est nécessaire de posséder 


J. E. PLAINEVAUX: Nuovo Cimento, 10, 1451 (1953); 11, 626 (1954); 12, 37 


P. J. GEARY: Flerwre Devices, in B.S.I.R.A. Research Report M 18 (1954). 
R. V. Jones et I. R. Youne: Journ. Sci. Instr., 33, 11 (1956). 
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am 


une méthode de calcul des déformations planes d’une lame élastique dans le 
‘as général. C’est ce qui fait l’objet de la présente note. 


1. — Lame sollicitée à la compression. (Montage en U renversé avec possibilité 
d’instabilité par flambage). 


Considérons Fig. 1, une lame flexible OA de longueur Z, rapportée à un 
systeme d’axes rectangulaires OX, OZ tel que la tangente à la fibre neutre 
en O soit confondue avec l’axe OZ. La lame est 
encastrée à l’origine O, où elle est soumise aux forces 
P et F ainsi qu'à un moment d'encastrement M,. 

En son extrémité supérieure À, la lame est soumise 
aux forces P et F comme indiqué à la figure, ainsi 
qu’au moment M,. La force P tend à faire flamber 
la lame dans le cas qui nous occupe. 

Désignons par f l’abscisse du point A, ce sera la 
flèche horizontale de la lame. La tangente à la ligne 
élastique en A fait avec l’axe des ordonnées OZ un 
angle 0. L’ordonnée du point A est L— 7, 7 étant 
une quantité petite. 

Si on se borne aux petites déformations, ou plus 
exactement, si on peut confondre la courbure avec 
la dérivée seconde de X par rapport à Z, l’équation 
différentielle de la lame élastique est donnée par: 


dx 
EI; + PX = M—FZ, ou 


I étant le moment d'inertie de la lame (d'épaisseur constante) par rapport à 

la fibre neutre et Æ le module d’élasticité du matériau constituant la lame. 

Si besoin est, on remplacera dans cette formule ainsi que dans toutes les sui- 

vantes, # par le module réduit Z'— E(1 -»?), y étant le coefficient de Poisson. 
Introduisons les variables réduites: 


Z ii NG Die ML 


EE 4 ae RER 2 = sl oa 
fo hee ET US UT 
Avec ces notations, l'écriture de l'équation différentielle s’allege: 
EX 
en + 4B2X = L(m, — pe), 


dont la solution générale est 


L 
X = C, sin 262 + C, cos 22 15 (Mo — pe), 
avec pour la pente de la ligne élastique: 
c 2 2803; 
u AU PO cos 262 — BO: sin 2p2 — 2 


ARE A IR € (7 4B 
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Dans ces deux équations C, et ©, désignent deux constantes arbitraires qu'on 
détermine par les conditions à l’origine: 


Tous calculs effectués, la solution s'écrit sous la forme: 


mL 


ea bre) aa 


aß: 


(1 — cos 2ß2) 


Introduisons dans la solution précédente la flèche horizontale f au point A 
ainsi que l'inclinaison 0 de la tangente à la ligne neutre au même point. 
En Z =U, c'est-à-dire en 2 = 1 on a: 


I 

J 7 

{ ax ae 
(az  L& tay, 


cela nous permet d'écrire les deux relations suivantes: 


[ ele ‘ Me cas 
| i = 8p: (sin 26) ie ape COS 2B) D 
J 
| 
m 
tg0 = (cos 28 — 1) Van 28. 
Pears. 7, 


Au moyen de ces deux équations, calculons la force horizontale réduite p 
et le moment d’encastrement réduit m,. Tous calculs effectués, on trouve: 


FL? 463 8. 2p? tg p 


NN LA, 
PER En m 


Pees P94 Mew ee nr 2 6? te B 
ihe = HS mie pe + tg 0 8 cote B — PEN 


ce qui montre bien que la force horizontale F et le moment d'encastrement à 
l’origine sont des fonctions linéaires et homogènes de la flèche horizontale et 
de la perte à l’extrémité de la lame. 

Du fait de la déformation de la lame, il y a raccourcissement de celle-ci 
suivant la verticale. Le point À descend d’une certaine longueur À considérée 
généralement comme négligeable en résistance des matériaux car cette lon- 
gueur est du second ordre par rapport aux quantités f et te 0. 

Cette descente de Vextrémité supérieure de la lame est sensiblement donnée 
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par: 


En effet, on à 


> 
| 

Sere 
2 
N 


avec ds — V1 + (dX/dZ)° 4Z, ce qui conduit à: 


Là à. = 
a fn + (ue 


Supposant dX/dZ petit, développant en série et négligeant les termes d'ordres 
supérieurs on a bien la formule approchée annoncée qui s'écrit encore: 


1 
1 (fan: 
i= lla) ae 
0 


en introduisant Ja variable réduite 2. 
Dérivant la valeur trouvée précédemment pour X, on trouve: 


ER NT NER 


Introduisant cette dérivée dans l'intégrale donnant la valeur de la descente 2 
de l’extrémité de la lame A, on trouve après de longs calculs: 


A = | FRERES RE SEA a 


1 B[B(3 + tg? B) — ate à 
Hair A(te B — PB)? AE 


te 0 — — 
E 4(tg B — B)? 


Lan [P14 cota 8) — cote , MAR + tet) — 8 tu 
5 16ß 16(tg 6B — BP 


La descente 2 de l’extrémité supérieure A de la lame est done bien, comme 
annoncé, du second ordre par rapport à la flèche horizontale f et à l’inelinaison 
te @ de la fibre élastique au point considéré; la descente A est en effet donnée 
par une forme quadratique homogène de degré deux en ces variables. 

Il reste encore à déterminer le moment M, appliqué à l'extrémité supé- 
rieure de la lame; on a: 


ia Be ee ces 
Bia able he 
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Dérivant deux fois par rapport à + l'expression trouvée pour X, on obtient: 


1 2 tg 2B t 
mae = tu 0 ed tg B Bee as 


tgpB—B| Ltieß— PB 


Rappelons que dans ces formules, on a: 


Pa 
Be } 
P 4HI 


Si dans les formules précédentes, on annule tg 0, on retrouve les relations déjà 
trouvées (*) par une autre voie. Dans ce travail on utilisait un paramètre « 
égal au rapport de la charge P appliquée à la charge critique d’Euler. Entre f 
et ce paramètre existe la relation: 


na 4G? 


2. — Cas où la charge verticale P est faible. 


Les suspensions élastiques de précision sont toujours construites de telle 
manière que la charge verticale P soit faible. D’une manière plus précise, 
la quantité 


4p2 PL: 
TE eB’ 


égale au rapport de P à la charge critique d’Euler, est petite par rapport à 
l'unité. Dans ces conditions, il est licite de développer en série les coefficients 
de f/L et de tg 0 dans les formules trouvées précédemment et de se borner 
aux premiers termes des développements. Tous calculs effectués, on trouve 
les résultats suivants, où p est mis à la place de PL2/ET: 


[ M,L p 11p: | Î p p? 
4 = 4 tg - Mer u 
| EI to 30 25200 LT 60 3200 
| Hp p p? f p p? 
= Ot ee ee he = 
| EI 0 60 8400 | 4 10 8400 
ML p 13p° A p p° 
I = 908011 ' ' — 
Hi 2) 0 25200 — | ort 60 8400 
| À tg?6 LDDs Lu p p° 
= bee ae RO | PEER RE 
E 15 | "420 ' 1200 | | 10 Z 2°|! +75 + 7200 la 
| 3 (f\° PD Ais DAC RE 
| +3 (5) rn 2952000 he 


(4) J. E. PLAINEVAUx: Nwovo Cimento, 12, 37 (1954). 
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3. — Lame sollicitée à la traction. (Suspension en U, toujours stable). 


L'étude faite est encore valable pour une lame sollicitée en traction a la 
condition de remplacer P par — P. Cela revient, dans les résultats trouvés 
à remplacer B2 par — 2. Les résultats s'expriment par les fonctions hyper- 
boliques correspondantes aux fonctions circulaires obtenues, 


ML, ; prtghB| Ff 26%tghp 
eT +s. ie olacın Pr + LL p—teh Bp 
BE fo. 488 Lo 2B? teh B 
SFIS Lb po twehe 2 D ch 
ML 2p? teh B | fb? teh p 
EI Zune 8 6] acu yes oa 
te ( * BLBB— teh? B)—3teh 61, f 41 PLA(B—tgh? 8) —3 teh A) | 
An 2) 4(ß — tgh p)2 Leu 4(B— tgh B)? 
tor g(t B— BU + Cth?f) | BLB@— th? B)—3tghß] 
WE 4160 CRE TTC ET nn 


4. — Cas où la charge verticale stabilisante P est faible. 


Dans ce cas on développe en série les coefficients de f/L et de tg 6 dans. 
les formules précédentes et on se borne aux premiers termes des développe- 
ments. Tous calculs effectués, on trouve les résultats suivants où p est mis. 
à la place de PL2/ET pour simplifier l'écriture: 


| ee =. +e Lies Pap 2 4 ort ah | | 

oh = 640 | i Sm | a N CAL À a a 3 ei 
nn | er m wol en fe ae 4 rs orf u ne oe | | 

| L = | = | En | i ie 60 1-3 bs 7 | A 

| F ; ey oe an 25 som = | 


Les groupes de formules (J) et (II) sont d'usage continuel pour l'étude des 
suspensions à lames. 
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5. — Conclusions. 


Les formules développées sont d'utilisation très générale pour le calcul 
des lames de suspensions élastiques dans les deux cas suivants: 


a) Lames de suspension raidies dans leur partie centrale. Les points O 
et À de la Fig. 1 sont alors les extrémités de la partie flexible de la lame com- 
prise entre un encastrement et le «sandwich » raidisseur de la lame. Pour 
les lames raidies dans leur partie centrale, seules des formules utilisables pour 
des Suspensions identiques à compensation étaient disponibles (5). 


b) Cas d’une suspension élémentaire en U ou en U renversé dissymetrique 
ou chargée dissymétriquement dans son plan. 


Dans un prochain travail, nous montrerons comment les formules deve- 
loppées ici permettent d’etudier le mouvement de tangage (beccheggio, pitching) 
d’une suspension. La même méthode nous permettra de préciser la question 
de la hauteur optimum à laquelle il faut placer la bielle de poussée pour rendre 
minimum l'effet de tangage de la platine. Cette question a dejà été amorcée 
par JONES et YouNG dans (?). 


(5) J. E. PLAINEVAUX: Nuovo Cimento, 11, 626 (1954). 


RIASSUNTO (*) 


Il presente lavoro sviluppa un metodo generale di calcolo delle deformazioni piane 
di una lama di sospensione elastica isolata. Il metodo permette, in particolare, la deter- 
minazione del raccorciamento verticale d’una lama le cui tangenti alle estremità della 
fibra neutra non sono parallele. Le formule ottenute interessano per il calcolo di una 
lama di sospensione irrigidita nel suo tratto centrale, come pure per lo studio di sospen- 
sioni dissimmetriche e dissimetricamente caricate. L’applicazione di tali formole allo 
studio del beccheggio (tangage, pitching) di una sospensione e alla determinazione del- 
l’altezza optimum di spinta di una platina sara data in un prossimo lavoro. 


(*) Traduzione a cura della Redazione. 


LETTERE ALLA REDAZIONE 


(La responsabilità scientifica degli scritti inseriti in questa rubrica à completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Graphical Determination of the Path of a Scattered Particle. 


N. C. Barrorp and G. T. REYNOLDS (*) 


The Physics Department, Imperial College - London 


(ricevuto il 10 Giugno 1956) 


In multiplate cloud chamber observations a charged particle is seen to enter 
a plate at a particular point A and direction g,, and to emerge at another point B 
and direction g,, as indicated in Fig. 1. The quantity to be determined in such 
cases is the length of the path of the particle in the plate. In the case indicated 
in Fig. la, the procedure often adopted 
is to extend the entering and emerging 
tracks and consider the path AOB as 
the length of traversal. Such a proce- 
dure is obviously not possible in a si- 
tuation indicated in Fig. 1b, for which 4 A 


some arbitrary length must be adopted. = 
In practice the scatterings are not as ex- N N 
treme as indicated in the figure, and NN 
are confused by the track distortions > 
normally observed near the plates. Ho- 8 


wever, in some important cases it is pos- 
sible to take these distortions into ac- 
count and it becomes desirable to have 
a basis for determining path length for 
those situations in which there is evi- 
dence for scattering in the plate during Fig. 1. 

traversal. These considerations become 

quantitatively important in observations involving S partieles and their decay se- 
condaries, and an analytical procedure has been suggested by the Ecole Poly- 
technique cloud chamber group ('). The purpose of the present note is to suggest a 
simple method for determining the path length by graphical methods, analogous to 
that indicated in Fig. 1, but with an analytical basis. 


(*) On leave of absence from Princeton University, Princeton, New Jersey. 
() R. ARMENTEROS, B. GREGORY, A. WENDEL, A. LAGARRIGUE, L. LEPRINCE-RINGUET, F. MUL- 
LER and C, PEYROU: Nuovo Cimento, 1, 915 (1955). 
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In considering the problem of Coulomb scattering, Rossi and GREISEN (?) show 
that if F(t,1,0)dld0 is the probability that a particle has suffered a projected 
displacement between / and / + dl, and is travelling at an angle between 9 and 
0 + d0 relative to the initial path, after traversing a thickness 7, then 


3a? 02 310 312 
Illu Th G)) == Y. = exp - w2 l gis | ) ; 


Int? rs: 


where ! and { are measured in radiation lengths, 0 is the projected angle in the (7, 1) 
plane and w is given by 


o = 2pße/B,;; EB, = (4n/a)?mc? = 21-105 eV. 


Thus, referring to Fig. 2, the probability that a particle entering the plate at po- 
sition A in direction to the normal g, (corresponding to direction 0; with respect 
to AB) has a displacement J, at {, (half the di- 
stance from A to B) and a direction 0) with re- 
spect to AB is given by 


lol eh) 
where 1, = 1, —1,0; and 0, = 0, — 0;. 


Similarly, the probability that the particle will 
then emerge at B and make the angle g, with 
the normal (corresponding to the angle 0, with 
AB) is given by 


Pin 03% 


where J, = — (Ij) + t50,) and 0, = 0, —0,. 


(A sign convention has been adopted for the 
angles such that they are positive when mea- 
sured counter clockwise from the respective ex- 
tensions of the line AB). 

Thus, the probability that a particle enter at 
A, y, and leave at B, 9, having passed through 
the mid-distance with displacement I,, 0, is 
given by 


where y? = 3(0, — 0,)2/(8t)); y? = (0, + 0,)2/(8tp); of = 6/46; où = 2/ty. 
Therefore, the most probable displacement at {, is given by 
(2) ly = — Vale = (9; — 0;)/4, 


(@) B. Rosst and K. GREISEN: Rev. Mod. Phys., 18, 240 (1941). 
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and the most probable angle is 
(3) 99 = — als = (9; + 0,)/4. 


Several examples of the application of these results are shown in Fig. 3. 

The expression (1) may also be used to give an estimate of the errors involved. 
If r is the projected length of the three-segment path de- 
termined by (2) and (3), the r.m.s. deviation is given by 


if To 
i. o, = —— [0 + 0,0, + 67}? , 
84/6 


where 
D = 4/VE,/ (pe) 


is the r.m.s. angle of scattering in the plate for the di- 
stance 
Wl! = Digs 


If we consider the projected angle of scatter, dy, suf- 
fered by a particle in traversing a projected element of 
path ds we know that its mean value is zero and its mean 
square value is proportional to ds. Hence, if we apply the 
principle of least squares, the most probable projected path 
will be that which minimizes the integral 


where x is an axis in the plane of projection. Taking y as 
a perpendicular axis in the same plane, we have 
toy =p = dy/da , 
Gi — acy daa 
ds = (dr? + dy?)?. Fig. 3. 
The boundary values will be y= y, p = Po at x =a and y = y, p = p, at 


= fa, Say. her 


ao 2 


P f tee fr )d 
= Seas == |) Ke ON Cline 
JUS) ON 


To Lo 


For this problem in the calculus of variations the Euler equation is 


Dar, depot h 
y dr op Q dx? \07 
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Since J does not contain x or y explicitly this may be integrated at once to give 
(4) T=Kp+0=g/(1+ pH, 
where À and C are constants. 

This equation can be solved numerically in special cases. In Fig. 4 the results 


are shown for a particle entering at A in the direction OA and leaving at # in a 
parallel direction. In this figure the paths obtained by the application of equations 


© © © POINTS OBTAINED FROM EQUATION (4) 


(2) and (3) are also shown. The path ABODE results from the first application. 
If the first half of this (ABO) is chosen for a second application, the path AA’FB’C 
results. A further application to the section AA’F leads to AA’OB”’F. It is inte- 
resting to note how closely the graphically determined path coincides with that 
determined by equation (4). When one considers that the example chosen is an 
extreme one in terms of multiplate cloud chamber experience, it is evident that 
even one or two applications of the graphical method suffice to determine a path 
that has statstical significance. 

To deal with the usual three-dimensional problem, it is necessary to consider 
the projections in two perpendicular planes. One application of the method in 
each plane will then determine a first five-segment approximation to the most prob- 
able path in space. 

In some multiple cloud chambers the distortions are such that the lateral displa- 
cement of a track observed to pass through a plate cannot be determined accurately ; 
and the angles of entry and exit are considered as the only reliable data. In such 
cases the principles of reference (?) can be applied to determine the most probable 
displacement for a particle entering and leaving at the observed angles, and the 
graphical method then used as before. The corresponding problem in the calculus 
of variations is one in which only the boundary conditions p = py at 2 = x, and 
p=P, at © = x, are given. 
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Laboratory Energy Distribution of A° Particles. 


G. T. ReYNOLDs (*) 


The Physics Department, Imperial College - London 


(ricevuto il 10 Giugno 1956) 


In has been pointed out (I?) that 
cosmic ray experiments indicate that the 
number of low energy AP hyperons 
(kinetic energy SS 100 MeV) produced in 
penetrating showers appears unusually 
large compared to the number of higher 
energy As. One explanation sug- 
gested (*) was that the emission in the 
center of mass system might be aniso- 
tropic. This possibility seems indicated 
also by observations of A°’s produced by 
m -mesons of 1.4 GeV incident on pro- 
tons (4). The purpose of this note is to 
point out several interactions that should 
be considered in evaluating the possible 
anisotropy of A° production in complex 
nuclei on the basis of the laboratory 
energy distribution. These interactions 
of AP’s in nuclei before emerging from 
the layer of producing material may 
distort the energy distribution at pro- 
duction. 


(*) On leave of absence from Princeton 

University, Princeton, New Jersey. 

() J. BALLAM, D. R. Harris, A. L. Hopson, 
R. R. RAU, G. T. REYNOLDS, S. B. TREIMAN 
and M. VIDALE: Phys. Rev., 91, 1019 (1953). 

@) G. T. REYNOLDS and S. B. TREIMAN: 
Phys. Rev., 94, 207 (1954). 

©) D. B. GAYTHER and C. C. BUTLER: Phil. 
Mag., 46, 467 (1955). 

(4) W. B: FowLER, R. P. SHUTT, A. M. 
THORNDIKE and W. L. WHITTEMORE: Phus. 
Itev., 91, 1287 (1953); 93, 861 (1954). 


The simplest such reaction is a scat- 
tering of the AP by a nucleon and has 
been considered by several authors (56). 
This would generally decrease the energy 
of the A® and, if the cross section is 
assumed to be similar to the n-p cross 
section as a function of energy in the 
energy range of interest, would affeet 
most the lower energy A°’s. 

A further interesting possibility is a 
reaction suggested by the Gell-Mann 
scheme (?): 


(1) A+n>% +p, 
or 
(2) M+ pt n. 


These reactions have à laboratory thre- 
shold of approximately 170 MeV if the 
nucleon is at rest. The effect of 25 MeV 
Fermi energy of the nucleon is to reduce 
the threshold, but in no case of disruption 
of the nucleus could it fall below 55 MeV. 
Since the cross sections for these reac- 
tions should presumably increase in the 
region above threshold, they might be 


(65) R. JASTROW: Phys. Rev., 97, 181 (1955). 

().G D. JAMES and R. A. SALMERON: 
Phil. Mag., 46, 571 (1955). 

(7) M. GELL-MANN: Pisa Conference (June- 
1955). ¢ 
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significant in removing A®s preferen- 
tially from the laboratory energy inter- 
vals above, say, 100 MeV, and thus 
distort the original energy spectrum to 
favour a relatively large number of low 
energy As. 

Further reactions with essentially the 
same thresholds are: 


NEN 


(3) 


le 


(4) A+ p-2+ p. 
Since the %° presumably decays with 
very short lifetime to A’ and photon, 
these reactions would result in decreasing 
the energy of the A° as observed in the 
laboratory frame of reference, thus di- 
storting the original spectrum in favour 
of low energies. 

It should also be pointed out that 


T. REYNOLDS 


the following reactions may supply As 
to the laboratory sample: 


Den N ne 


Dan SNE Ty 


However, although these reactions re- 
quire consideration in interpreting ob- 
served §°/A° ratios, they will distort the 
energy spectrum of the A°’s statistically 
mainly only in the sense of the shape of 


the & energy spectrum itself. 


Discussions with K. H. BARKER have 
been helpful. 


xxx 


It is a pleasure to acknowledge a 
grant from the John Simon Guggenheim 
Foundation, which helped make this 
work possible. 
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On a New Nucleon-Nucleon Potential. 
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Istituto di Fisica dell’ Universita - Padova 
Istituto di Fisica dell Universita - Trieste (*) 
Istitulo Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 26 Luglio 1956) 


The relationship to a more fundamental underlying theory of recent semifield, 
semiphenomenological investigations on meson-nucleon and nucleon-nucleon seat- 
tering, the ultimate success of which in fitting the experimental data largely 
depends on the numerical yalue given to two parameters, the cut-off length kt 
respectively the core radius »,, is not clear (1). There are, however, some warning 
signals which might suggest the meaning of these parameters, the values of which 
are always found to be between about 0.2/y and 0.5/u. One of these is the 
well known possibility to improve the fit of nucleon-nueleon scattering at inter- 
mediate energies (?) by letting the mass of the meson be larger than that of the 
pion. Furthermore, the increase of the meson mass gives acceptable binding energy 
for a heavy nucleus either in terms of a phenomenological potential (3) or starting 
from a non-linear description of the meson field (4). It is a remarkable fact that the 
« effective » meson mass (5) is close to the average between the mass of the pion 
and that of known heavy mesous (~ 493 MeV). It is also a remarkable fact that 
the core radius. chosen by Livy (5) in order to fit the deuteron ground state, and 


(?) A system of units where i= c= 1 is used; w~*= 1.4.10- cm is the Compton wave length 
of the =-meson, 

(?) G. BREIT: Phys. Rev., 84, 1053 (1951). 

@) R. Hupy: Proc. Phys. Soc., A 62, 62 (1949). 

(*) E. CLEMENTEL and C. VILLI: Nuovo Cimento, 1, 1273. (1955). Apart from the different 
kind of coupling, the remarkable difference between the « effective » meson mass defined in Eq. (12) 
and the equivalent definition of S. D. DRELL and E. M. HeNLEY (Phys. Rev., 88, 1053 (1952); 
Eq. (11)) lies in the product Ag having the dimension of a length. If one neglects damping effects 
due to the non-linearities, the effective meson mass appears to be larger [M. H. JOHNSON and 
E. TELLER: Phys. Rev., 98, 781 (1955)]. The choice &,= 6"/n! in the non-linearity power series 
considered in this note would have led to an exponential coupling, giving a highly singular two- 
nucleon potential [R. GLAUBER: Phys. Rev., 84, 398 (1952)]. 

() A value of the «effective » meson mass very close to that evaluated in ref. (4) (= 320 MeV) is 
also obtained using into the Fornaguerra relation u* = alt + 3227718 (Nuovo Cimento, 1, 132 (1955)) 
the value A= 11.56 (L. 3. SCHIFF: Phys. Rev., 84, 1 (1951)) and caleulating T°, from the normal nuclear 
density, 

() M. M. Livy: Phys. Rev., 88, 725 (1952). 
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the cut-off distance assumed in previous calculations (7) of the deuteron quadru- 
pole moment, is rather close to the Compton wave length of such an «effective » 
meson. Finally, the core radius, given by the Bruckner and Watson theory (8) for 
singlet states in the case of complete pair suppression, is approximately equal to 
the Compton wave length of known heavy mesons. 

All these circumstances, of course, might be fortuitous. However, it is difficult 
to accept and justify the idea that the values of the parameters introduced into 
a theory, and essential to fit the data, have not some physical meaning and no 
link with a real state of affairs. For this reason, it is probably not unrealistic to: 
think that from all the previous circumstances emerges in a rather systematic way 
that the description of nuclear interactions through the pion field only is an over- 
simplified picture, which breaks down at short distances, where the effects of another 
field, besides the one included, come into play. It is therefore understandable 
that a theory which systematically ignores the eventual role of a heavy meson. 
field is necessarily bound to involve some characteristic parameters related to it 
and giving rise, in an obscure way, to a sort of field theoretical compromise between 
the explicitly considered pion field and the neglected and largely unknown heavy 
meson field. In the more optimistic case one might hope that current theories are 
able to describe nuclear interactions at high energies by means of a pion field which 
is «equivalent » to the true field, this «equivalence » being brought about in a crude 
way just by the ad hoe introduction and adjustement of certain empirical con- 
stants. 

Let us suppose that the current descriptions of nuclear interactions break down 
at about the Compton wave length—say—-of the K-meson (?). This certainly does 
not mean that the influence of the heavy meson field is expected to be appreciable only 
when the nucleon relative wave length is equal or smaller than the Compton wave 
leneth of the K-meson ('%). Assuming this point of view, one can easily understand, 
for instance, the remarkable success at low energies of the repulsive core idea (11) 
and its failure to yield appropriate polarization as well as sufficient isotropy for 
p-p scattering at higher energies (17), where the structure of the meson field, other 
than the pion field, cannot probably be accounted for simply by a core repulsion.. 

Since the local two-nucleon potential (5), valid when the interacting nucleons. 
are far apart from each other, must assume a non-local feature at short distances. 
it is tempting to derive it from a fundamental modification of the Lagrangian den- 
sity I. of the field system (free field Lagrangian plus the interaction Lagrangian). 
such that (a) it preserves the linearity of the field, (b) it implies a suppression of 
high momentum components and (ce) it gives the current description of the field 
system at the limit k,,—ce. The simplest, but not unique, way to proceed along 
these lines is to introduce a Lagrangian density function 2 dependent at least also. 


() H. A. BETHE: Phys. Rev., 54, 260, 290 (1940). 

(5) K. A. BRUCKNER and K. M. Watson: Phys. Rev., 92, 1023 (1953). 

©) D. I. BLOKHINTSEV: Journ. of Exp. and Theor. Phys. (USSR), 1, 23 (1956). 

(°) The nuclear interactions between two nucleons are not negligible at an energy smaller than 
~ 40 MeV. although only at this energy the nucleon relative wave length is of the order of the 
Compton wave length of the pion! 

(1) R. JASTROW: Phys. Rev., 79, 389 (1950); 81, 165 (1951). 

(*) L. G. B. GOLDFARB and D. FELDMAN: Phus. Rev., 88, 1199 (1952); D. SWANSON: Phys. Rev,. 
89. 740 (1953); 89, 85 (1950). 

(2) R. S. CHRISTIAN and E. W. Harr: Phys. Rev., 77, 443 (1950); R. S. CHRISTIAN and H. P. 
Noyes: Phys. Rev., 79, S5 (1950). 
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on the second ‘order derivatives of the field variables P(x), and require that 


(1) 0) Le; Pan Pu) 4.720 Weir <= OP OR): 


Performing variations with respect to Pa and wy, vanishing at the surface of the 
integration volume, one readily obtaines a generalized field equation. For the par- 
ticular choise 


(2) E Tr Au 1 >: er 3 


av 


satisfying the requirements (a), (b) and (ec), in the static approximation of the charge- 


symmetric theory for a pseudoscalar field with pseudovector coupling, the field equa- 
tion reads (11) 


(8) (V? — O10), = (ne warn 
17 


where the operator 


AREA, 
à NA PM 


acting formally as an «effective mass » operator, reduces to the constant y at the 
limit k, == co. Eq. (3), which can be considered as the extension of the Bopp 
equation (1°) to the ps(pv) meson field, will be regarded as the equation obeyed by 
the «equivalent » pion field and not as a particular case of a multi-meson field 
equation, i.e. we tentatively assume that a theoretical scheme based on the La- 
grangian (2) contains only that part of the theory in which, at the present stage, 
we have reason to believe. This reinterpretation of Eq. (3) allows to eireumvent 
some difficulties arising when a fourth order equation is split into a system of two 
Klein-Gordon equations, associated to different kinds of bosons (18), 

The solution of Eq. (3) which behaves at large distances as the solution cor- 
responding to k,, = co and gives rise to a d-function at the origin, is 


1 
(5). Plt) = arte v{S A pn) 


TL ja 


where h,(¢,) is the Hankel spherical funetion of the first kind (7) and 
(6) aK) = [1 -— (2u/km)] ; By (Ky) = (2) KI — (— Eaki) . 


The parameters 5, (v=0, 1) are real provided k,,’ < 0.5/u. For kz varying between 


0-0.5/u, fy varies very slowly, being very close to u for 0<k,*<0.1/u. For kt 


(*) Apart from a slightly different definition of the constants k,, and ju, the m-field considered by 
Bonini in his theory of the pion-nucleon interactions (Nuovo Cimento, 3, 1104 (1956)), obeys a fourth 
order equation following from the Lagrangian (2). We thank Prof. P. Bupint for a discussion on this 
point. 

C5) V. F. Bopp: Ann. d. Phys., 38, 345 (1940). 

(*) A. PAIS and G, E. UHLENBECK: Phys. Rev., 79, 145 (1950); Y. KATAYAMA : Progr. of Theor. 
Phys., 3, 561 (1953). 

(7) P. M. Morse and H, FESHBACH: Methods of Theoretical Physics (New York, 3953), D: 1573: 
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equal to about twice the Compton wave length of the nucleon, b7* corresponds to 
the Compton wave length of the K-meson and for k;,* equal to the Lévy core radius 
(r, = 0.38/u). Pr" corresponds to the Compton wave length of the «effective » meson. 
It is rather surprising that the second order derivatives included into the field 
Lagrangian (2) produce at short distances the general trend of the modifications 
of the static potential which already have been found necessary to fit the data. 
It is easy to prove that a point source field obeying the generalized Eq. (3) is exactly 
equivalent to an extended source field described by the Klein-Gordon equation 
(M= u). The choice between these two alternatives is an open problem (18). 
The potential energy between two nucleons. following from Eq. (5). is 


1 
(7) V(r) = — (fa) (Tr -7) (90: V)(0®-V) > (— 1)”B,holtB,r) 


v=0 


A straightforward calculation gives 


wo 
= 
À 
S 
> 
I 


V(r) + S12Vılr) ; 


where S,, is the well known tensor operator and 


ut 
(9) Vir) = — (FB (TV TO) -G) Y (— 1B /u?)ho(iB,r) » 
v=0 
(10) Vi(r) = (2/30) (rd 0) YS (— 1)”(68/u?)he(iByr) . 
v=0 


The two-nucleon potential (8) can be reduced to the phenomenological poten- 
tial obtained by Noyes and Panpya (1%) multiplying the ladder approximation 
Bethe-Salpeter kernel by a covariant cut-off factor (a=0; b=1; u=ß,: Ku=ß,; 
V/u=f?/32). The fundamental difference between the potential suggested by Noyes 
and PANDYA and the potential (8) lies in the fact that in the former the parameters 
corresponding to ß, and B, are left arbitrary, while in the latter they are entirely 
fixed, through Eqs. (6), by the value of the cut-off k,,. It follows that this model 
provides an entirely different fitting mechanism of the low energy data than that 
used, with negative result, by these Authors. 

The potential (8) shows several interesting features. For even singlet and triplet 
states and at large distances the central part V,(r) is attractive. The maximum 
attraction, dependent of course on k,,, lies somewhere in the interval 0.7/u<r<0.9/u. 
At internucleon separation r* = 2(6, — Bo) 1 In (B,/Bo) the central part becomes 
zero and then (r <r*) strongly repulsive. At +» = 0 the potential exhibits infi- 
nite repulsion. This situation is reversed for odd singlet and triplet states. 
It is seen that in this model the strong core effect, required to fit the flat cross- 
section of the unpolarized p-p experiments, comes out from the Lagrangian (2) and 


(8) For scalar and neutral fields the potential is given by 


P(r) = — (Gl Aree) Boho(iBor)— Biho(iBir)] , 


which reduces to the potential suggested by L. ROSENFELD [Nuclear Forces (Amsterdam, 1948), p. 67], 
assuming 4 =—d,=a-(k,) and a, = 0 for n> 2. 
(*) H. P. NoyEs and S. P. PANDyA: Phys. Rev., 102, 269 (1956). 
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from the pv coupling, without resorting to the Levi reinterpretation of the d-function 
repulsion. Since the repulsive interaction depends strongly on %,,, it follows that 
if the cut-off has something to do with the structure of the field at short distances, 
the existence of the core, following in the present scheme necessarily from the 
postulated cut-off. does not suppress forces from heavy mesons. but rather accounts 
in an unknown way for these forces, which are not included in current theories, 
but nevertheless exist in nature. The tensor potential V,(r) has the correct sign. 
The inadmissible singularity r? is entirely removed as a consequence of the intro- 
duction of the second order derivatives into the Lagrangian (2), which force the 
tensor interaction to behave as 7! at short distances. 

It is interesting to note that the central part of the two-nucleon potential (8) 
reproduces fairly well the qualitative features of the second plus fourth order con- 
tributions to the central part of the Gartenhaus potential (7°), except at the origin 
where the latter exhibits a strong but finite repulsion in even states. Finally, apart 
from the different meaning of the parameters and the different philosophy under- 
lying Eq. (3), the tensor potential (10) has the same mathematical structure of the 
tensor potential obtained by SCHWINGER (*!), modifying the Moller-Rosenfeld mixed 
theory (??). 

The capability of the field Lagrangian (2) to reproduce in the statie approxi- 
mation a physical description of nuclear interactions. which for the central part 
is similar and for the tensor part is identical to that obtained from basically different 
approaches, deserves a further investigation. 


We are pleased to acknowledge an illuminating discussion with Prof. L. Ro- 
SENFELD. 


(*) S. GARTENHAUS: Phys. Rev., 100, 900 (1956). 

(2) J. SCHWINGER: Phys. Rev., 61. 387 (1942); J. M. JaAUCH and N. Nu: Phys. Rev., 65, 289 (1944). 

(#2) C. MOLLER and L. ROSENFELD: Kgl. Danske Vid., 17. S (1940); L. ROSENFELD: Helv. 
Phys. Acta, 23, 211 (1950). 
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Interaction and Decay of K* Mesons in Flight. 
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One stack of 24 « stripped emulsions » 
G-5, having an area of (7.5 X 15) em? and 
a thickness of 600 um, was exposed at 
the beam of positive particles of Ber- 
keley’s bevatron. The positive particles 
of the beam had momenta between 400 
and 420 MeV/c. 

The tracks due to K-mesons were 
taken after 3 em from the entrance edge 
of the beam, i.e. after the range of the 
having the momentum. 
The tracks have been taken which have 


the direction of the beam and a grain 


protons same 


density between 1.5 and 3 times mini- 
mum. The measurements of the grain 
density were made along + 300 um 


in each track. 

The tracks were followed from plate 
to plate uutil they either stopped or got 
out of the stack. The results obtained 
are in Table I. Of the 278 K-particles 
which stopped at the end of their range 
inside the emulsions, 10 were identified 
as T-mesons and 10 were interpreted as 
a5 One K,3: The remaining 258 were 
considered K,. In 49 cases of the K, 
group no secondary tracks were observed 
but measurements of ionization and range 


(*) On leave from the 
tiago (Chile). 


University of San- 


indicated 


Agosto 1956) 


that 


they 
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Bologna 


were line 


reason why the secondary tracks were 


TAB 


No. of particles | 351 | 278 


which come to 
rest without hav- 
ing suffered any 


inelastie collisions 


Total K-me-| Other! 

No. sons | part- 
icles 
The, 


No. of particles 
which leave the 
stack 


No. of particles 


which suffer in- 


elastic collisions 
No. of particles 
which 
flight 


stop in 


No. of particles 
which 
flight 


decay in 


186 | 67% | 33% 
| 
47 | 19 | 28 
4s) 0 
| 
138 13 0 


INTERACTION AND DECAY 
not observed is that the minimum density 
of grains in the emnlsion analysed had 
a very low value. One K,_ decay having 
three tracks at minimum ionization has 
been found. One of the tracks is a lieht 
meson and the other two, that go in a 
direetion opposite to the first, are au 


electron pair. This fact indicates the 
presence of a 7° in the decay. 
In order to obtain the interaction 


mean free paths and the mean life of 
the K-particles we subtracted from the 
total length observed the infection due 
to other particles and eliminated all the 
events which were not produced by K. 
In this way we obtained the length of 
track due to K-mesons. 

The infeetion of partieles which leave 
the stack was obtained from the number 
of spurious tracks which were followed 


to the end of their range, from the 
number of interactions due to non K-par- 
ticles at random among those which 
leave the stack. 
The total length of track is: 
L == (23.00 + 0.43) mi 

the interactions were divided in three 
groups: elastic, anelastic and charge- 


exchange scattering, according to the well 
known hypothesis that absorption proces- 
ses are not possible for the K*. No evi- 
dence against this hipothesis was found. 

Six anelastic scatterings with visible 


excitation of the hit nucleus and 54 
without visible excitation were found. 
The distinetion of the elastie from 


the anelastie scatterings was made by 
statistical means, using grain density mea- 


surements. The distribution of the re- 
lative variation of grain density Av/y 
was also made. 


From Vig. 1 one sees that the distri- 
bution for the smaller angles is better 
centered on We consider the 
dispersion of the distribution of the Av/y 
as due mainly to the errors of the measu- 
rements. In this way were recognized 9 
{with geometrical correction factor 12.8) 


the zero. 
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inelastic events (with AZ/k,> 20%) 
without visible excitation and 45 elastic 
scatterings (AÂE/E, < 20%). 

n 
25 
I 
: 
20 : 
' 
' 15 <&,<120 
h 
\ 11° <60° 
: 60% <180° 
| 
15 ; 
1 
i] 
10 
; 
I 
I 
‘ 
I 
I — 
5 i 
i) 
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Fig. 1 


For the 
elastie 


mean free path for the an- 


scattering (AE/E, > 20%) one 


gets 


— 41,22 0.28) m. 


In Table II 
angles in the L-system, the geometrical 


are given the scattering 


correction factor for the cut-off at 11°, 
the primary energy, and the relative 
energy loss of 45 elastic events with 


energies between 15 and 130 MeV. 

In Table IIT are given the scattering 
angles in the Laboratory system, the 
geometrical correction factor for the eut- 
off at 11°, the primary energy, the re- 
lative energy loss and the number of 
prongs of 21 anelastic events with energies 
between 20 and 130 MeV. 
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TABLE 11. In order to obtain the mean free 
| ES THÉ Te path for all incoherent events we added 
| No. | o EN | AH/E, to the before mentioned events the 
| | degrees 5, et %  charge-exchange cases which are repre- 
=== a sented by the stars in which there is no 
| 1 11.9 lo Bare | | K scattered and by the stops. 

+: BL pad re € Because of the inefficienev in the 
2 1a LE, 37.4 =a Sy LÀ + 
m ion DE Se er à es observation of the tracks which are at 
$ 19; A ae ee x minimum ionization, it is to be expected 
S Sr | Fie | ane ia AE that some of the stops should be decays 
; 23 de mir ae 2 in flieht instead of charge-exchange inter- 
6 12.95 2.26 79.7 22126 c 3 ER Ur 
ee 13 6 96 a6 | 418 actions. We evaluate this inefficiency 
| i 3 | > 08 he a from the loss of secondaries of K+ at 
5 > er 35% a cae the end of their range, and attribute 2 
5 ve | = i 93 _ of the 4 stops to decays in flight. The 
11 145 > u Los | 45 | other 2 are considered as charge-exchange 
iS SEN | ee RES ES events without visible excitation of the 
“ .U Met: 29.9 | Dae ; 
13 "150 | 1.84 a + so nucleus hit, and are added to the 4 events 
on] D. | “Xe | 9 3.2 a toed : 3 
14 “ 35 | 1.76 | 69.9 17.7 with visible excitation obtained from the 
lo TS 9 0] . Dee = bad 3 3 
15 i onl 1.70 | 99.2 yr is analysis of the stars. | 
16 | ea | 1.68 | 98.0 473 Our experiment gives for the ratio 
= = | a between the charge-exchange and the 
17 bye. ©) alata) eee ON) 0 : 2 
18 | 17.8 1.56 | 28.6 | 3 8 anelastie events the value R = 0.323042 
io | den | nis | a | 25 | The mean free path for all incoherent 
è | OS. “Eu id. — .Ù a 
1.20: 301080 IASB ae 1200 TAN Ode Ga ee 
21 20.2 | 1.33 | 79.7 | 1.8 = (0.93 a 0.19) m. 
22 20.3 7.392 1029224 Se 
25 212 1255200 |) T5 oD 2 ree a 
| ! ei 73 | a ee This value is in agreement with the 
1.24 | 23.05 | 1.35 71 122.0 0 = Fee 
> x 23.6 1.35 11 98.6 6.3 values found by other Authors (1%). This 
Dou 2326 BE 94. : F ; ; 2 
26 | 25.6 1.35 Geel 14.1 vives for the scattering cross-section of 
57 Sol | Ne 50.0 = 2.0 | the nucleon (averaging for protons and 
28 30.8 | 1.205 “90 158 neutrons) about 6m barn. From the 
2 D'ART 2 0 ( = hay : ER 
I A " total time of flieht and from the number 
29 | 30.95 | 1.205 9927, — “1.0 : 3 
Ale N A RE 3 of decays in flight we found the mean 
30 | 31.45 | 1.205 53.7 0.3 f : ir 
31 | 32.8 1.205 | 118.0 | 3.4 life of the K-mesons to be 
| 92. .ZU: Sd. — wd. 
| 
32 | 33.65 | 1.205 58.9 | 4.9 
MSC 11.205 84.9 0.2 T= (1.13 + 0.31)-10-8s. 
34 33.2.2 e205 FO NTM 1222 
ii nr nn | 0 Conclusions. — No contradiction with 
| : dads nae 11.0 | ae | Gell-Mann’s theory was found. We 
ER ee ER 77.8 1.0 
38 | 44.8 | 1.13 BEI ee) 
| 39 | 45.0 | 1.13 68.4 | — 0.9 
40 | 45.5 | 1.13 72.8 > 4.3 4 () Privately circulated preprint by the Göt- 
= | x iy | > x ingen Group. : 
at a ae Er 70 Rn (2) Privately circulated preprint by the 
| 42 | 60.7 | 1.055 25.9 8.9 Pada Group. 
| 43 34-2) 1.0 38.0 | 5:29 @) J. E: LANNUTTI, W. = CHUPP, G. SIT 
| | 97 | 3 HABER, S. GOLDHABER, E. ELMY, E. OFF, 
| es a1 | 140 27.4 | 13.9 A. PEVSNER and D. M. Rıtsox: Phys. Rev., 
45 1106.38 | 1.0 45 10:60] 


101, 1617 (1956). 
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TABLE III. 


| ee > 
ÿ Eu, | AEJF | ALLER 
No ee | (MeV) | ae : | (No. of prongs) 
SS aes Eure = = | = | a pS eh a Fn = 
1 Fado T:0 |, 1800 217.239 | 0 
2 11.2 3.34 23.9 | 20.9 | 0 
3 98.7 -| 1.0 4475) abd 0 
24 65.72 11.056) 02.2 <) 26:7, °| 0 
5.1, 192° |.4.48 52.8. 2 22.0 0 
6 106.8 1.0 94.6 | 64.6 | recoil nucleus 
gd i a eB OA, a 
Sa £70.82 1.0 65.0 | 48:9 | © » 
9 76:27 121.0 STAU 60830 a > » 
10 | (32.6) — 72.8 (43.7) or prong, K’ uncertain 
11 (76.5) — 116.0 (80.8) 2 prongs K’ > 
12 (82.5) — |} 64.0 — 2 » kK’ » recoil nucleus 
13 219 | 11020 41.3 | 1 prong 
14 | 168.6 2108.82 255.8 5). 1 ) ) ) 
EAST ZA ET 728 | 66.8 2 prongs ) ) 
16 == fee ,102-.0551 | 0 stop 
17 al NO 3. 0 stop 
18 — - | 110.0 | = 1 prong 
19 er es! 119,09 tee Ie > 
20 = = 127.0 | = 2 prongs » » 
21 = = 99.0 | —e 4 » » » 
found: the kind co-operation of the Berkeley 
Group, who exposed our emulsions to the 
A Anel. scatt. = (1.22 + 0.28) m Bevatron. 


À Incoher. events = (0.93 + 0.19) m. 


6 == 6m barn 


Charge exchange aeons 
= ee 


anelastic events 


We noticed also that the mean free 
path for the anelastic events is energy- 
indipendent, while the charge-exchanges 
found are in the high energy region. 

This experiment was possible due to 


We are particularly indebted for this. 
to, Dr. E. J. LOGFREN and Dr. 8. GoLD- 
HABER. 

One of us (S. 8.) wishes to thank the 
Istituto di Fisica dell’ Università di Bo- 
logna for a fellowship. 

We are grateful to Prof. G. PUPPI 


and Dr. G. QUARENI for useful suggestions. 


and discussion and to Dr. R. GESSAROLI 
for help in the measurements. 
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A gas bubble chamber is a new kind 
of detector for ionizing particles, and 
makes use of the metastability of a gas- 
liquid system, in wbich a gas is dissolved 
supersaturated in a liquid. A super- 
saturated state produced by 
solving a gas under pressure in a liquid, 
and by subsequent pressure release. Such 
a system becomes metastable with res- 
pect to gas bubble formation. 

The mechanism for formation of ma- 


can be 


croscopic bubbles by ionizing particles 
in a gas bubble chamber must be essen- 
tially the same as that proposed by 
GLASER (1) for his vapour bubble cham- 
ber. The surface tension of microscopic 
bubbles has to become overcompensated 
by the vapour (gas) pressure in the 
bubble, and by the repulsive force of 
charge produced by the ionizing part- 
icles. The vapour (gas) pressure which 
will be required for bubble growth will 
be small for small surface tension and 
small dielectric constant of the liquid 
(gas-liquid system) for a given amount 
of charge located near the bubble sur- 
face. 

The gas bubble chamber might be 
considered as a system of two liquids, 


(1) D. A. GLASER: 
11, 361 (1954). 
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in which the dissolved gas represents the 
second liquid. In this 
bubble chamber is a 


sense the gas 
modified Glaser 
bubble chamber, the first liquid con- 
trolling the vapour pressure and the 
growth of the vapour bubbles of the 
second liquid. The vapour pressure of 
the second liquid is strongly correlated 
to the mixing ratio of the two liquids 
and only slightly to temperature. Thus. 
the required vapour pressure for bubble 
formation has not to be«realized» by 
temperature, like in the Glaser bubble 
chamber, and for certain gas-liquid sys- 
tems operation at room temperature be- 
comes possible. The velocity of bubble 
growth in the gas bubble chamber ge- 
nerally will be slowed down by the pre- 
sence of the first liquid, allowing slow 
expansion and photographing. Moreover 
the sensitive time of the chamber will 
become relatively long. 

Recently ARGAN and GIGLI (?) an- 
nounced the successfull construction of 
a carbon dioxide-ethyl ether gas bubble 
chamber in which beautiful bubble tracks 
caused by y radiation became visible. 

Independently of the work mentioned 
above, 


a carbon dioxide-n-hexane gas 


(*) P. E. ARGAN and A. GIGLL: Nwovo Ci- 
mento, 3, 1171 (1956). 
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Fig. 1. 
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bubble chamber has been put into oper- 
ation at our laboratory (*). Our chamber 
is a cylindrical brass tube, four em in 
diameter and five em long, with two end 
windows made from a resin (Araldite 
from CIBA, Basel, Switzerland). These 
windows are sealed with O-rings to the 
brass chamber. The bubble chamber is 
connected through à high pressure valve 
to a mixing vessel. The pressure release 
of the bubble chamber is provided by a 
moving expansion piston, which is lo- 
cated in a separate expansion chamber. 
The piston, which is sealed with a O-ring, 
moves under the action of the liquid on 
one side and compressed air on the op- 
posite side of the piston. In order to 
expand the chamber, the compressed air 
is released by opening a high pressure 
valve. The expansion time is of the 
order of 100 ms and photographs are 
taken with a Ims flash light and open 
camera. The flash is triggered at a mo- 
ment, when the pointer of a manometer, 
which measures the pressure of the com- 
pressed air, touches a mouvable contact, 
mounted on the manometer. Pre-expan- 
sion pressures up to 50 atm have been 
applied to the system. 

Several organic liquids in combina- 
tion with carbon dioxide and argon have 
been tried. Two gas-liquid systems, 
which vielded bubble tracks under the 
conditions mentioned above, were carbon 
dioxide-n-hexane and carbon dioxide- 
triethylamine. Carbon dioxide dissol- 
ves in the mentioned liquids in large 
quantities. At a pressure of 50 atm car- 
bon dioxide dissolves in hexane approx- 


(*) The mentioned paper of the italian group 
came to the attention of the author only at a 
moment, when preliminary experiments assured 
‘bubble formation in our gas bubble chamber. 


imately by 180 percent by weight at 
room temperature. The surface tension 
of n-hexane is 18.4 dyn/em at 20 °C, and 
the surface tension of the carbon dioxide- 
hexane system has been roughly esti- 
mated to 8-10 dyn/em. The dielectric 
constant for hexane is 1.87 at 20°C and 
for liquid carbon dioxide 
tely 1.6. 

In Fig. 1 and Fig. 2 photographs of 
bubble formation in a carbon dioxide- 
hexane gas bubble chamber are shown. 
The pre-expansion pressure was approx- 
imately 50 atm. The pictures were taken 
during the moment 
when the pressure in the chamber was 
around 10--20 atm. In the first picture, 
the chamber was exposed to a beam of 


approxima- 


expansion, at a 


Co y-rays, emerging from a lead col- 
limator. As expected, the bubbles ap- 
pear predominantely in a central region 
across the chamber. The visible bubbles 
are 0.1—0.3 mm in diameter. No bubble 
formation occured at the chamber walls, 
except at the corners. The second picture 
was taken at a later moment than the 
first picture during the expansion process. 
It shows bubble tracks of different age. 
which were caused by a Rasource, located 
near the chamber. The attenuation of the 
bubble track density due to the 1/7? law 
is evident. Bubbles up to 0.5 mm in 
diameter appear in this picture (corner 
bubbles excepted). 

For comparison a pure carbon dioxide 
chamber has been investigated under the 
same conditions as those for the gas 
bubble chamber (pre-expansion pressure 
~ 58 atm). No bubbles due to radiation 
could be observed, however violent bub- 
bie formation occured all over the cham- 
ber walls, and at a later moment at the 
chamber windows. 
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210Po is known to be a practically 
pure x emitter. Its decay scheme is 
given in Fig. 1 and its half-life is 
210 
—# 13830) 


7 a (530MeV) 


~0.8MeV 
0 
206 
g2P b 
Fig. 1. — Decay scheme of 2!°Po. 


138.3 d (1). 210Po sources are extensively 
used, and for several investigations an 
absolute calibration of the source is re- 
quired. 

A direct measurement of the inten- 
sity of emitted x particles can be carried 
out with satisfactory accuracy if the 
source is very thin and weak enough to 
be introduced into an ionization chamber 
of well defined geometry. If the intensity 
of the source is remarkable its absolute 
calibration by means of x counting be- 
comes more troublesome and a current 


M. ASDENTE and E. GERMAGNOLI 


Milano 
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chamber. intrinsically capable of less 
accuracy, is generally used. 

The fact that y-rays are emitted in 
a weak branching, as is shown in 
Fig. 1, makes possible an easy and 
quick calibration of intense 71°Po sources, 
provided the y/x ratio is well known. 
Values of such ratio are found in the 
literature (1), but a considerable spread 
be noticed in the results of diffe- 
rent authors. It seemed consequently 
worthwhile to determine the ratio y/« 
again. 

For the present measurement a thin 
source, whose activity is approximately 
4mC, has been used. It has been sup- 
plied by the Radiochemical Centre of 
Amersham (England). 

210Po is electroplated onto Pt and co- 
vered with a thin mica sheet (1 mg cm-?): 
the diameter of the source is 5.5 mm. 

The y activity has been measured by 
means of a single crystal scintillation 
spectrometer, the cylindrical Nal(Tl) 
crystal being 2.50cm high and 3.75 cm 
in diameter. 

The energy distribution of pulses has 
been analyzed with a fast 10 channel 
pulse analyzer. A typical +: spectrum 
from 71°Po is shown in Fig. 2. 


can 


() J. M. HOLLANDER, I. PERLMANN and 
G. T. SEABORG: Rev. Mod. Phys., 28, 469 (1953). 
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The energy of y-rays was found to be 
755 keV and the y intensity of the source 
was evaluated from the area under the 


A 755 keV 


2500- 


= 


Intensity (arbitrary units) 


1500 


1000) 


500 


0 T T T T et ieee 
0 10 20 30 40 50 60 
Channel number 


Fig. 2. — Energy spectrum of y-rays emitted 
from *°Po, 


photopeak in some spectra which were 
obtained in a 27 geometry; if the photo- 
electric efficiency of the crystal is taken 
into account according to the curves given 
by BELL (2) we obtain: 


1 = (1.61 + 0.07) 10° s=1 


as an average of several measurements. 

The « activity has been measured in 
the same day with the help of a scintil- 
lation detector employing a thin CsI 
erystal optically coupled to a RCA 5819 
photomultiplier. In order to avoid too 
large a counting rate the source was 


(2) P.R. BELL: in Beta- and Gamma-Ray 
Spectroscopy, K. SIEGBAHN Editor, p. 132 (Am- 
sterdam, 1955). 
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located, in vacuo, at the distance of 
12.30 cm from the detector, which was 
almost completely shielded with a dia- 
phragm allowing «-particles to pass only 
through a small hole whose diameter re- 
sulted to be 13.94-10-2 cm. 

A few collimators were located bet- 
ween the source and the detector in 
order to minimize the contribution to 
the counting rate due to scattered 
x-particles. 

In the above described geometry the 
effective solid angle was caleulated to 
be 8.03-10-§ and the + intensity was 


I, = (1.33 + 0.07)-108 s-1 


as an average of a few determinations 
which were obtained with different an- 
gular positions of the source to take into 
account the possible disuniformity of the 
emitting layer and deviations from the 
ideal geometry. The efficiency of the 
x detector was taken to be equal to 1. 
The y/x ratio results consequently 

17 ; N 

—X = (1.21 + 0.08)-10-5 

1a 
which is considerably smaller than the 
previously quoted values but in very 
close agreement with a recent result 
published by Royo, HAKEEM and GooD- 
RICH (3). 

The branching ratio can be obtained 
if I, is corrected to take into account 
the internal conversion probability in the 
considered y transition. 

The total conversion coefficient has 
been assumed to be 3-10-? (4). Conse- 
quently we obtain for the branching 
ratio 

(1.25 +. 0.08): 10-5. 
xxx 

Thanks are due to Dr. A. MALVICINI 
for his help in preparing the « counting 
device. 


(*) O, Royo, M. A. HAKEEM and M. GooD- 
RICH: Phys. Rev., 99, 1629 (1955). 

(*) D. E. ALBURGER and G. FRIEDLANDER: 
Phys. Rev., 81, 523 (1951). 
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In the course of an investigation: 
in which stopped r-mesons were traced 
back to their origins within a stack of 
stripped emulsions, one hyperfragment 
was found (+). This event may be iden- 
tified with the hyper-triton, first reported 
by Bonerrtr et al. (1); the point of in- 
terest in this particular case is that the 
fragment has undergone decay in flight. 
A closely similar event has recently been 
reported by SKJEGGESTAD and SOREN- 
SON (2). 

Emitted from a star of type 17+6p, 
the fragment travels for 8.34mm in 
emulsion, before decaying in flight. Three 
charged secondary particles are emitted, 
all of which come to rest within the 
emulsion stack. Two are well identified 
as proton and + -meson respectively, but 
the track of the remaining particle is so 
steep that unambiguous identification is 
not possible; it appears to have been 
produced by a proton or deuteron, but 
it is not possible to distinguish between 
these possibilities. The information re- 


(*) Now at A.E.R.E., Harwell. 

(+) A preliminary report of this event was 
given at the Pisa Conference (1955). 

(2) A. BONETTI, R. LEVI SETTI, M. PANETTI 
and G. TOMASINI: Nüuovo Cimento, 11, 210 (1954). 

(2) O. SKJEGGESTAD and S. O. SORENSON: 


Nuovo Cimento. 3, 652 (1956) 
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garding these tracks is summarized in 
Table I. 

The track of the primary particle is 
contained in eight emulsion sheets, and 
has an average length of 1.08 mm per 
sheet. [Ionization and scattering measu- 
rements were made in each of the six 
intermediate sheets. The mean value of 
the normalized grain-density, g*, as de- 
termined from the mean gap length, was 
— 11; the mean value of pß was 
(84+13) MeV/c (using second differences) 
and 105 + 17 (using third differences, 
to correct for distortion). For the ob- 
served ionization, the corresponding value 
of pß would be ~ 33 MeV/c for a pro- 
ton, ~ 65 MeV/c for a deuteron and 
~ 98 MeV/c for a triton. An «-particle 
having a velocity corresponding to this 
ionization would not have sufficient 
energy to create a 7-meson in a collision. 
The possibility of the primary particle 
having been a helium hyperfragment, 
whose decay is observed, may also be 
excluded, on the basis of charge conser- 
vation. A proton or deuteron having 
the observed ionization, would not have 
travelled the observed distance. We 
therefore identify the primary particle 
as a triton. 

On this assumption, the residual range 
at the point of decay has been calculated 
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from the ionization measurements, and 
the energy and velocity thereby deduced. 
These results are considered to be more 
reliable than those obtained from the 
scattering measurements, which, on such 
a steep track, most probably yield an 
understimate of the true energy. 

The mean velocity of the triton was 
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For each of the two possible identities 
of particle (3), the total momentum and 
energy at the decay were calculated, and 
the results are displayed in Table II. 

From this, it would appear that the 
decay scheme 


8SHA— p+p+r tn 


TABLE I. 


| Residual range Energy | Azimuthal | Dip angle 

| (mm) (MeV) | angle | im emulsion 

| _ a re ee = en a en 

| | 

| Fragment (*) 29 + 1.1 43 +10 | 0 | — 330 

| Secondaries: 

AU} ON se 0 3.47 28.5 — 1.90 — 6° 

I) Er-mMesOoN «. *. 10.04 23.3 | + 168.50 + (610 +50) 

| (3) assumed: | | | 
| 

| DTOTON EE | 32.8 | 

x | 4.40 If APE + (380 +20) | 

deuteron . f er ee | 

(*) Assumed hypertriton. 
TABLE II. 

Momentum Momentum Total 
perpendicular to in emulsion Energy | 
emulsion sheet plane | 

(MeV/c) (MeV/c) (MeV) 
<i eee eS ‘sh ae = een er | u Ex 
u nk 278 + 27 426 — 41 | 81 + 10 (*) 
Secondaries, assuming: | | 
(a) 3 = deuteron . . 301 + 13 515 + 12 | 96 
(DÉS = proton..." 203 + 6 389 + 8 | 85 | 
(*: energy includes A° Q-value of 37 MeV) 

(Note: the errors quoted in the table, arise from the following causes: for the triton, from 
the ionization measurements; for the outgoing prongs, from uncertainties in the dip angles for 
the two steep tracks. This latter error does not, however, affect the energy estimates, which 
rely upon their ranges.) 


B= 0.21 + 0.01 and its proper time of 
flight 1.3-10-1%s. Had the fragment not 
decayed in flight, it would have come to 
rest within the stack. 

The space angle between tracks (1) 
and (2) is 124°; assuming that these arise 
from the decay of the A°-particle in the 
fragment, the apparent Q-value for this 
decay is calculated to be (34.4 -1.4) MeV. 


permits the better balance of energy and 
momentum (with the neutron having 
about 3 MeV), but it must be emphasized 
that the alternative, 


SH = p +d+r- 


cannot be exeluded, since the energy and 
particularly the angular measurements. 
are not of sufficient accuracy because of 


it 
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the steepness of the tracks. It is there- 
fore not considered justified to caleulate 
a value of the binding energy of the 
AP-partiele in the fragment. 

Other assumptions as to the nature 
of the primary of secondary particles. 
lead to greater momentum and energy 
disparities. All other tracks from the 
original star were followed and identified 


where possible but no associated unstable 
particle was found. 
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The discovery of the «strange par- 
ticles » has focused the attention on the 
foundamental problem of the conservation 
of the nucleons. From one side indeed 
this strong law of conservation, which is 
necessary to postulate owing to the stabi- 
lity of matter, provides the main distin- 
ction in the classification of the new part- 
icles (heavy mesons and hyperons) (1). 

On the other side, considering the 
relatively great number of types of fun- 
damental particles and of apparently 
different interactions between these par- 
ticles, the want of a satisfactory rea- 
son for the conservation of the 
cleons was more clear than before. 

Effectively, this problem was discussed 
already in the first attempt of theoretical 
treatment of the new particles (?). 

I have already remarked (?) that we 
probably do not know even a really 
good formulation of the conservation law 
of the nucleons from the point of view 


nu- 


(!) B. FERRETTI: Bristol Conference on V Part- 
icles and Heavy Mesons, Phil. Mag., 37, 104 (1951). 

(2) A. Pats: Proc. Nat. Ac. Sci., 484 (1954). 

(®) B. FERRETTI: Suppl. Nuovo Cimento, 2, 
872 (1955). 
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of relativistic physics. It seems indeed 
necessary, in order to give a satisfactory 
formulation of this law, to define some 
ideal procedure of measurement of the 
quantity that is conserved. be 

It has been therefore investigated, 
first whether such a procedure could be 
proposed using fields of which the nu- 
eleons could be sources, and in second 
place, following the analogy with’ the 
conservation of the electric charge, 
whether the structure of the field equa- 
tions could provide a reason for the con- 
servation law in discussion. 

It has to be emphasized that this 
investigation concerns the general con- i 
ditions which must be satisfied by the 
structure of a certain field ® in order 
that from this structure alone a local 
conservation law for the particles which 
are sources of ®, may be deduced. The ai 
conclusions of the present investigation, i 
therefore, are not relevant for the possi- 
bility of a general principle from which 
both the structure of the field and the 
conservation law may be derived. 

The main result of the investigation 
will be resumed as follows: it is possible 2 


© 
or 
bo 


to define a procedure of measurement of 
the nucleonic four current (4) mdepen- 
dent from the equations of motion of 
the matter field X (to be distinguished 
from the created field ®) if and only if 
the source of the field ® is the four- 
current itself. This conclusion follows 
essentially from the fact that the com- 
mutation relations of the four-current 
components with any other different ex- 
pression (scalar, pseudoscalar, and so on) 
formed with the matter field Y do de- 
pend from the equation of motion of this 
field. 

On the other hand the possibility of 
defining a procedure of measuring the 
four-current by means of the measure 
on ® jndependently from the equation 
of motion of Y seems to be a necessary 


(4) It is almost a trivial remark that the 
assumption of a local conservation law and the 
fact that the quantity which is conserved is 
invariant for Lorentz transformation, is  suffi- 
cient to exclude any other formulation of the 
conservation law, than by means of the usual 
four-current (or an immediate generalization of 
the four current, cf. (?)). 
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condition for deriving a justification of 
the conservation law from the structure 
of the field ® alone. The same conclu- 
sion, therefore, holds even for allowing 
the possibility of such à justification. 

The result of this research seems con- 
sequently to enforce the point of view 
which has been taken by YANG and 
LEE (5) in their discussion of the nu- 
cleonic conservation. 

It may be shown indeed that the veri- 
fication of their hypothesis that the 
nucleonic field Y admits the gauge trans- 
formation group Y—exp [ia(xyeat)]# is 
not only sufficient, but a necessary con- 
dition for the validity of a local con- 
servation law of the nucleons. 

It may be doubted however that 
from this hypothesis alone we may de- 
rive the conclusion that the only field 
which is capable of giving the justifi- 
cation of the conservation law of the 
nucleons has to be a neutral vectorial 
zero mass field. 


(5) T. D, LEE and C. N. YANG: Phys. Rev.- 
98, 1501 (1955). 
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In a letter recently appeared in this 
jourüal (1) we reported some preliminary 
results concerning the effect of ionizing 
particles on a supersaturated gas-liquid 
solution (carbon dioxide-ethyl ether). 

We have shown that at high supersa- 
turations the result is the formation of 
small gas bubbles and therefore the 
release of the gas from the liquid. The 
effect may be used for visualizing the 
path of ionizing particles in form of 
tracks of small bubbles in the interior 
of the gas-liquid system. 

In this letter the conditions for the 
observation of the effect are specified and 
further results obtained with systems 
other than carbon dioxide-ether are re- 
ported (in particular, with hydrogen-rich 
systems). 

The mechanical equilibrium of a sphe- 
rical gas bubble enclosing n ion charges 
in a gas-liquid solution, may be discussed, 
at least in a rough approximation, by 
means of the equations obtained for the 
similar case of a vapor bubble in the 
interior of its own liquid. Such equa- 
tions can be derived from the known re- 
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lations among the gas pressure inside 
the bubble, the hydrostatic pressure, the 
bubble radius, the surface tension and 
the dielectric constant of the system, 
where the two last quantities are de- 
pendent on the concentration of the 
solution. 

On the contrary, a remarkable dif- 
ference. may be expected between a 
superheated liquid and a supersaturated 
solution as far as the formation and the 
rate of growth of bubbles are concerned. 
The mechanism of bubble formation is 
scarcely known both in the case of super- 
heated liquids and of supersaturated so- 
lutions. In a superheated liqnid the rate 
of growth of the bubbles is extremely 
high (~ I mm/us) owing to the nature 
of process from which bubbles arise, 
that is only the evaporation of the liquid 
at the vapor-liquid surface. In a super- 
saturated solution the growth of a bubble 
takes place, at least in part, at the ex- 
penses of the dissolved gas and the rate 
of growth will he remarkably influenced 
by the rate of diffusion of the gas through 
the liquid. 

For supersaturated gas-liquid solu- 
tions we assume the necessary condition 
for a bubble to grow visible to be ex- 
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pressed by the following relation: 


N 
(1) = = s( = -y(e)s-e(e)3| P= 


= room temperature 


where p is the sum of partial pressures 
of gas and saturated vapor inside the 
bubble, P the hydrostatic pressure, n the 
number of ion charges of the same sien 
enclosed in the bubble. e the elementary 
charge, y(c) the surface tension, <(¢) the 
dielectric constant and c the concentration. 

The relation (1) is based on an electri- 
which it is assumed that 
n ions of the same sign enclosed in the 
bubble. owing to electrostatic repulsion, 
vive a positive contribution to the pres- 
sure p. 


cal model in 


Such a representation, whose 
approximation is better the larger the 
number », was proposed by GLASER (?) 
to evaluate conditions 
(temperature and pressure) of the super- 
heated liquid bubble chamber (3); in the 


the operating 


present relation, the concentration « 
of the «solution at room temperature 


appears instead of the temperature 7’. 

In the lack of a hetter theory, we 
assume that relation (J) can be reason- 
ably used to determine what the con- 
centration of the must be in 
order that its supersaturated state. ex- 
pressed in terms of p — 


solution 


P, be sensitive 
to clusters of x charges. Therefore, it is 
to be expected that the formation of 
bubbles on charged centers with n’ > n 
will happen at lower and lower pressure 
drops p — P, the more soluble is the 
gas in the liquid and the steeper is the 


(WE REA 
11. 361 (1954). 
() There are good reasons for 


GLASER: Suppl. Nuovo Cimento, 


doubting 
that such a model offer a consistent represent- 
ation of the physical phenomena which determine 
the formation and the growth of bubbles in 
superheated liquids (see for instance: P. BASSI, 
A. Loria, J. A. MEYER, P. MITTNER and I. Sco- 
TONI: Nuovo Cimento, 4, 491 (1956)). The same 
reasons are very likely valid also in the case 
of supersaturated solutions. 
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lowering of the surface tension and of 
the dielectric constant with the 
centration. 


con- 


A conveniently low value of p— Fl 
is shown by the system carbon dioxide- 
ether; on the basis of relation (1), this 
system should be sensitive to the effect 
of charged clusters with x between 2 
and 10 if the pressure drops from the 
equilibrium values between 50 and 
35 atm to atmospheric pressure. Ex- 
periments carried out with equilibrium 
pre-expansion pressures ranging in this 
interval have given a positive result (1). 
Unfortunately the few data available in 
the literature permit only a rough esti- 
mate of the interesting parameters. 
Precise determinations of the properties 
of this system are at present in progress 
in our laboratory. 

In order to obtain more favorable 
experimental conditions, namely a lower 
pre-expansion pressure, we have under- 
taken in the last months a systematic 
search on several gas-liquid systems. In 
particular a detailed study was made 
with liquid propane (»— 7.22, e=1.66 at 
t= 25°C) and gaseous methane and car- 
bon-dioxide. 

In Table I some numerical data con- 
cerning the methane-propane system are 
shown, These values were obtained by 
interpolation of the data of WEINAUG 
and Karz (4) and by measurements and 
calculations (5) made by us. 

In the first three columns are shown 
the values of the mole fractions of the 
methane in the liquid and gaseous phases 
at the corresponding equilibrium pressu- 
res. ‘These pressures represent also the 
lowest pre-expansion pressures necessary 
to the formation of bubbles from n-fold 


(column 8) charge clusters. The pairs 


(4) C.F. WEINAUG and D. L. 
Eng. Chem., 85, 239 (1943). 

() The dielectric constants were calculated 
from the molecular polarizabilities of the con- 
stituents of the LANDOLT and 
BÖRNSTEIN: I. 3 Molekeln IJ, pp. 514 
and 515. 


Karz: Ind. 


systems; see: 
Teil, 
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TaBze I. — Properties of the Methane-Propane System. 


2 | x | ] = | 
Mole Fraction | Density Surface |: u 
| FU | : | Dielectric | 
Methane p ‘/em?) tension | 
= SSE SSS = ne Se rn constant | n 
Li id v (atm) Li id v y(e) | (6) | 
Aquic | apor 1quic apor : ELC 
1 ! | ou } | (dine/em) | | | 
DCE ARE TRS LEURS ANT) | er eee, {= 8; | 
| Ele, | 
0.117 0.600 | 31.0 0.460 0.046 I 159 2 0 
0.095 0.563 27.2 0.465 0.040 5.05 | 1.60 3 À 
Do ne es eine 120.037 1715,85 CLEA 
| | | | 
0.069 | 0.495 22.4 0.471 |° 0:034 | ‘5,55 | Leo) Per 
0.058 0.463 | 20.6 : | 0.474 0.032 9.75 | 1.62 6 | 
| | | 
0.052 0.435 19.3 0.477 | 0.031 5.90 | 1.63 7 
0,047 0.412 18.4 01780 M0: 030 |. 6:00 10.11.63 RAA 
| | | 
| 
0.040 0.385 Lit + | 0.4380: | ‚0.029 6.10 1.63 9 | 
| | 
| | 
0.038 0.365 16.8 0.480 0.028 6.15 1.64 10 


Fig. 1. — Photograph of the chamber taken Fig. 2. — Photograph of the chamber taken 
1.8 ms after the expansion of the methane- 1.S ms after the expansion of the carbon dioxide 
propane system from 29 to 1 atm. The effect propane system from 27 to 1 atm. Other expe- 
of a 10 mC radium source placed at the side rimental conditions are the same as in Fig. 1. 


of the chamber at a distance of ~ 35 cm is clearly 
visible in the form of bubble tracks formed on E . 2 
of about Solution, the values given in columns 6 


the electron paths. Flash duration 
100 us. Volume expansion ratio of 1.05. and 7 of the same table. To check these 
calculations, experiments were carried 

of n and p values were evaluated from out with the chamber briefly described 
relation (1) using, for the surface ten- in our previous letter (+), by reducing 


sion and the dielectric constant of the the pressure of the gas-hquid mixture 
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TaBLe Il. — Properties of the Carbon Dioxide-Propane System. 

Mole fraction : Density Surtace ; | : | 

Carbon dioxide p (g/cm) tension | Dielectric 
Sera PR TE IL ET 2€ à (atm) y(e) constant n 
Liquid Vapor Liquid | Vapor | (dine/cm) e(c) 

1 ¥ 2 8 4 5 6 7 8 
0.320 0.665 30.0 0.540 0.077 4.65 1.30 2 
0.250 0.613 26.2 0.530 0.067 5.10 1.38 3 
000056 23.4 | 0.524 0.061 5.40 1.44 4 
Oo NO 26 2405 | 0.520 0.055 5.60 1.47 5 
0.145 | 0.490 20.2 | 0.517 | 0.050 | 5.75 | 1.50 6 

| | | 
0.125 0.460 19:0" 120815. 0.047 5.90... 1.52. 1007 
| | 
0.110 0.430 17.8 | 0.513 0.045 6.00 1.54 8 
0.090 0.400 16.5 | 0.511 0.043 6.13 1.56 9 
0.083 0.380 16.2 0.510 0.041 6.20 | 1.58 10 


from the initial equilibrium value of 
20 = 30 atmospheres to atmospheric pres- 
sure. 

Tank propane (96% propane, 2.5% oc- 
tane, 1% isobutane and 0.5% n-butane) 
and methane used. A 10mC 
radium source placed at the side of the 
chamber was the ionizing agent. 

For concentrations of the system cor- 
responding to low equilibrium pressures 
no bubbles are observed. If the equi- 
librium pressure is just of the order of 
20 atm, bubbles appear randomly dis- 
tributed in the solution. As the equi- 
librium pressure is raised (~ 24-30 atm) 
it becomes possible to correlate the 
bubbles in ever clearer tracks. Fig. 1 
shows a typical photograph obtained 
after the expansion from 29 to 1 atm. 
These results are well explained by the 
adopted model: in fact at higher con- 
centrations the system is to be expected 
to become more sensitive to smaller 
charge clusters. 

Table II refers to the carbon dioxide- 
propane system. Some of the numerical 


were 


values (columns 1, 2, 3, 4 and 5) were 
computed by interpolation from the data 
of Reamer, SAGE and Lacey (%), while 
the surface tensions y (column 6) were 
measured by us by the method of capil- 
lary rise (3). The effect under study was 
effectively observed reducing the pres- 
sure of this system from the equilibrium 
value of 20--30 atm to the atmospheric 
pressure, as shown in Fig. 2. 

The positive experiments we have 
carried out with systems remarkably dif- 
ferent with regard to the concentrations 
(column 1 of Tables I and II), the equi- 
librium pressures (~ 50 atm for CO,- 
ether), the density of the sensitive me- 
dium and the molecular structure of the 
components, have convinced us that the 
possibility of observation of bubbles in 
strongly supersaturated gas-liquid solu- 
tions around charged centers must be 
quite general. Therefore we think that 
very many other systems will be success- 


(5) H. H. REAMER, B. H. SAGE and W. N 
Lacey: Ind. Eng. Chem., 48, 2515 (1951). 
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fully experimented and probably solu- 
tions will be found suitable for work with 
lower pre-expansion pressures. The me- 
thane-propane system is certainly of 
particular interest as a hydrogen-rich 
medium; the working pressure is not too 
high and probably this system should be 
very useful for the operation of large 
gas bubble chambers. 

We wish to point out that, in the 
case of supersaturated solutions the mo- 
del, on which relation (1) is based, ap- 
pears to be accurate enough for the 
evaluation of the conditions (concentra- 
tion and equilibrium pressure) under 
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which the effect is observable and there- 
fore for a convenient choice of the com- 
ponents of the solutions. 

Finally it should be remarked that 
all the solutions experimented by us had 
low values of the density (column 4 of 
Tables I and II). It is very likely that 
solutions of larger densities (and possibly 
containing a variety of target nuclei) can 
be found with properties suitable for the 
performance of special gas bubble cham- 
bers. 

Details concerning the apparatus and 
the experimental methods will be given 
at later time. 


ERRATA-CORRIGE 


B. LürHı and J. L. OLSEN — A New Effect in the Magnetoresistance of 
Aluminium, Vuovo Cimento, 3, 840 (1956). 


The authors regret an unfortunate error in the above letter. In Fig. 1 the equa- 
tion next to the vertical arrow reading 


HE 
= = — Hee 
2 
should be changed to 
H 
— = 4 nec 
Q 


In the first line of the text below Fig. 1 
H/o > 2 nec/10 
should be corrected to read 


H/o > 4 nec. 
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